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contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

highly-ordered transient and asymptotic behavior, no anonymous constants/functions:
1 unique globally exponential stable equilibrium

& two natural Lyapunov functions
2 robustness properties

bounded input, bounded output (iss)
finite input-state gain
robustness margin wrt unmodeled dynamics
robustness margin wrt delayed dynamics

3 periodic input, periodic output
4 modularity and interconnection properties
5 accurate numerical integration and equilibrium point computation

search for contraction properties
design engineering systems to be contracting

verify correct/safe behavior via known Lipschitz constants
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Outline

§1. History and resources

§2. Basic definitions: discrete and continuous-time dynamics on vector spaces
The linear algebra of matrix norms; see CTDS Chapter 2
Properties of induced matrix norms and Lipschitz constants

§3. Example systems
Constrained, distributed and proximal gradient dynamics
Continuous-time recurrent neural networks
Nonlinear dynamics in Lur’e form

§4. Properties of contracting dynamics
Equilibria, Lyapunov functions, and Euler discretization
Incremental input-to-state stability
Contractivity of interconnected systems
Additional properties: entrainment, robustness wrt unmodeled dynamics and delays

§5. Example applications
Gradient dynamics and Nash equilibria in games
Time-varying gradient dynamics and feedback optimization
Recurrent and implicit neural networks

§6. Generalizations with examples
G1: Local contractivity: Small-residual theorem and the Kuramoto coupled oscillators
G2: Weak contractivity: Biologically-plausible circuits for sparse reconstruction
G3: Contractivity on Riemannian manifolds and the Karcher mean
G4: Semicontractivity: Primal-dual gradient with redundant constraints

§7. Conclusions and future research

§8. Advanced Topics
More on semicontractivity: ergodic coefficients and duality
Network small-gain theorem for Metzler matrices
Proof of semicontractivity of saddle matrices
Proof of Euler discretization theorem
Non-Euclidean Monotone Operator Theory
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Contraction theory: historical notes

Origins

S. Banach. Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales. Fundamenta Mathematicae, 3(1):133–181, 1922.

Dynamics:

G. Dahlquist. Stability and error bounds in the numerical integration of ordinary
differential equations. PhD thesis, (Reprinted in Trans. Royal Inst. of Technology,
No. 130, Stockholm, Sweden, 1959), 1958

S. M. Lozinskii. Error estimate for numerical integration of ordinary differen-
tial equations. I. Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 5:52–90,
1958. URL http://mi.mathnet.ru/eng/ivm2980. (in Russian)

Computation:

C. A. Desoer and H. Haneda. The measure of a matrix as a tool to analyze computer algorithms for circuit
analysis. IEEE Transactions on Circuit Theory , 19(5):480–486, 1972.

Systems and control:

W. Lohmiller and J.-J. E. Slotine. On contraction analysis for non-linear systems. Automatica, 34(6):

683–696, 1998.
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http://dx.doi.org/10.4064/fm-3-1-133-181
http://mi.mathnet.ru/eng/ivm2980
http://dx.doi.org/10.1109/TCT.1972.1083507
http://dx.doi.org/10.1016/S0005-1098(98)00019-3


Incomplete list of scientists who influenced me
Aminzare, Arcak, Chung, Coogan, Corless, Di Bernardo, Manchester, Margaliot, Martins,
Pavel, Pavlov, Pham, Proskurnikov, Russo, Sepulchre, Slotine, Sontag, ...

Surveys:
Z. Aminzare and E. D. Sontag. Contraction methods for nonlinear systems: A brief introduction and some

open problems. In IEEE Conf. on Decision and Control , pages 3835–3847, Dec. 2014b.

M. Di Bernardo, D. Fiore, G. Russo, and F. Scafuti. Convergence, consensus and synchronization of

complex networks via contraction theory. In Complex Systems and Networks. Springer, 2016.

H. Tsukamoto, S.-J. Chung, and J.-J. E. Slotine. Contraction theory for nonlinear stability analysis and

learning-based control: A tutorial overview. Annual Reviews in Control , 52:135–169, 2021.

P. Giesl, S. Hafstein, and C. Kawan. Review on contraction analysis and computation of contraction

metrics. Journal of Computational Dynamics, 10(1):1–47, 2023.
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http://dx.doi.org/10.1109/CDC.2014.7039986
http://dx.doi.org/10.1007/978-3-662-47824-0_12
http://dx.doi.org/10.1016/j.arcontrol.2021.10.001
http://dx.doi.org/10.3934/jcd.2022018


Figure: Stefan Banach (Krakow, 30 Mar 1892 – Lviv, 31 Aug
1945) was a self-taught Polish mathematician

1920: doctoral thesis on Banach spaces @ University of Lviv
1920-1922: Assistant Professor @ Lwow Polytechnic
1922: Full Professor @ Lwow Polytechnic
1924: Member of the Polish Academy of Arts and Sciences
1929: Founder, Lvov School of Mathematics
1931: first functional analysis: “Theory of Linear Operations”
1939-45: dark years

S. Banach. Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales. Fundamenta

Mathematicae, 3(1):133–181, 1922.
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The Banach Contraction Theorem is also referred to as the Picard-Banach-Caccioppoli ,
because of the earlier work by Picard (1890) on the “method of successive approximations”
and the later independent work by Renato Caccioppoli (1930).

Figure: Renato Caccioppoli (Napoli, 20 Jan 1904 – Napoli, 8
May 1959) was an Italian mathematician

1921-1932 student and researcher @ Napoli
1931-1934 professor @ Padova
1934-1959 professor @ Napoli

R. Caccioppoli. Un teorema generale sull’esistenza di elementi
uniti in una trasformazione funzionale. Rendiconti
dell’Accademia Nazionale dei Lincei , 11:794–799, 1930
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Contraction conditions without Jacobians
1 one-sided Lipschitz maps in: G. Dahlquist. Error analysis for a class of methods for stiff non-linear initial

value problems. In G. A. Watson, editor, Numerical Analysis, pages 60–72. Springer, 1976. and
E. Hairer, S. P. Nørsett, and G. Wanner. Solving Ordinary Differential Equations I. Nonstiff Problems.
Springer, 1993. (Section 1.10, Exercise 6)

2 uniformly decreasing maps in: L. Chua and D. Green. A qualitative analysis of the behavior of dynamic
nonlinear networks: Stability of autonomous networks. IEEE Transactions on Circuits and Systems, 23(6):

355–379, 1976.

3 no-name in: A. F. Filippov. Differential Equations with Discontinuous Righthand Sides. Kluwer, 1988.
ISBN 902772699X (Chapter 1, page 5)

4 maps with negative nonlinear measure in: H. Qiao, J. Peng, and Z.-B. Xu. Nonlinear measures: A new
approach to exponential stability analysis for Hopfield-type neural networks. IEEE Transactions on Neural
Networks, 12(2):360–370, 2001.

5 dissipative Lipschitz maps in: T. Caraballo and P. E. Kloeden. The persistence of synchronization under
environmental noise. Proceedings of the Royal Society A: Mathematical, Physical and Engineering
Sciences, 461(2059):2257–2267, 2005.

6 maps with negative lub log Lipschitz constant in: G. Söderlind. The logarithmic norm. History and
modern theory. BIT Numerical Mathematics, 46(3):631–652, 2006.

7 QUAD maps in: W. Lu and T. Chen. New approach to synchronization analysis of linearly coupled
ordinary differential systems. Physica D: Nonlinear Phenomena, 213(2):214–230, 2006.

8 incremental quadratically stable maps in: L. D’Alto and M. Corless. Incremental quadratic stability.
Numerical Algebra, Control and Optimization, 3:175–201, 2013.
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http://dx.doi.org/10.1007/BFb0080115
http://dx.doi.org/10.1007/978-3-540-78862-1
http://dx.doi.org/10.1109/TCS.1976.1084228
http://dx.doi.org/10.1109/72.914530
http://dx.doi.org/10.1098/rspa.2005.1484
http://dx.doi.org/10.1007/s10543-006-0069-9
http://dx.doi.org/10.1016/j.physd.2005.11.009
http://dx.doi.org/10.3934/naco.2013.3.175


Contraction conditions with Jacobians
1 Demidovich LMI condition in: B. P. Demidovič. On the dissipativity of a certain non-linear system of

differential equations. I. Vestnik Moskovskogo Universiteta. Serija I. Matematika, Mehanika, 6:19–27, 1961

2 Krasovskĭı’s method for Lyapunov functions

3 common Lyapunov function approach

4 Pointwise quadratic constraints

5 Incremental multiplier matrices

6 Lyapunov functions for the variational system
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Links to recent related educational and research events

2023 ACC Workshop on ”Contraction Theory for Systems, Control, and Learning”
http://motion.me.ucsb.edu/contraction-workshop-2023

Tutorial session: https://sites.google.com/view/contractiontheory ”Contraction Theory for Machine
Learning” (PDFs and youtube videos) at the 2021 IEEE CDC conference, by Soon-Jo Chung,
Jean-Jacques Slotine, and Hiroyasu Tsukamoto

Tutorial paper at CDC2021 “Contraction-Based Methods for Stable Identification and Robust Machine
Learning: a Tutorial” by Ian Manchester and coauthors: https://arxiv.org/abs/2110.00207,
https://ieeexplore.ieee.org/abstract/document/9683128

Plenary presentation: (Slides
https://fbullo.github.io/talks/2022-12-FBullo-ContractionSystemsControl-CDC.pdf) ”Contraction
Theory in Systems and Control” by Francesco Bullo at the 2022 IEEE CDC

Youtube lectures: ”Lectures on Nonlinear Systems” by Jean-Jacques Slotine, Fall 2013:
https://web.mit.edu/nsl/www/videos/lectures.html, Lectures 14-20 (approximately 1h20min each)

Youtube lectures: ”Minicourse on Contraction Theory” by Francesco Bullo, Fall 2022. Youtube lectures
https://youtu.be/RvR47ZbqJjc: 10h in 4 lectures, with chapters

Textbook: Contraction Theory for Dynamical Systems, Francesco Bullo, rev 1.1, Mar 2023. (Book and
slides freely available) https://fbullo.github.io/ctds
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https://sites.google.com/view/contractiontheory
https://arxiv.org/abs/2110.00207
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Contraction Theory 
for Dynamical Systems

Francesco Bullo

Contraction Theory for Dynamical Systems, Francesco Bullo,
KDP, 1.2 edition, 2024, ISBN 979-8836646806

1 Textbook with exercises and answers. Format: textbook, slides,
and paperbook

2 Content:
Fixed point theory
Theory of contracting dynamics on vector spaces
Applications to nonlinear and interconnected systems

3 Self-Published and Print-on-Demand at:
https://www.amazon.com/dp/B0B4K1BTF4

4 PDF Freely available at
https://fbullo.github.io/ctds

5 10h minicourse on youtube:
https://youtu.be/RvR47ZbqJjc

6 Future version to include: systems on Riemannian manifolds,
homogeneous spaces, and solid cones

”Continuous improvement is better than delayed perfection”
Mark Twain
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Selected references from my group
Contraction theory on normed spaces and Riemannian manifolds:

A. Davydov, S. Jafarpour, and F. Bullo. Non-Euclidean contraction theory for robust nonlinear stability. IEEE Transactions on Automatic Control , 67(12):

6667–6681, 2022a.

S. Jafarpour, A. Davydov, and F. Bullo. Non-Euclidean contraction theory for monotone and positive systems. IEEE Transactions on Automatic Control ,

68(9):5653–5660, 2023.

J. W. Simpson-Porco and F. Bullo. Contraction theory on Riemannian manifolds. Systems & Control Letters, 65:74–80, 2014.

Contracting neural networks:

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in Neural Information

Processing Systems, Dec. 2021.

A. Davydov, A. V. Proskurnikov, and F. Bullo. Non-Euclidean contractivity of recurrent neural networks. In American Control Conference, pages

1527–1534, Atlanta, USA, May 2022c.

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Euclidean contractivity of neural networks with symmetric weights. IEEE Control Systems

Letters, 7:1724–1729, 2023.

Weak and semicontraction theory:

S. Jafarpour, P. Cisneros-Velarde, and F. Bullo. Weak and semi-contraction for network systems and diffusively-coupled oscillators. IEEE Transactions on

Automatic Control , 67(3):1285–1300, 2022a.

G. De Pasquale, K. D. Smith, F. Bullo, and M. E. Valcher. Dual seminorms, ergodic coefficients, and semicontraction theory. IEEE Transactions on

Automatic Control , 69(5):3040–3053, 2024.

R. Delabays and F. Bullo. Semicontraction and synchronization of Kuramoto-Sakaguchi oscillator networks. IEEE Control Systems Letters, 7:1566–1571,

2023.

Optimization:

F. Bullo, P. Cisneros-Velarde, A. Davydov, and S. Jafarpour. From contraction theory to fixed point algorithms on Riemannian and non-Euclidean spaces.

In IEEE Conf. on Decision and Control , Dec. 2021.

A. Davydov, S. Jafarpour, A. V. Proskurnikov, and F. Bullo. Non-Euclidean monotone operator theory and applications. Journal of Machine Learning

Research, June 2023b. . Submitted

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A contraction and equilibrium tracking approach. IEEE

Transactions on Automatic Control , June 2023a. . Submitted
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For a non-empty set X , a map d : X × X → R is a metric (or a distance) on X if

(separation): d(x, y) = 0 if and only if x = y

(symmetry): d(x, y) = d(y, x) for all x, y ∈ X
(triangle inequality): d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X

A map T : X → X is

1 Lipschitz if there exists ℓ ≥ 0, called a Lipschitz constant of T , such that

d(T (x), T (y)) ≤ ℓ d(x, y) for all x, y ∈ X ,

2 a contraction if it is Lipschitz with constant ℓ < 1. In this case, ℓ is called the contraction
factor of T .

15/221



Banach Contraction Theorem Let (X , d) be a complete metric space

If T : X → X is Lipschitz with constant ℓ < 1 (called the contraction factor), then

1 T has a unique fixed point x∗ in X
2 the sequence {xk}k∈N generated by the Picard iteration xk+1 = T (xk) converges to x

∗

for all initial conditions x0 ∈ X
3 the following error estimates hold for all k ∈ N:

(geometric convergence): d(xk, x
∗) ≤ ℓkd(x0, x∗)

(a-priori upper bound): d(xk, x
∗) ≤ ℓk

1− ℓd(x0, x1)

(a-posteriori upper bound): d(xk, x
∗) ≤ ℓ

1− ℓd(xk−1, xk)
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Proof of Banach Contraction Theorem
For xk+1 = T (xk), note d(xk+1, xk) ≤ ℓd(xk, xk−1).

we show the sequence {xk}k∈N is Cauchy. For all k and h,

d(xk+h, xk) ≤ d(xk+h, xk+h−1) + · · ·+ d(xk+1, xk) (triangle inequality)

≤ (ℓh−1 + · · ·+ 1)d(xk+1, xk) (Lipschitzness)

≤ 1

1− ℓd(xk+1, xk) (geometric series, ℓ < 1)

≤ ℓk

1− ℓd(x1, x0) (Lipschitzness)

hence {xk} is Cauchy sequence, i.e., elements become arbitrarily close to each other as
the sequence progresses

since X is complete, sequence converges to a point x∗

uniqueness from ℓ < 1

geometric convergence

d(xk, x
∗) = d(T (xk−1), x

∗) ≤ ℓd(xk−1, x
∗) ≤ ℓkd(x0, x∗)
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Examples of metric spaces

1 finite dimensional vector spaces with a norm (Rn and d(x, y) = ∥x− y∥)
2 Riemannian manifolds (e.g., matrix Lie groups, Grassmanian/Stiefel ...)

3 infinite-dimensional Hilbert and Banach spaces

4 cones with the Thomson metric (e.g., positive definite matrices)

5 ...

Note: in this slides, contractivity = contractivity on (Rn, ∥ · ∥). Available for this case: all
discrete/continuous-time theorems, numerous examples, amenable to analysis.
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Linear algebra: induced norms

Vector norm Induced matrix norm Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij |

= max column “absolute sum” of A

µ1(A) = max
j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)

absolute value only off-diagonal

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A) µ2(A) = λmax

(A+A⊤

2

)

∥x∥∞ = max
i∈{1,...,n}

|xi| ∥A∥∞ = max
i∈{1,...,n}

∑n

j=1
|aij |

= max row “absolute sum” of A

µ∞(A) = max
i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)

absolute value only off-diagonal

<latexit sha1_base64="CePEb9FifnRKW6a7JN7QyV4El50="></latexit>
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`2
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Discrete-time dynamics and Lipschitz constants

xk+1 = F(xk) on Rn with norm ∥ · ∥ and induced norm ∥ · ∥

Lipschitz constant

Lip(F) = inf{ℓ > 0 such that ∥F(x)− F(y)∥ ≤ ℓ∥x− y∥ for all x, y}
= supx ∥DF(x)∥

For scalar map f , Lip(f) = supx |f ′(x)|
For affine map FA(x) = Ax+ a

∥x∥2,P 1/2 = (x⊤Px)1/2 Lip2,P 1/2(FA) = ∥A∥2,P 1/2 ≤ ℓ ⇐⇒ A⊤PA ⪯ ℓ2P
∥x∥∞ = max

i
|xi| Lip∞(FA) = ∥A∥∞ ≤ ℓ ⇐⇒ |A|1n ≤ ℓ1n
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Banach contraction theorem for discrete-time dynamics:
If ρ := Lip(F) < 1, then

1 F is contracting = distance between trajectories decreases exp fast (ρk)

2 F has a unique, glob exp stable equilibrium x∗
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From induced norms to induced log norms

The induced log norm of A ∈ Rn×n wrt to ∥ · ∥:

µ(A) := lim
h→0+

∥In + hA∥ − 1

h

subadditivity: µ(A+B) ≤ µ(A) + µ(B)

scaling: µ(bA) = bµ(A), ∀b ≥ 0

=⇒ convexity: µ(χA+ (1− χ)B) ≤ χµ(A) + (1− χ)µ(B), ∀χ ∈ [0, 1]
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Example induced log norms

Vector norm Induced matrix norm Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij |

= max column “absolute sum” of A

µ1(A) = max
j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)

absolute value only off-diagonal

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A) µ2(A) = λmax

(A+A⊤

2

)

∥x∥∞ = max
i∈{1,...,n}

|xi| ∥A∥∞ = max
i∈{1,...,n}

∑n

j=1
|aij |

= max row “absolute sum” of A

µ∞(A) = max
i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)

absolute value only off-diagonal
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Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant

osLip(F) = inf{b ∈ R such that JF(x)− F(y), x− yK ≤ b∥x− y∥2 for all x, y}
= supx µ(DF(x))

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P 1/2(FA) = µ2,P 1/2(A) ≤ ℓ ⇐⇒ A⊤P + PA ⪯ 2ℓP

osLip∞(FA) = µ∞(A) ≤ ℓ ⇐⇒ aii +
∑

j ̸=i
|aij | ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting = distance between trajectories decreases exp fast (e−ct)
2 F has a unique, glob exp stable equilibrium x∗
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Key properties of inner products

Curve norm derivative formula: 1
2D

+∥x(t)∥2 = ⟨⟨ẋ(t), x(t)⟩⟩ = ẋ⊤x

Sup of Euclidean numerical range: µ2(A) = λmax(
A+A⊤

2 ) = sup
∥x∥=1

⟨⟨Ax, x⟩⟩ = sup
x⊤x=1

x⊤Ax

An inner product is ⟨⟨·, ·⟩⟩ : Rn × Rn → R satisfying

1 ⟨⟨x1 + x2, y⟩⟩ = ⟨⟨x1, y⟩⟩+ ⟨⟨x2, y⟩⟩ (additivity)

2 ⟨⟨bx, y⟩⟩ = ⟨⟨x, by⟩⟩ = b ⟨⟨x, y⟩⟩ for b ∈ R (homogeneity)

3 ⟨⟨x, x⟩⟩ > 0, for all x ̸= 0n (definiteness)

4 | ⟨⟨x, y⟩⟩ | ≤ ⟨⟨x, x⟩⟩1/2 ⟨⟨y, y⟩⟩1/2 (Cauchy-Schwarz)

Given norm ∥ · ∥, compatibility: ⟨⟨x, x⟩⟩ = ∥x∥2 for all x
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Key properties of weak pairings

Curve norm derivative formula: 1
2D

+∥x(t)∥2 = Jẋ(t), x(t)K
Sup of non-Euclidean numerical range (Lumer): µ(A) = sup

∥x∥=1
JAx, xK

A weak pairing is J·, ·K : Rn × Rn → R satisfying

1 Jx1 + x2, yK ≤ Jx1, yK + Jx2, yK, (sub-additivity)

2 Jbx, yK = Jx, byK = bJx, yK for b ≥ 0 and J−x,−yK = Jx, yK, (positive homogeneity)

3 Jx, xK > 0, for all x ̸= 0n, (definiteness)

4 |Jx, yK| ≤ Jx, xK1/2Jy, yK1/2, (Cauchy-Schwarz)

Given norm ∥ · ∥, compatibility: Jx, xK = ∥x∥2 for all x

A. Davydov, S. Jafarpour, and F. Bullo. Non-Euclidean contraction theory for robust nonlinear stability. IEEE

Transactions on Automatic Control , 67(12):6667–6681, 2022a.
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Example weak pairings

Norms From inner products to From LMIs to
sign and max pairings log norms

∥x∥2
2,P 1/2 = x⊤Px Jx, yK2,P 1/2 = x⊤Py µ2,P 1/2(A) = min{b | A⊤P + PA ⪯ 2bP}

∥x∥1 =
∑

i

|xi| Jx, yK1 = ∥y∥1 sign(y)⊤x µ1(A) = max
j

(
ajj +

∑
i ̸=j
|aij |

)

∥x∥∞ = max
i
|xi| Jx, yK∞ = max

i∈I∞(y)
yixi µ∞(A) = max

i

(
aii +

∑
j ̸=i
|aij |

)

where I∞(x) = {i ∈ {1, . . . , n} such that |xi| = ∥x∥∞}
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Table of continuous-time contractivity conditions

Log Norm Demidovich One-sided Lipschitz
bound condition condition

µ2,P 1/2(DF(x)) ≤ b PDF(x) +DF(x)⊤P ⪯ 2bP (x− y)⊤P
(
F(x)− F(y)

)
≤ b∥x− y∥2P 1/2

µ1(DF(x)) ≤ b sign(v)⊤DF(x)v ≤ b∥v∥1 sign(x− y)⊤(F(x)− F(y)) ≤ b∥x− y∥1

µ∞(DF(x)) ≤ b max
i∈I∞(v)

vi (DF(x)v)i ≤ b∥v∥2∞ max
i∈I∞(x−y)

(xi − yi)(Fi(x)− Fi(y)) ≤ b∥x− y∥2∞

Equivalent contractivity conditions

J. A. Jacquez and C. P. Simon. Qualitative theory of compartmental systems. SIAM Review , 35(1):43–79, 1993.

H. Qiao, J. Peng, and Z.-B. Xu. Nonlinear measures: A new approach to exponential stability analysis for Hopfield-type neural networks. IEEE Transactions
on Neural Networks, 12(2):360–370, 2001.

G. Como, E. Lovisari, and K. Savla. Throughput optimality and overload behavior of dynamical flow networks under monotone distributed routing. IEEE
Transactions on Control of Network Systems, 2(1):57–67, 2015.
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Advantages of non-Euclidean approaches

1 well suited for certain class of systems
ℓ1 for monotone flow systems

2 computational advantages
ℓ1/ℓ∞ constraints lead to LPs, whereas ℓ2 constraints leads to LMIs

3 robustness to structural perturbations
ℓ1/ℓ∞ contractions are connectively robust (i.e., edge removal)

4 adversarial input-output analysis
ℓ∞ better suited for the analysis of adversarial examples than ℓ2

5 asynchronous distributed computation
ℓ∞ contractions converge under fully asynchronous distributed execution

NonEuclidean contractions: biological transcriptional systems (Russo, Di Bernardo, and Sontag, 2010), Hopfield

neural networks (Fang and Kincaid, 1996; Qiao, Peng, and Xu, 2001), chemical reaction networks (Al-Radhawi,

Angeli, and Sontag, 2020), traffic networks (Coogan and Arcak, 2015; Como, Lovisari, and Savla, 2015;

Coogan, 2019), multi-vehicle systems (Monteil, Russo, and Shorten, 2019), and coupled oscillators (Russo,

Di Bernardo, and Sontag, 2013; Aminzare and Sontag, 2014a)
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Practical stability problem and the counter-intuitive nature of Rn
Boris Polyak (1935-2023) used to say “Rn contradicts our intuition”

⑧sL 1

↑
V

I

7
I

Aim: compute settling time inside a desired set

since norms on Rn are equivalent, no formal difference in the choice of norm

assume: can tolerate ±1 error in each coordinate
=⇒ desired set is hypercube = ℓ∞-ball

assume: Lyapunov function is V (x) = ∥x∥22
=⇒ need to wait until solution enters unit ℓ2-ball ⊂ unit ℓ∞-ball

but n-sphere inscribed in n-hypercube is very small fraction!
as n→∞, the ratio of volumes decreases faster than any exponential function

for large n, quadratic Lyap fnctns may provide exponentially conservative estimates
Courtesy of Anton Proskurnikov, Politecnico di Torino (see also https://youtu.be/sZqGWy0hxe8)
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Proof of Banach contraction theorem for continuous-time dynamics
For ẋ = F(x) with osLip(F) = −c < 0 and unit-time flow map ϕ:

using the properties of the weak pairing, we compute

∥x− y∥D+∥x− y∥ = Jẋ− ẏ, x− yK (curve norm derivative)

= JF(x)− F(y), x− yK (ẋ = F(x))

≤ −c∥x− y∥2 (osLip(F) = −c)
By the Grönwall Comparison,

D+∥x− y∥ ≤ −c∥x− y∥ =⇒ ∥x(t)− y(t)∥ ≤ e−ct∥x(0)− y(0)∥
and ϕ is a contraction with factor e−c < 1

recall (Rn, ∥ · ∥) is complete metric space,

the Banach Contraction Theorem implies existence of a unique x∗ fixed point of ϕ
ϕ(x∗) = x∗ implies that

either x∗ is an equilibrium
or x∗ is a point in a periodic orbit with period 1,

by contradiction, assume a periodic orbit of period 1 exists. Then each point in the orbit
is a fixed point of ϕ, which violates the uniqueness of x∗ as a fixed point,

hence, x∗ is the unique equilibrium of F.
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The upper right Dini derivative of a continuous function f : ]a, b[→ R at a point t ∈ ]a, b[ is

D+f(t) = lim sup
∆t>0,∆t→0

f(t+∆t)− f(t)
∆t

where the limit superior of a sequence {an}n∈N ⊂ R is lim supn→∞ an = limn→∞ supm≥n am.

Properties of the upper right Dini derivative
Given a continuous function f : ]a, b[→ R,

1 if f is differentiable at t ∈ ]a, b[, then D+f(t) = d
dtf(t) is the usual derivative of f at t,

2 if D+f(t) ≤ 0 for all t ∈ ]a, b[, then f is non-increasing on ]a, b[.

Grönwall Comparison Lemma for absolutely continuous functions
Given a ∈ R and a continuous function t 7→ γ(t) ∈ R, assume the absolutely continuous function
t 7→ z(t) satisfies the differential inequality

D+z(t) ≤ az(t) + γ(t).

Then, for t ∈ [t0,∞),

z(t) ≤ ea(t−t0)z(t0) +

∫ t

t0

ea(t−τ)γ(τ)dτ.

In other words, z(t) is upper bounded by the solution to the corresponding differential equality.
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Equivalence between integral and differential osLip For continuously-diff F : Rn → Rn

Lip(F) = supx ∥DF(x)∥ and osLip(F) = supx µ(DF(x))

Proof Mean Value Theorem for vector-valued C1 function F(x)− F(y) =
( ∫ 1

0 DF
(
y + s(x− y)

)
ds

)
(x− y) for any x, y:

osLip(F) = sup
x ̸=y

J
( ∫ 1

0 DF
(
y + s(x− y)

)
ds

)
(x− y), x− yK

∥x− y∥2

≤ sup
x ̸=y

∫ 1

0

JDF
(
y + s(x− y)

)
(x− y), x− yK

∥x− y∥2 ds (subadditivity of J·, ·K)

≤
∫ 1

0
sup
x ̸=y

JDF
(
y + s(x− y)

)
(x− y), x− yK

∥x− y∥2 ds =

∫ 1

0
sup

y,z ̸=0n

JDF
(
y + sz

)
z, zK

∥z∥2 ds

=

∫ 1

0
sup

y,z ̸=0n

µ
(
DF

(
y + sz

))
ds ≤ supx∈Rn µ(DF(x)) (Lumer’s equality)

Vice versa, recall DF(y)v = limh→0+ (F(y + hv)− F(y))/h. Pick x = y + hv for arbitrary v ∈ Rn, ∥v∥ = 1, and h > 0,

osLip(F) = sup
y∈Rn,v∈Rn,∥v∥=1,h>0

JF(x)− F(y), x− yK
∥x− y∥2

∣∣∣
x=y+hv

≥ sup
y∈Rn,v∈Rn,∥v∥=1

lim
h→0+

JF(y + hv)− F(y), vK
h

(weak homogeneity)

= sup
y∈Rn,v∈Rn,∥v∥=1

JDF(y)v, vK (continuity of w 7→ Jw, vK)

= sup
y∈Rn

µ(DF(y)). (Lumer’s equality)
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For all matrices A,B ∈ Rn×n, Lipschitz maps F,G : Rn → Rn and a ∈ R

“the modulus properties”

matrix norms Lipschitz constants

(positive definiteness) ∥A∥ ≥ 0 and ∥A∥ = 0 ⇐⇒ A = 0n×n Lip(F) ≥ 0 and Lip(F) = 0 ⇐⇒ F is constant

(homogeneity) ∥aA∥ = |a| ∥A∥ Lip(aF) = |a| Lip(F)

(subadditivity) ∥A+B∥ ≤ ∥A∥ + ∥B∥ Lip(F+ G) ≤ Lip(F) + Lip(G)

(sub-multiplicativity) ∥AB∥ ≤ ∥A∥∥B∥ Lip(F ◦ G) ≤ Lip(F) Lip(G)

“the real part properties”

matrix log norms one-sided Lipschitz constants

(positive homogeneity) µ(aA) = |a|µ(sign(a)A) osLip(aF) = |a| osLip(sign(a)F)

(subadditivity) µ(A+B) ≤ µ(A) + µ(B) osLip(F+ G) ≤ osLip(F) + osLip(G)

(translation property) µ(A+ aIn) = µ(A) + a osLip(F+ a Id) = osLip(F) + a

(uniform monotonicity) µ(A) < 0
=⇒ A invertible, ∥A−1∥ ≤ −1/µ(A)

osLip(F) < 0
=⇒ F injective, Lip(F−1) ≤ −1/osLip(F)

F. Bullo. Contraction Theory for Dynamical Systems. Kindle Direct Publishing, 1.1 edition, 2023. ISBN 979-8836646806. URL https://fbullo.github.io/ctds
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The linear algebra of matrix norms and log norms
Now review Chapter 2 in CTDS

Contraction Theory for Dynamical Systems, ed. 1.1, 2023 (This version: July 13, 2023). Chapter 2, slide 30

Formulas for weighted `p norms Given an invertible matrix R and a norm k·k, we let k·kR and µR(·) denote the weighted induced
matrix norm and log matrix norm. Specifically, for p 2 [1,1], we let k·kp,R and µp,R(·) denote the weighted `p induced matrix norm
and log matrix norm. We present a useful lemma, whose proof is postponed to Exercise E2.9.

Lemma 2.12 (Weighted matrix and log norms). Given an invertible matrix R and a norm k·k,

kAkR = kRAR�1k and µR(A) = µ(RAR�1). (2.34)

Given these formulas, for a invertible R, define the positive definite P = RTR 2 Sn
>0, and compute in the formula for µ2,R(A).

the weighted `2 norm and log norm as

kAk2,R = kRAR�1k2 =
q
�max((R�TATRT)(RAR�1))

=
q
�max(R�1(R�TATPAR�1)R) =

q
�max(P�1ATPA), (2.35)

µ2,R(A) = µ2(RAR�1) = �max

⇣RAR�1 + R�TATRT

2

⌘

= �max

⇣
RTRAR�1 + R�TATRT

2
R�T

⌘
= �max

⇣PAP�1 + AT

2

⌘
, (2.36)

where we used the property that the spectrum of a matrix is invariant under similarity transformations (so that �max(B) =
�max(R

TBR�T), for any matrix B = BT).
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Theorem 2.13 (Composite induced norms and log norms). For any set of local norms k·ki and an aggregating norm k·kagg over a
decomposition of Rn, consider a matrix A 2 Rn⇥n,

(i) the composite norm k·kcmpst is a well-defined, i.e., it satisfies the norm properties;

(ii) if the aggregating norm k·kagg is monotonic, then

max
i2{1,. . .,r}

kAiiki  kAkcmpst  kdAekagg, (2.49)

max
i2{1,. . .,r}

µi(Aii)  µcmpst(A)  µagg(dAeM). (2.50)

We provide additional results on optimal composite norms later in Corollary 2.34.
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We conclude this section with Table 2.2 summarizing the quadratic form results.

Log norms �adratic forms (for all x 2 Rn) Ref

µ2,P 1/2(A) = �max

⇣PAP�1 + AT

2

⌘
µ2,P 1/2(A) = max{xTPAx : xTPx = 1}

= min{b 2 R : ATP + PA � 2bP}
Lemma 2.16

µ1,[⌘](A) = max
�
⌘T|A|M[⌘]�1

�
µ1,[⌘](A) = sup{sign(x)T[⌘]Ax : kxk1,[⌘] = 1}

= min{b 2 R : ⌘T|A|M  b⌘T}
Lemma 2.21

µ1,[⌘]�1(A) = max
�
[⌘]�1|A|M⌘

�
µ1,[⌘]�1(A) = max

�
max

i2I1(x)
xi(Ax)i : kxk1,[⌘]�1 = 1

 

= min{b 2 R : |A|M⌘  b⌘}
Lemma 2.21

Table 2.2: Table of quadratic forms for weighted `1, `2, and `1 log norms; P 2 Sn
>0 and ⌘ 2 Rn

>0. We adopt the shorthand I1(x) = {i 2 {1, . . . , n} : |xi| =
kxk1} as the set of indices where x takes its maximal absolute value.

Contraction Theory for Dynamical Systems, ed. 1.1, 2023 (This version: July 13, 2023). Chapter 2, slide 57

2.6.1 Spectral properties

Theorem 2.23 (Spectrum-norm properties). Given a matrix A 2 Rn⇥n and a norm k·k,

(i) for any eigenvalue � of A, the spectral-radius norm property is

(spectral-radius norm property) 0  |�|  ⇢(A)  kAk, (2.71)

and, if A is invertible,

0  1/kA�1k  |�|  ⇢(A)  kAk; (2.72)

(ii) for any eigenvalue � of A, the spectral-abscissa log-norm property is

(spectral-abscissa log-norm property) �kAk  �µ(�A)  <(�)  ↵(A)  µ(A)  kAk; (2.73)

(iii) if the norm k·k is monotonic and A is diagonal, then

kAk = max
i2{1,. . .,n}

|Aii| = ⇢(A), (2.74)

µ(A) = max
i2{1,. . .,n}

Aii = ↵(A). (2.75)
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2.6.2 Monotonicity properties

We now present some useful monotonicity properties.

Theorem 2.24 (Monotonicity properties). Consider a monotonic norm k·k, a matrix A 2 Rn⇥n, and a non-negative matrix B 2 Rn⇥n
�0 .

Then

(monotonicity property of spectral radius) ⇢(A)  ⇢(|A|)  ⇢(|A| + B), (2.77a)

(monotonicity property of induced norm) kAk  k|A|k  k|A| + Bk (2.77b)

and

(monotonicity property of spectral abscissa) ↵(A)  ↵(|A|M)  ↵(|A|M + B), (2.78a)

(monotonicity property of log norms) µ(A)  µ(|A|M)  µ(|A|M + B). (2.78b)

Note: regarding the inequalities (2.77a) and (2.78b), there exist matrices such that ⇢(A) < ⇢(|A|) and µ(A) < µ(|A|M). For example,

the matrix A⇤ =


1 1
�1 1

�
has eigenvalues {1 + i, 1� i} whereas |A⇤| has eigenvalues {2, 0}. Therefore, ⇢(A⇤) =

p
2 < 2 = ⇢(|A⇤|)

and ↵(A⇤) = 1 < 2 = ↵(|A⇤|). Regarding the inequality (2.77b), one can also check kA⇤k2 =
p

2 < 2 = k|A⇤|k2.
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Lemma 2.27 (Optimal weighted norms via the Jordan normal form). Given a matrix A 2 Rn⇥n, a monotonic norm k·k, and
" > 0, define

T 2 Cn⇥n as an invertible matrix such that TAT�1 is in Jordan normal form, (2.89)

Q 2 Cn⇥n as an unitary matrix such that QAQ�1 is in Schur normal form, and (2.90)

� = "/kJ0,nk > 0, where J0,n is a Jordan block with eigenvalue 0 and dimension n. (2.91)

Then

(i) the norm k·ksdg(��1)T is "-optimal and "-logarithmically optimal;

(ii) if A is diagonalizable, the norm k·kT is optimal and logarithmically optimal; and

(iii) the norm k·ksdg(��1)Q is "-optimal and "-logarithmically optimal for su�iciently small �.
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Lemma 2.29 (�asiconvex dependence upon matrix weights). Given any A 2 Rn⇥n,

(i) the function P 2 Sn
>0 7! µ2,P 1/2(A) is quasiconvex with sublevel sets

{P 2 Sn
>0 : µ2,P 1/2(A)  b} = {P 2 Sn

>0 : ATP + PA � 2bP}, (2.93)

(ii) the functions ⌘ 2 Rn
>0 7! µ1,[⌘](A) and ⌘ 2 Rn

>0 7! µ1,[⌘]�1(A) are quasiconvex with sublevel sets

{⌘ 2 Rn
>0 : µ1,[⌘](A)  b} = {⌘ 2 Rn

>0 : ⌘T|A|M  b⌘T}, (2.94)

{⌘ 2 Rn
>0 : µ1,[⌘]�1(A)  b} = {⌘ 2 Rn

>0 : |A|M⌘  b⌘}. (2.95)

Proof. For any b 2 R, the formulas for the sublevel sets follow immediately from the equivalences (2.57) and (2.65). The first set is
the set of feasible solutions to a linear matrix inequality LMI in P , and the second set is the set feasible solutions to a linear program
in ⌘. In both cases, the sublevel sets are convex and therefore the functions are quasiconvex. ⌅

The quasiconvex dependency can be exploited to design iterative algorithms to approximately solve the following optimization
problem. Given a matrix A and a log norm µ(·) with quasiconvex dependence on matrix weights in R (as in Lemma 2.29), we
consider the optimization problem:

inf
R2R

µR(A) (2.96)

Note that the set of weights R is open and therefore the operator is in general an infimum.
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Optimal Euclidean log norms via quasiconvex optimization

In this section we assume that the spectral abscissa of the matrix A is known (or can be computed by other means) and show how to
compute a logarithmically optimal `2 weight via a single convex feasibility problem. (The case of optimal `2 norms is similar and
omi�ed.)

Lemma 2.30 (Weighted `2 log norms and Lyapunov inequalities). Given a matrix A 2 Rn⇥n with spectral abscissa ↵(A), define
for any nonnegative tolerance " � 0

P" := any element of {P 2 Sn
>0 : APT + PA � 2(↵(A) + ")P}. (2.97)

Then

(i) for any " > 0, P" is well defined and k·k
2,P

1/2
"

is logarithmically "-optimal for A,

(ii) if each eigenvalue �i(A) with <(�i(A)) = ↵(A) is semisimple, then P0 is well defined and k·k
2,P

1/2
0

is logarithmically optimal for A.
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2.7.3 Design of norms via Perron eigenvectors

In this section we show how to use the Perron-Frobenius theorem to design optimal norms. We consider both induced norms of
nonnegative matrices and log norms of Metzler matrices.

Lemma 2.31 (Optimal diagonally-weighted norms for non-negative and Metzler matrices). Consider a nonnegative matrix
A 2 Rn⇥n

�0 and a Metzler matrix M 2 Rn⇥n. For any p 2 [1,1] and � > 0, define

v and w 2 Rn
>0 to be the right and le� dominant eigenvectors of A + �1n1T

n

(respectively, M + �1n1T
n),

q 2 [1,1] to satisfy 1/p + 1/q = 1 (with the convention 1/1 = 0), and

⌘� =

 
w

1/p
1

v
1/q
1

, . . . ,
w

1/p
n

v
1/q
n

!
2 Rn

>0.

Then

(i) for su�iciently small �, the norm k·kp,[⌘�] is "-optimal for A (respectively, "-logarithmically optimal for M ), and

(ii) if A (respectively, M ) is irreducible, then the norm k·kp,[⌘0] is optimal for A (respectively, logarithmically optimal for M ).

Specifically, for p 2 {1, 2,1} and for an irreducible A with spectral radius ⇢(A) and an irreducible M with spectral abscissa ↵(A),

⇢(A) = kAk1,[w] = kAk1,[v]�1 = kAk2,[w↵v]1/2, (2.98)

↵(M) = µ1,[w](M) = µ1,[v]�1(M) = µ2,[w↵v]1/2(M). (2.99)

(Recall that, for w and v 2 Rn
>0, the entrywise division w ↵ v is defined by (w ↵ v)i = wi/vi.)
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Constrained, distributed and proximal gradient dynamics

<latexit sha1_base64="TUQfZ7FyH9HRav/6vqDsH65VzCU="></latexit>x
<latexit sha1_base64="tcvH8A4Lr7sLyxubKXvJaIZfow4="></latexit>y

f : Rn → R is ν-strongly convex if, for all x, y,

1 f(χx+ (1− χ)y) ≤ χf(x) + (1− χ)f(y)− 1
2νχ(1− χ)∥x− y∥22 for each 0 ≤ χ ≤ 1

2 (if f is differentiable) f(y) ≥ f(x) +∇f(x)⊤(y − x) + ν

2
∥y − x∥22

3 (if f is differentiable)
(
∇f(x)−∇f(y)

)⊤
(x− y) ≥ ν∥x− y∥22

4 (if f is twice differentiable) Hess f(x) ⪰ νIn
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Example #1: Gradient dynamics for strongly convex function

Given differentiable, strongly convex f : Rn → R with parameter ν > 0, gradient dynamics

ẋ = FG(x) := −∇f(x)

FG is infinitesimally contracting wrt ∥ · ∥2 with rate ν
unique globally exp stable point is global minimum

If f is twice-differentiable, then Hess f(x) ⪰ νIn for all x

D(−∇f)(x) = −Hess f(x) ⪯ −νIn
⇐⇒ InD(−∇f)(x) +D(−∇f)(x)⊤In ⪯ −2νIn
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Convexity and contractivity

Kachurovskii’s Theorem: For differentiable f : Rn → R, equivalent statements:

1 f is strongly convex with parameter ν (and minimum x∗)

2 −∇f is ν-strongly infinitesimally contracting (with equilibrium x∗), that is

(
−∇f(x) +∇f(y)

)⊤
(x− y) ≤ −ν∥x− y∥22

For map F : Rn → Rn, equivalent statements:

1 F is a monotone operatora (or a coercive operator) with parameter ν,

2 −F is ν-strongly contracting wrt ∥ · ∥2
aF : Rn → Rn is a ν-strongly monotone operator if ⟨⟨F(x)− F(y), x− y⟩⟩ ≥ ν∥x− y∥22

R. I. Kachurovskii. Monotone operators and convex functionals. Uspekhi Matematicheskikh Nauk , 15(4):213–215, 1960
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Example #2: Primal-dual gradient dynamics

strongly convex function f s.t. 0 ≺ νminIn ⪯ Hess f ⪯ νmaxIn
constraint matrix A s.t. 0 ≺ aminIm ⪯ AA⊤ ⪯ amaxIm (independent rows)
linearly constrained optimization:

min
x∈Rn

f(x)

subj. to Ax = b

primal-dual gradient dynamics:
[
ẋ

λ̇

]
= FPDG(x, λ) :=

[
−∇f(x)−A⊤λ

Ax− b

]

FPDG is infinitesimally contracting wrt ∥ · ∥2,P 1/2 with rate c

P =

[
In αA⊤

αA Im

]
with α =

1

2
min

{ 1

νmax
,
νmin

amax

}
and c =

1

4
min

{ amin

νmax
,
amin

amax
νmin

}

For each νminIn ⪯ Q ⪯ νmaxIn,

[
−Q −A⊤

A 0

]⊤
P + P

[
−Q −A⊤

A 0

]
⪯ −2cP
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undirected, weighted and connected graph with n nodes and m edges
Laplacian L ∈ Rn×n, λ2 = algebraic connectivity, λ2/λn = synchronizability

oriented incidence matrix B ∈ Rn×m

Distributed optimization setup
cost function f is decomposable into sum of private cost function

f(x) =
∑n

i=1
fi(x) where each fi is private to node i

each node i has a local estimate x[i] of global variable x and x = [x[1], . . . , x[n]]
consensus constraints among estimates are imposed in two ways:

1 incidence constraint: B⊤x = 0m
2 Laplacian constraint: Lx = 0n

F. Dörfler. Distributed consensus-based optimization. Advanced Topics in Control 2018: Distributed Systems & Control, 2018

G. Qu and N. Li. On the exponential stability of primal-dual gradient dynamics. IEEE Control Systems Letters, 3(1):43–48, 2019.
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Example #3: Incidence-based distributed gradient

Assume graph is a tree, so that (see LNS.Exercise9.2)

0 ≺ λ2In−1 ⪯ B⊤B ⪯ λnIn−1

decomposable cost: minx∈R
∑

i fi(x) where each fi is νi-strongly convex

{
minx[i]∈R

∑n
i=1 fi(x[i])

subj. to B⊤x = 0m
⇐⇒

{
minx[i]∈R

∑n
i=1 fi(x[i])

subj. to x[i] − x[j] = 0 for each edge e = (i, j)

incidence-based distributed gradient (primal-dual gradient, n+m vars):

{
ẋ[i] = −∇fi(x[i])−

∑
e=(i,j) λe +

∑
e=(j,i) λe for each node i

λ̇e = x[i] − x[j] for each edge e = (i, j)

FIncidence-DistributedG is infinitesimally contracting with c =
1

4

λ2
λn

min
i
νi

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems Letters,
7:3896–3901, 2023.
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Example #4: Laplacian-based distributed gradient

Given Πn = In − 1n1⊤
n /n = orthogonal projection onto span{1n}⊥,

0 ≺ λ2Πn ⪯ L ⪯ λnIn

decomposable cost: minx∈R
∑n

i=1 fi(x) where each fi is νi-strongly convex

{
minx[i]∈R

∑n
i=1 fi(x[i])

subj. to Lx = 0n
⇐⇒

{
minx[i]∈R

∑n
i=1 fi(x[i])

subj. to
∑n

j=1 aij(xi − xj) = 0

Laplacian-based distributed gradient (primal-dual gradient, 2n vars):

{
ẋ[i] = −∇fi(x[i])−

∑n
j=1 aij(λi − λj) for each node i

λ̇i =
∑n

j=1 aij(xi − xj) for each node i

FLaplacian-DistributedG is infinitesimally contracting† with c =
1

4

(λ2
λn

)2
min
i
νi
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λ2/λn = synchronizability parameter from study of oscillator networks via the MSF approach

Empirically, define private functions qi(xi − vi)2, for xi ∈ R, vi and qi uniformly sampled from
[0, 10]
symmetric connected Erdős-Rényi graph with N = 40 nodes, with varying edge probability
parameters, 50 graphs for each probability value

0.2 0.4 0.6 0.8 1.0
Probability of edge

−1.2

−1.0

−0.8

−0.6

−0.4

−0.2

D
om

in
an
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ig

en
va

lu
e

Dominant Eigenvalues for saddle matrices
Incidence Matrix
Laplacian Matrix

L. M. Pecora and T. L. Carroll. Synchronization in chaotic systems. Physical Review Letters, 64(8):821–824, 1990

G. Chen. Searching for best network topologies with optimal synchronizability: A brief review. IEEE/CAA Journal of Automatica Sinica, 9

(4):573–577, 2022.
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Composite optimization

composite minimization (cost = sum of terms with structurally different properties):

x⋆ = argmin
x∈Rn

f(x) + g(x)

f : Rn → R is strongly convex and strongly smooth
g : Rn → R is convex, closed, and proper (ccp)

proximal operator: for γ > 0, define proxγg : Rn → Rn by

proxγg(z) := argmin
x∈Rn

g(x) +
1

2γ
∥x− z∥22

Equivalence:

1 x∗ is minimizer for: minx∈Rn f(x) + g(x)

2 x∗ is fixed point for: x = proxγg(x− γ∇f(x)) for all γ

proximal gradient dynamics: ẋ = FProxG(x) := −x+ proxγg(x− γ∇f(x))
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Examples

g(x) =
1

2
∥x∥22 proxλg(v) =

v

1 + λ

g(x) = ιC(x) =

{
0 if x ∈ C
∞ otherwise

proxλg(v) = ΠC(v)

g(x) = ∥x∥1 proxλg(v) = sign(v) ·max(|v| − λ, 0)

g(x) =

{
1
2x

2 if |x| ≤ δ
δ|x| − 1

2δ
2 if |x| > δ

proxλg(v) =

{
v

1+λ if |v| ≤ δ + λ

v − λsign(v) if |v| > δ + λ
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6.9. Summary of Prox Computations 177

6.9 Summary of Prox Computations

f(x) dom(f) proxf (x) Assumptions Reference

1
2xT Ax +

bT x + c

Rn (A + I)−1(x− b) A ∈ Sn
+, b ∈

Rn, c ∈ R
Section 6.2.3

λx3 R+
−1+
√

1+12λ[x]+
6λ λ > 0 Lemma 6.5

µx [0, α] ∩ R min{max{x− µ, 0}, α} µ ∈ R, α ∈
[0,∞]

Example 6.14

λ‖x‖ E
(
1− λ

max{‖x‖,λ}

)
x ‖·‖—Euclidean

norm, λ > 0
Example 6.19

−λ‖x‖ E

(
1 + λ

‖x‖

)
x, x '= 0,

{u : ‖u‖ = λ}, x = 0.
‖·‖—Euclidean
norm, λ > 0

Example 6.21

λ‖x‖1 Rn Tλ(x) = [|x| − λe]+ ( sgn(x) λ > 0 Example 6.8

‖ω ( x‖1 Box[−α, α] Sω,α(x) α ∈ [0,∞]n,
ω ∈ Rn

+

Example 6.23

λ‖x‖∞ Rn x− λPB‖·‖1
[0,1](x/λ) λ > 0 Example 6.48

λ‖x‖a E x− λPB‖·‖a,∗ [0,1](x/λ) ‖x‖a—
arbitrary
norm, λ > 0

Example 6.47

λ‖x‖0 Rn H√
2λ(x1)× · · · × H√

2λ(xn) λ > 0 Example 6.10

λ‖x‖3 E 2

1+
√

1+12λ‖x‖
x ‖·‖—Euclidean

norm, λ > 0,
Example 6.20

−λ
n∑

j=1

log xj Rn
++




xj+

√
x2

j
+4λ

2




n

j=1

λ > 0 Example 6.9

δC(x) E PC(x) ∅ '= C ⊆ E Theorem 6.24

λσC (x) E x− λPC(x/λ) λ > 0, C '= ∅
closed convex

Theorem 6.46

λmax{xi} Rn x− λP∆n (x/λ) λ > 0 Example 6.49

λ
∑k

i=1 x[i] Rn x− λPC(x/λ),
C = He,k ∩ Box[0,e]

λ > 0 Example 6.50

λ
∑k

i=1 |x〈i〉| Rn x− λPC(x/λ),
C = B‖·‖1

[0, k] ∩ Box[−e, e]
λ > 0 Example 6.51

λMµ
f (x) E x +

λ
µ+λ

(
prox(µ+λ)f (x)− x

) λ, µ > 0, f
proper closed
convex

Corollary 6.64

λdC(x) E x +

min
{

λ
dC (x)

, 1
}

(PC(x)− x)

∅ '= C closed
convex, λ > 0

Lemma 6.43

λ
2 d2

C(x) E λ
λ+1 PC(x) + 1

λ+1x ∅ '= C closed
convex, λ > 0

Example 6.65

λHµ(x) E
(
1− λ

max{‖x‖,µ+λ}

)
x λ, µ > 0 Example 6.66

ρ‖x‖21 Rn
(

vixi
vi+2ρ

)n

i=1
, v =

[√
ρ
µ |x| − 2ρ

]
+

,eT v = 1 (0

when x = 0)

ρ > 0 Lemma 6.70

λ‖Ax‖2 Rn x − AT (AAT + α∗I)−1Ax,
α∗ = 0 if ‖v0‖2 ≤ λ; oth-
erwise, ‖vα∗‖2 = λ; vα ≡
(AAT + αI)−1Ax

A ∈ Rm×n

with full row
rank, λ > 0

Lemma 6.68
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proximal operator
well-defined for all ccp functions,
generalized form of projection,
non-expansive

helps generalize gradient algorithms/dynamics
to proximal algorithms/dynamics, useful for
nonsmooth, constrained, large-scale, and dis-
tributed optimization

evaluation of proximal operator requires small
convex optimization,
see Summary of prox computations, Beck 2017

A. Beck. First-Order Methods in Optimization. SIAM, 2017. ISBN
978-1-61197-498-0
N. Parikh and S. Boyd. Proximal algorithms. Foundations and Trends
in Optimization, 1(3):127–239, 2014.
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Example #5: Proximal gradient dynamics

proximal gradient dynamics:

ẋ = FProxG(x) := −x+ proxγg(x− γ∇f(x))

f : Rn → R is ν-strongly convex and ℓ-strongly smooth
g : Rn → R is convex, closed, proper

1 FProxG is infinitesimally contracting wrt ∥ · ∥2

for 0 < γ <
2

ℓ
, with rate c = 1−max{|1− γν|, |1− γℓ|},

for γ⋆ =
2

ν + ℓ
, with maximal rate c⋆ =

2ν

ν + ℓ

2 FProxG is infinitesimally contracting wrt ∥ · ∥2,(γA−In)1/2 with rate c = 1

if f(x) = 1
2x

⊤Ax+ b⊤x with A ≻ 0 and γ > 1/λmin(A)
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The linear algebra of matrix norms; see CTDS Chapter 2
Properties of induced matrix norms and Lipschitz constants

§3. Example systems
Constrained, distributed and proximal gradient dynamics
Continuous-time recurrent neural networks
Nonlinear dynamics in Lur’e form

§4. Properties of contracting dynamics
Equilibria, Lyapunov functions, and Euler discretization
Incremental input-to-state stability
Contractivity of interconnected systems
Additional properties: entrainment, robustness wrt unmodeled dynamics and delays

§5. Example applications
Gradient dynamics and Nash equilibria in games
Time-varying gradient dynamics and feedback optimization
Recurrent and implicit neural networks

§6. Generalizations with examples
G1: Local contractivity: Small-residual theorem and the Kuramoto coupled oscillators
G2: Weak contractivity: Biologically-plausible circuits for sparse reconstruction
G3: Contractivity on Riemannian manifolds and the Karcher mean
G4: Semicontractivity: Primal-dual gradient with redundant constraints

§7. Conclusions and future research

§8. Advanced Topics
More on semicontractivity: ergodic coefficients and duality
Network small-gain theorem for Metzler matrices
Proof of semicontractivity of saddle matrices
Proof of Euler discretization theorem
Non-Euclidean Monotone Operator Theory

51/221



Neural network models

Feedforward NN
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xi+1 = Φ(Wixi + bi), x0 = u,

y = Cxk + d

Recurrent NN
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ẋ = −x+Φ(Wx+Bu+ b),

y = Cx+ d

square matrix W = synaptic matrix — diagonal nonlinear Φ = activation function

A. Davydov, A. V. Proskurnikov, and F. Bullo. Non-Euclidean contractivity of recurrent neural networks. In American Control Conference,
pages 1527–1534, Atlanta, USA, May 2022c.

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Euclidean contractivity of neural networks with symmetric weights. IEEE
Control Systems Letters, 7:1724–1729, 2023.
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Example #6: Firing-rate recurrent neural network

ẋ = FFR(x) := −x+Φ(Wx+Bu)

sigmoid, hyperbolic tangent
ReLU = max{x, 0} = (x)+

0 ≤ Φ′
i(y) ≤ 1
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ReLU(y)

FFR is infinitesimally contracting wrt ∥ · ∥∞ with rate 1− µ∞(W )+ if

µ∞(W ) < 1
(
i.e., wii +

∑
j
|wij | < 1 for all i

)

osLip∞(FFR) = sup
x,u

µ∞
(
− In + (DΦ(Wx+Bu))W

)
= −1 + sup

x,u
µ∞

(
DΦ(Wx+Bu)W

)

≤ −1 + max
d∈[0,1]n

µ∞(diag(d)W ) (max convex polytope, 2n vertices)

= −1 + max
{
µ∞(0), µ∞(W )

}
= −1 + µ∞(W )+
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For each row i, define the ith absolute row-sum of A by

ri(A) = aii +
∑n

j=1,j ̸=i
|aij |

and note µ∞(A) = maxi ri.

Since di ≥ 0 and ([d]A)ij = diaij , we note

ri([d]A) = diri(A)

and compute

max
d∈[0,1]n

µ∞([d]A)
(by def)
= max

d∈[0,1]n
max
i
diri(A)

(the n functions are decoupled)
= max

i
max
di∈[0,1]

diri(A)

(di ∈ [0, 1])
= max

i
(A)

{
ri, if ri(A) ≥ 0

0, if ri(A) < 0

(dropping the if clause)

≤ max{max
i

ri(A), 0} = max{µ∞(A), 0}.
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Example #7: Firing-rate network with symmetric synapses

ẋ = FFR(x) := −x+Φ(Wx+Bu)

0 ≤ Φ′
i(y) ≤ 1 and W =W⊤ with λW = λmax(W )

FFR is infinitesimally contracting:

(for λW < 0) with rate 1 wrt ∥ · ∥2,(−W )1/2

(for λW = 0) with rate 1− ϵ wrt ∥ · ∥2,QFR,ϵ
, for each ϵ > 0

(for 0 < λW < 1) with rate 1− λW wrt ∥ · ∥2,QFR,λW

For λW = 1, FFR is weakly infinitesimally contracting wrt ∥ · ∥2,QFR,λW

QFR,a := Uha(Λ)U
⊤ ≻ 0, where W = UΛU⊤ and ha(z) := 2a

(
1 +

√
1− z/a

)

optimal rates

proof based upon LMI calculations and Sylvester’s law of inertia
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Systems in Lur’e form

nonlinear system in Lur’e form x ∈ Rn, u ∈ R, y ∈ R:

ẋ = Ax+Bu y = Cx

u = ψ(y) ψ : R→ R
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 (y)

M =M⊤ ∈ R2×2 is an incremental multiplier matrix for ψ if

[
y1 − y2

ψ(y1)− ψ(y2)

]⊤
M

[
y1 − y2

ψ(y1)− ψ(y2)

]
≥ 0 for all y1, y2 ∈ R

Eg, slope constraint σ1 ≤ ψ′(y) ≤ σ2 is described by Mσ1,σ2 =

[
−σ1σ2 (σ1 + σ2)/2

(σ1 + σ2)/2 −1

]
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Example #8: Systems in Lur’e form

FLur’e(x) = Ax+Bψ(Cx)

assume

1 nonlinearity ψ : R→ R described by incremental multiplier M

2 there exist an n× n matrix P = P⊤ ≻ 0 and a scalar c > 0 satisfying LMI

[
PA+A⊤P + 2cP PB

B⊤P 0

]
+

[
C 0

01×n 1

]⊤
M

[
C 0

01×n 1

]
⪯ 0

FLur’e(x) is infinitesimally contracting wrt ∥ · ∥2,P 1/2 with rate c

proof based upon S-lemma

LMIs defining P and M together imply contractivity LMI

typical vector valued constraints: monotonic or sector bound

L. D’Alto and M. Corless. Incremental quadratic stability. Numerical Algebra, Control and Optimization, 3:175–201, 2013.

M. Giaccagli, V. Andrieu, S. Tarbouriech, and D. Astolfi. Infinite gain margin, contraction and optimality: An LMI-based design. European
Journal of Control , 68:100685, 2022.
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Example #8: Systems in Lur’e form: multivariable characterization
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ẋ = Ax + Bu; y = Cx

For A ∈ Rn×n, B ∈ Rm×n and C ∈ Rn×m, nonlinear system in Lur’e form

ẋ = Ax+BΨ(Cx) =: FLur’e(x)

where Ψ : Rm → Rm is ρ-cocoercive, that is, for all y1, y2 ∈ Rm

(Ψ(y1)−Ψ(y2))
⊤(y1 − y2) ≥ ρ∥Ψ(y1)−Ψ(y2)∥22

For P = P⊤ ≻ 0, following statements are equivalent:

1 FLur’e infinitesimally contracting wrt ∥ · ∥2,P 1/2 with rate η > 0 for each ρ-cocoercive Ψ

2 there exists λ ≥ 0 such that

[
A⊤P + PA+ 2ηP PB + λC⊤

B⊤P + λC −2λρIm

]
⪯ 0
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Equilibria, Lyapunov functions, and Euler discretization

Equilibrium and Lyapunov functions for a contracting vector field
For a time-invariant F, c-strongly contracting wrt ∥ · ∥

1 for each t > 0, flow at time t of F is a contraction with factor e−ct,
i.e., distance between solutions exponentially decreases with rate c

2 there exists an equilibrium x∗, that is unique, globally exponentially stable with global
Lyapunov functions

V1(x) = ∥x− x∗∥2 and V2(x) = ∥F(x)∥2

3 if additionally DF(x) = DF(x)⊤ for all x, then another global Lyapunov function is

V3(x) = −
∫ 1

0
x⊤F(tx)dt+ w for each scalar w

Also, V3 is c-strongly convex and F = −∇V3
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Proof of global Lyapunov functions
Regarding V1(x) = ∥x− x∗∥2, from D+∥x− y∥ ≤ −c∥x− y∥, we immediately have

∥x(t)− x∗∥ ≤ e−ct∥x(0)− x∗∥

Regarding V2(x) = ∥F(x)∥2, note
d

dt
F(x(t)) = DF(x(t))ẋ(t) = DF(x(t))F(x(t)) and

∥F(x(t))∥D+∥F(x(t))∥ = J
d

dt
F(x(t)),F(x(t))K (curve norm derivative)

= JDF(x(t))F(x(t)),F(x(t))K
≤ µ(DF(x(t)))JF(x(t)),F(x(t))K (Lumer inequality)

≤ sup
z∈Rn

µ(DF(z))∥F(x(t))∥2 = −c∥F(x(t))∥2

Regarding V3, see M. Fitzsimmons and J. Liu. A note on the equivalence of a strongly convex function and its
induced contractive differential equation. Automatica, page 110349, 2022. . URL
https://doi.org/10.1016/j.automatica.2022.110349
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Euler discretization theorem

Euler discretization theorem for contracting dynamics
Given arbitrary norm ∥ · ∥ and Lipschitz F : Rn → Rn, equivalent statements

1 ẋ = F(x) is infinitesimally contracting

2 there exists α > 0 such that xk+1 = xk + αF(xk) is contracting

Optimal∗ contractivity of Euler discretization Id+αF
Given c := − osLip(F) > 0 and ℓ := Lip(F), define condition number κ = ℓ/c ≥ 1:

3 0 < α <
1

cκ(1 + κ)
=⇒ Lip

(
Id+αF

)
≤

(
1 + αc− α2ℓ2

1− αℓ
)−1

< 1

4 the optimal∗ step size and contraction factor are

α∗ =
1

c

( 1

2κ2
− 3

8κ3
+O

( 1

κ4

))
, Lip(Id+α∗F) = 1− 1

4κ2
+

1

8κ3
+O

( 1

κ4

)

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in
Neural Information Processing Systems, Dec. 2021.

63/221

http://dx.doi.org/10.48550/arXiv.2106.03194


Optimal∗ contractivity of Euler discretization Id+αF: inner-product norms ∥ · ∥2,P 1/2

Given c := − osLip(F) > 0 and ℓ := Lip(F), define condition number κ = ℓ/c ≥ 1:

1 0 < α <
2

cκ2
=⇒ Lip

(
Id+αF

)
≤

√
1− 2αc+ α2ℓ2 < 1

2 the optimal∗ step size and contraction factor are

α∗ =
1

cκ2
, Lip(Id+α∗F) = 1− 1

2κ2
+O

( 1

κ4

)

Standard proof from monotone operator theory. For α > 0, compute

∥(Id+αF)x− (Id+αF)y∥2 = ∥x− y + α(F(x)− F(y))∥2

= ∥x− y∥2 + 2α ⟨⟨F(x)− F(y), x− y⟩⟩+ α2∥F(x)− F(y)∥2

≤
(
1− 2αc+ α2ℓ2

)
∥x− y∥2

Next, study convex parabola α 7→ 1− 2αc+ α2ℓ2. Eg, 1− 2αc+ α2ℓ2 < 1 iff 0 < α < 2c/ℓ2

E. K. Ryu and S. Boyd. Primer on monotone operator methods. Applied Computational Mathematics, 15(1):3–43, 2016
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Incremental ISS of systems with inputs (1/3)

Fot time and input-dependent vector F,

ẋ = F(t, x, u(t)), x(0) = x0 ∈ X , u(t) ∈ U

Given norms ∥ · ∥X and ∥ · ∥U , assume

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in t, u

Lipschitz wrt u: Lipu(F) ≤ ℓ, uniformly in t, x
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Incremental ISS of systems with inputs (2/3)

Then

1 any soltns: x(t) with input ux and y(t) with input uy

D+∥x(t)− y(t)∥X ≤ −c∥x(t)− y(t)∥X + ℓ∥ux(t)− uy(t)∥U
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ball centered at x(t) with radius
`

c
sup

⌧2[0,t]

k✓x(⌧)�✓y(⌧)k

2 F is incrementally ISS, that is, for all x0, y0

∥x(t)− y(t)∥X ≤ e−ct∥x0 − y0∥X +
ℓ(1− e−ct)

c
sup
τ∈[0,t]

∥ux(τ)− uy(τ)∥U
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Proof of iISS property
Using the properties of the weak pairing, we compute

∥x(t)− y(t)∥D+∥x(t)− y(t)∥ = Jẋ(t)− ẏ(t), x− yK (curve norm derivative)

= JF(t, x, ux)− F(t, y, uy), x− yK
≤ JF(t, x, ux)− F(t, y, ux), x− yK

+ JF(t, y, ux)− F(t, y, uy), x− yK (subadditivity)

≤ −c∥x− y∥2 + JF(t, y, ux)− F(t, y, uy), x− yK (contractivity)

≤ −c∥x− y∥2 + ∥F(t, y, ux)− F(t, y, uy)∥∥x− y∥ (Cauchy-Schwarz)

≤ −c∥x− y∥2 + ℓ∥ux − uy∥∥x− y∥. (Lipschitzness)
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Incremental ISS of systems with inputs (3/3)
Signal norms and system gains

Given norm ∥ · ∥X on Rn (or ∥ · ∥U on Rk),

LqX , q ∈ [1,∞], is vector space of continuous signals, x : R≥0 → Rn, with well-defined
bounded norm

∥x(·)∥X ,q =





(∫ ∞

0
∥x(t)∥qXdt

)1/q
if q ∈ [1,∞[

supt≥0 ∥x(t)∥X if q =∞

Input-state system has LqX ,U -induced gain upper bounded by γ > 0 if, for all u ∈ LqU ,
the state x from zero initial state satisfies

∥x(·)∥X ,q ≤ γ ∥u(·)∥U ,q

3 F has incremental LqX ,U gain equal to ℓ/c, for q ∈ [1,∞],

∥x(·)− y(·)∥X ,q ≤
ℓ

c
∥ux(·)− uy(·)∥U ,q (for x0 = y0)
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Application: Parametrized fixed point problem

0n = F(x, u), x ∈ X , u ∈ U
Given norms ∥ · ∥X and ∥ · ∥U , assume

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in u

Lipschitz wrt u: Lipu(F) ≤ ℓ, uniformly in x

1 for each fixed u, there exists a unique equilibrium x⋆(u)

2 the equilibrium map x∗ : U → X is Lipschitz with constant
ℓ

c

Sensitivity analysis in convex optimization
If f(x, u) is ν-strongly convex and differentiable wrt x,
∇xf is ℓ-Lipschitz wrt u,

then global minimum u 7→ x∗(u) is Lipschitz with constant
ℓ

ν
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Proof of Parametrized continuous-time Banach Contraction Theorem
Recall iISS: any soltns x1(t) with input u1(t) and x2(t) with input u2(t)

D+∥x1(t)− x2(t)∥X ≤ −c∥x1(t)− x2(t)∥X + ℓ∥u1(t)− u2(t)∥U

For constant u1(t) = u1 and u2(t) = u2, as t→ +∞,

x1(t)→ x∗(u1) and x2(t)→ x∗(u2)

Taking the limit, we obtain

0 ≤ −c∥x∗(u1)− x∗(u2)∥X + ℓ∥u1 − u2∥U

that is, ∥x∗(u1)− x∗(u2)∥X ≤
ℓ

c
∥u1 − u2∥U
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Contractivity of interconnected systems (1/3)

<latexit sha1_base64="JLnbwdtk6nfrR5e1yFhY5UJvmx0="></latexit>| {z }
n subsystems

1 n local norms ∥ · ∥i on RNi , i ∈ {1, . . . , n}
2 a aggregating norm ∥ · ∥agg on Rn

3 =⇒ a composite norm on RN , N = N1 + · · ·+Nn

T. Ström. On logarithmic norms. SIAM Journal on Numerical Analysis, 12(5):741–753, 1975.

O. Pastravanu and M. Voicu. Generalized matrix diagonal stability and linear dynamical systems. Linear Algebra and its Applications, 419
(2):299–310, 2006.
G. Russo, M. Di Bernardo, and E. D. Sontag. A contraction approach to the hierarchical analysis and design of networked systems. IEEE
Transactions on Automatic Control , 58(5):1328–1331, 2013.
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Contractivity of interconnected systems (2/3)

Interconnected subsystems: xi ∈ RNi and x−i ∈ RN−Ni :

ẋi = Fi(xi, x−i), for i ∈ {1, . . . , n}

Network contraction theorem. Given local norms, assume

contractivity wrt xi: osLipxi(Fi) ≤ −ci < 0, uniformly in x−i

Lipschitz wrt xj, j ̸= i: Lipxj (Fi) ≤ ℓij , uniformly in x−j

the Lipschitz constants matrix Γ =



−c1 . . . ℓ1n
...

...
ℓn1 . . . −cn


 is Hurwitz

=⇒ the interconnected system is infinitesimally contracting
wrt composite ∥ · ∥ generated by log optimal norm for Γ and c = |α(Γ)|
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Contractivity of interconnected systems (3/3)



−c1 . . . ℓ1n
...

...
ℓn1 . . . −cn


 is Metzler (Perron-Frobenius Theorem applies)

(see LNS.Section10.4)

Hurwitzness depends upon both topology and edge weights

M Hurwitz iff there exists a positive ξ such that Mξ < 0n (power method)

For n = 2, Hurwitz if and only if small gain condition

cycle gain :=
ℓ12
c1

ℓ21
c2

< 1

For n ≥ 3, Hurwitz if network small gain condition
see network small-gain theorem for Metzler matrices
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Proof of Network Contraction Theorem (via Jacobians and aggregate majorants)

For ẋi = Fi(xi, x−i) we compute DF(x) =



Dx1F1 . . . DxnF1

...
...

Dx1Fn . . . DxnFn




Assuming local norms, aggregate norm and composite norm (Section 2.4.4), recalling the
definition of aggregate Metzler majorant:

osLipcmpst

(
F
)
= sup

x
µcmpst

(
DF(x)

)

≤ sup
x
µagg(⌈DF(x)⌉M) (composite norm Theorem 2.13)

entry-wise
≤ µagg(sup

x
⌈DF(x)⌉M) (monotonicity properties Theorem 2.24)

= µagg(Γ) (definition of Γ)

and, when aggregate norm is ϵ-logarithmically optimal for Metzler matrix Γ,

osLipcmpst

(
F
)
≤ µagg(Γ) ≤ α(Γ) + ϵ (for arbitrarily small ϵ)

Note: The same proof method works for discrete time systems.
Note: Sharper-but-harder-to-check sufficient condition: there exists an aggregate norm (say
row/colun sum or Demidovich) such that µagg(⌈DF(x)⌉M)(x) ≤ −c < 0
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Proof of Network Contraction Theorem (via pairings)

First, design a log optimal norm for Γ =



−c1 . . . ℓ1r
...

...
ℓr1 . . . −cr


 ∈ Rr×r

From Lemma 3.21 on Metzler matrices in CTDS, for arbitrarily small ϵ, one can compute
η ∈ Rn>0 such that ∥ · ∥2,diag(η)1/2 is ϵ-log optimal for Γ:

µ2,diag(η)1/2(Γ) ≤ α(Γ) + ϵ ⇐⇒ diag(η)Γ + Γ⊤ diag(η) ⪯ 2(α(Γ) + ϵ) diag(η)

Next, define the composite norm ∥ · ∥η on RN by

∥(x1, . . . , xr)∥2η =
∑r

i=1
ηi∥xi∥2i

with weak pairing

J(x1, . . . , xr), (y1, . . . , yr)Kη =
∑r

i=1
ηiJxi, yiKi
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For each i, compute

JFi(t, xi, x−i)− Fi(t, yi, y−i), xi − yiKi
≤ JFi(t, xi, x−i)− Fi(t, yi, x−i), xi − yiKi + JFi(t, yi, x−i)− Fi(t, yi, y−i), xi − yiKi
≤ −ci∥xi − yi∥2i +

∑r

j=1,j ̸=i
ℓij∥xj − yj∥j∥xi − yi∥i

Next, we check the one-sided Lipschitz condition for the vector field on RN :
∑r

i=1
ηiJFi(t, xi, x−i)− Fi(t, yi, y−i), xi − yiKi
≤ −

∑r

i=1
ηici∥xi − yi∥2i +

∑r

i,j=1,j ̸=i
ηiℓij∥xj − yj∥j∥xi − yi∥i

=



∥x1 − y1∥1

...
∥xr − yr∥r




⊤

diag(η)Γ



∥x1 − y1∥1

...
∥xr − yr∥r




=



∥x1 − y1∥1

...
∥xr − yr∥r




⊤
diag(η)Γ + Γ⊤ diag(η)

2



∥x1 − y1∥1

...
∥xr − yr∥r




so that the interconnected system is contracting if the gain matrix Γ is diagonally stable.
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Application: Singularly perturbed matrices

Given a constant ϵ > 0, consider block matrix

Aϵ =
[
ϵA ϵB
C D

]
∈ R(n+m)×(n+m).

µ(A) < 0, µ(D) < 0, and
µ(A)µ(D) > ∥B∥∥C∥

Aϵ is Hurwitz for all ϵ > 0

D and A−BD−1C are Hurwitz ∃ϵ∗ s.t. Aϵ is Hurwitz for each ϵ < ϵ∗

Additionally, a valid choice of ϵ∗ is:

ϵ∗ :=
|µ(A−BD−1C)| · |µ(D)|

∥B∥∥D−1C(A−BD−1C)∥ + |µ(A−BD−1C)|∥D−1CB∥

L. Cothren, F. Bullo, and E. Dall’Anese. Online feedback optimization and singular perturbation via contraction theory. SIAM Journal on
Control and Optimization, July 2024. . Submitted
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Entrainment in systems with periodic time-dependence

<latexit sha1_base64="1rJHaAyz41P2SSTGcC/fR2TJ9lQ="></latexit>

x(t)

<latexit sha1_base64="WVmYZQmvIpR8DgICjGW+JN8s+Dc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVr1uXlfqtTyOIpzBOVyCBzdQh3toQAsYcHiGV3hzHp0X5935WLYWnHzmFP7A+fwB33uM9Q==</latexit>

t

<latexit sha1_base64="x1kLqs2kwuRtRRydF5S+Vrbqs30="></latexit>

ẋ = F(x, u(t))

<latexit sha1_base64="1rJHaAyz41P2SSTGcC/fR2TJ9lQ="></latexit>

x(t)
<latexit sha1_base64="nH7il0bx9NVXLmTg5vynH116SJM="></latexit>

u(t)

For time-varying vector field F(t, x) and norm ∥ · ∥
1 osLipx(F) ≤ −c < 0, uniformly in t

2 F is T -periodic in t

Then

1 there exists a unique periodic solution x∗ : R≥0 → Rn with period T

2 for every initial condition x0,

∥x(t, x0)− x∗(t)∥ ≤ e−ct∥x0 − x∗(0)∥

G. Russo, M. Di Bernardo, and E. D. Sontag. Global entrainment of transcriptional systems to periodic inputs. PLoS Computational
Biology , 6(4):e1000739, 2010.
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Robustness of systems with unmodeled dynamics

Given a norm ∥ · ∥, consider
ẋ = F(x) + ∆(x)

Assume:

contractivity: osLip(F) ≤ −c < 0

bounded disturbance: osLip(∆) ≤ d < c

Then

1 F+∆ is strongly contracting with rate c− d
2 the unique equilibria x∗F of F and x∗F+∆ of F+∆ satisfy

∥x∗F − x∗F+∆∥ ≤
∥∆(x∗F)∥
c− d
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Incremental ISS of systems with delays (1/2)

ẋ(t) = F
(
x(t), x(t− s), u(t)

)
, 0 ≤ s ≤ S, ∥ · ∥X , ∥ · ∥U (2)

assume there exist positive constants c, ℓU , ℓX such that, for all variables,

osL x : JF(x, d, u)− F(y, d, u), x− yKX ≤ −c∥x− y∥2X (3)

Lip x(t− s) : ∥F(x, x1, u)− F(x, x2, u)∥X ≤ ℓX ∥x1 − x2∥X (4)

Lip u : ∥F(x, d, u)− F(x, d, v)∥X ≤ ℓU∥u− v∥U (5)

By the curve norm derivative formula, subadditivity, and Cauchy-Schwarz inequality,

∥x(t)−y(t)∥XD+∥x(t)− y(t)∥X = JF(x(t), x(t− s), ux(t))− F(y(t), y(t− s), uy(t)), x(t)− y(t)KX
≤ JF(x(t), x(t− s), ux(t))− F(y(t), x(t− s), ux(t)), x(t)− y(t)KX

+ JF(y(t), x(t− s), ux(t))− F(y(t), y(t− s), ux(t)), x(t)− y(t)KX
+ JF(y(t), y(t− s), ux(t))− F(y(t), y(t− s), uy(t)), x(t)− y(t)KX

≤ −c∥x(t)− y(t)∥2X + ℓX ∥x(t− s)− y(t− s)∥U∥x(t)− y(t)∥X ,
+ ℓU∥ux(t)− uy(t)∥U∥x(t)− y(t)∥X .

Thus, with z(t) = ∥x(t)− y(t)∥X , delay differential inequality:

D+z(t) ≤ −cz(t) + ℓX sup0≤s≤S z(t− s) + ℓU∥ux(t)− uy(t)∥U , (6)

Halanay inequality is applicable (see Chapter 3). If c > ℓX , then

z(t) ≤ z0e
−ρ(t−t0) + ℓU

∫ t

t0

e−ρ(t−τ)∥ux(τ)− uy(τ)∥Udτ, (7)

where ρ > 0 is the unique positive root of ρ = c− ℓX eρS and z0 = sup0≤s≤S z(t0 − s).
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Incremental ISS of networked systems with delays (2/2)

Interconnected subsystems i ∈ {1, . . . , n}
ẋi = Fi(xi, x−i, x−i(t− s), ui), 0 ≤ s ≤ S, ∥ · ∥i, ∥ · ∥i,U (8)

Assume there exist positive constants st

osL xi : JFi(xi, . . . )− Fi(yi, . . . ), xi − yiKi ≤ −ci∥xi − yi∥2i
Lip x−i : ∥Fi(. . . , x−i, . . . )− Fi(. . . , y−i, . . . )∥i ≤

∑n

j=1,j ̸=i
γij∥xj − yj∥j

Lip x−s−1 : ∥Fi(. . . , x−s−i , . . . )− Fi(. . . , y
−s
−i , . . . )∥i ≤

∑n

j=1,j ̸=i
γ̂ij∥x−sj − y−sj ∥j

Lip ui : ∥Fi(. . . , ui)− Fi(. . . , vi)∥i ≤ ℓi,U∥ui − vi∥i,U

With zi(t) = ∥xi(t)− yi(t)∥i, delay differential inequality on Rn≥0:

D+z(t) ≤ −Cz(t) + Γz(t) + Γ̂ sup0≤s≤S z(t− s) + ℓU∥ux(t)− uy(t)∥U

and, if the Metzler matrix −C + Γ + Γ̂ is Hurwitz, then (8) is incremental ISS

F. Mazenc, M. Malisoff, and M. Krstic. Vector extensions of Halanay’s inequality. IEEE Transactions on Automatic Control , 67(3):1453–

1459, 2022.
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Gradient dynamics and Nash equilibria in games

Nash equilibria: existence, uniqueness, computation, convergence for gradient-like
dynamics, robustness

games with partial information

aggregative games: demand-side management in the smart grid, charging control for
plug-in electric vehicles, spectrum sharing in wireless networks, and network congestion
control

S. Li and T. Başar. Distributed algorithms for the computation of noncooperative equilibria. Automatica, 23(4):523–533, 1987.

D. Gadjov and L. Pavel. A passivity-based approach to Nash equilibrium seeking over networks. IEEE Transactions on Automatic Control ,
64(3):1077–1092, 2019.

M. Arcak and N. C. Martins. Dissipativity tools for convergence to Nash equilibria in population games. IEEE Transactions on Control of
Network Systems, 8(1):39–50, 2021.

G. Belgioioso, P. Yi, S. Grammatico, and L. Pavel. Distributed generalized Nash equilibrium seeking: An operator-theoretic perspective.
IEEE Control Systems, 42(4):87–102, 2022.

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems Letters,
7:3896–3901, 2023.
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Example #9: Saddle dynamics

Assume f : Rn × Rm → R

x 7→ f(x, y) is νx-strongly convex, uniformly in y

y 7→ f(x, y) is νy-strongly concave, uniformly in x

Aim: minxmaxy f(x, y)

saddle dynamics (primal-descent / dual-ascent):

[
ẋ
ẏ

]
= FS(x, y) :=

[
−∇xf(x, y)
∇yf(x, y)

]
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Example #9: Saddle dynamics

saddle dynamics (primal-descent / dual-ascent):

[
ẋ
ẏ

]
= FS(x, y) :=

[
−∇xf(x, y)
∇yf(x, y)

]

FS is infinitesimally contracting wrt ∥ · ∥2 with rate min{νx, νy}
unique globally exp stable point is saddle point (min in x, max in y)

If f is twice-differentiable, then

sup
x
µ2(DFS(x, y)) = sup

x
µ2

([
−Hessx f(x, y) −Dy∇xf(x, y)
Dx∇yf(x, y) Hessy f(x, y)

])

µ2(A)=µ2(
A+A⊤

2
)

= sup
x
µ2

([
−Hessx f(x, y) 0

0 Hessy f(x, y)

])
= −min{νx, νy}
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Example #10: Pseudogradient play

Each player i aims to minimize its own cost function Ji(xi, x−i) (not a potential game)

pseudogradient dynamics (aka gradient play in game theory):

ẋ = FPseudoG(x) = −
(
∇1J1(x1, x−1), . . . ,∇nJn(xn, x−n)

)
(stacked vector)

⇐⇒ ẋi = −∇iJi(xi, x−i)

strong convexity wrt xi: Ji is µi strongly convex wrt xi, uniformly in x−i

Lipschitz wrt x−i: Lipxj (∇iJi) ≤ ℓij , uniformly in x−j
FPseudoG gain matrix is Hurwitz

=⇒ FPseudoG is infinitesimally contracting wrt appropriate diag-weighted ∥ · ∥2

if FPseudoG is infinitesimally contracting (wrt any norm)
then unique globally exp stable Nash equilibrium Ji(x

∗
i , x

∗
−i) ≤ Ji(yi, x∗−i) for all yi
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Example #11: Best response play

Each player i aims to minimize its own cost function Ji(xi, x−i)
BRi : x−i → argminxi Ji(xi, x−i) best response of player i wrt other decisions x−i
best response dynamics:

ẋ = FBR(x) := BR(x)− x
⇐⇒ ẋi = BRi(x−i)− xi

strong convexity wrt xi: Ji is µi strongly convex wrt xi, uniformly in x−i

Lipschitz wrt x−i: Lipxj (∇iJi) ≤ ℓij , uniformly in x−j
=⇒ BRi is Lipschitz wrt xj with constant ℓij/µi

FBR gain matrix is Hurwitz ⇐⇒ BR is a discrete-time contraction

=⇒ BR− Id is infinitesimally contracting wrt appropriate diag-weighted ∥ · ∥2

if FBR is infinitesimally contracting (wrt any norm)
then unique globally exp stable Nash equilibrium (fixed point of BR)
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Equivalent statements:

1 FPseudoG gain matrix:



−µ1 . . . ℓ1n
...

...
ℓn1 . . . −µn


 is Hurwitz

2 FBR gain matrix:



−1 . . . ℓ1n/µ1
...

...
ℓn1/µn . . . −1


 is Hurwitz

3 discrete-time FBR gain matrix:




0 . . . ℓ1n/µ1
...

...
ℓn1/µn . . . 0


 is Schur

Aggregative games: Ji(xi, x−i) = fi
(
xi,

1
n

∑n
j=1 xj

)

assume fi is µi-strongly convex wrt xi and ℓi = Lipy(∇xifi(xi, y))

µi > ℓi for each agent i =⇒ Hurwitz
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A game-theoretic antagonistic opinion dynamics example

Agents with variable opinions xi ∈ R and fixed private opinion pi
Given unsigned interpersonal weights aij and attachment parameter bi > 0, cost function:

Ji(x) = 1
2

∑
j
aij(xi − xj)2

︸ ︷︷ ︸
tendency to consensus/dissensus

+ bi(xi − pi)2︸ ︷︷ ︸
attachment to private opinion

+ ψ(xi)︸ ︷︷ ︸
convex penalty

Hessi Ji = 2bi +
∑

j
aij +Hessψ(xi)

∇iJi =
∑

j
aij(xj − xi) + 2bi(xi − pi) + ∂iψ(xi) and Lipxj (∇iJi) = |aij |

If weak antagonistic relations

bi >
∑

j s.t. aij<0

|aij |

then

1 gain matrix of FPseudoG has negative row sums

2 pseudogradient and best response play are strongly contracting wrt ∥ · ∥∞

P. Wankhede, N. Mandal, S. Mart́ınez, and P. Tallapragada. Opinion dynamics for utility maximizing agents: Exploring the impact of
resource penalty. arXiv preprint arXiv:2404.04912 , 2024
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Time-varying and feedback optimization

Solving optimization problems via dynamical systems

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="c/MsXtR9jPys8YzeLQpsIHaCVcw="></latexit>

u̇ = Optimizer(u, y)

<latexit sha1_base64="M8CtpAII3XZaKuHLcqKbOUcCZZs="></latexit>

Plant
(linear, stable, fast)

studies in linear and nonlinear programming (Arrow, Hurwicz, and Uzawa 1958)

neural networks (Hopfield and Tank 1985) and analog circuits (Kennedy and Chua 1988)

optimization on manifolds (Brockett 1991)

. . .

online and dynamic feedback optimization (Dall’Anese, Dörfler, Simonetto, . . . )

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A contraction and equilibrium tracking
approach. IEEE Transactions on Automatic Control , June 2023a. . Submitted

L. Cothren, F. Bullo, and E. Dall’Anese. Online feedback optimization and singular perturbation via contraction theory. SIAM Journal on
Control and Optimization, July 2024. . Submitted
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Motivation: Optimization-based control

1 parametric optimization

2 online feedback optimization

3 model predictive control

4 control barrier functions

5 ...

parametric QP. YALMIP + Multi-Parametric Toolbox

Some works on feedback optimization

Feedback 
optimization

Power 
systems

[Jokic et al’09]
[Bolognani-Zampieri’13]
[Hirata-Hespanha-Uchida’14]
[Li et al’14]
[Dall’Anese et al’15]
[Bernstein et al’15]
[Gan-Low’16]
[Dall’Anese-Simonetto’18]
[Menta et al’18]
[Ortmann et al’20]
[Picallo et al’22]
… and many others

Epidemic control

Robotics 
and vehicles

Transportation systems

Compressor stations
[Zagorowska et al’23]

[Lawrence et al’21]
[Terpin et al ’21]
[Cothren et al ’22]

[Bianchin et al’22]

[Bianchin et al ’20]
[Cothren et al’22]
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Online feedback optimization. Courtesy of Emiliano Dall’Anese.
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Parametric and time-varying convex optimization

min E(x) ⇐⇒ ẋ = F(x) x∗

Parametric and time-varying convex optimization

1 parametric contracting dynamics for parametric convex optimization

min E(x, θ) ⇐⇒ ẋ = F(x, θ) x∗(θ)

2 contracting dynamics for time-varying strongly-convex optimization

min E
(
x, θ(t)

)
⇐⇒ ẋ = F

(
x, θ(t)

)
x∗

(
θ(t)

)

A. Davydov, V. Centorrino, A. Gokhale, G. Russo, and F. Bullo. Time-varying convex optimization: A contraction and equilibrium tracking
approach. IEEE Transactions on Automatic Control , June 2023a. . Submitted
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Parametric convex optimization and contracting dynamics

Many convex optimization problems can be solved with contracting dynamics

ẋ = F(x, θ)

Convex Optimization Contracting Dynamics

Unconstrained min
x∈Rn

f(x, θ) ẋ = −∇xf(x, θ)

Constrained
min
x∈Rn

f(x, θ)

s.t. x ∈ X (θ)
ẋ = −x+ ProjX (θ)(x− γ∇xf(x, θ))

Composite min
x∈Rn

f(x, θ) + g(x, θ) ẋ = −x+ proxγgθ(x− γ∇xf(x, θ))

Equality
min
x∈Rn

f(x, θ)

s.t. Ax = b(θ)

ẋ = −∇xf(x, θ)−A⊤λ,

λ̇ = Ax− b(θ)

Inequality
min
x∈Rn

f(x, θ)

s.t. Ax ≤ b(θ)
ẋ = −∇f(x, θ)−A⊤∇Mγ,b(θ)(Ax+ γλ),

λ̇ = γ(−λ+∇Mγ,b(θ)(Ax+ γλ))
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Tracking equilibrium curves

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Theorem: Incremental ISS any two soltns: x(t) with input θx and y(t) with input θy

D+∥x(t)− y(t)∥X ≤ −c∥x(t)− y(t)∥X + ℓ∥θx(t)− θy(t)∥Θ
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Tracking equilibrium curves

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

Assume there exist norms ∥ · ∥X and ∥ · ∥Θ s.t.

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Theorem: Equilibrium tracking for contracting dynamics

1 for each fixed θ, there exists a unique equilibrium x⋆(θ)

2 the equilibrium map x⋆(·) is Lipschitz with constant
ℓ

c

3 D+∥x(t)−x⋆(θ(t))∥X ≤ −c∥x(t)−x⋆(θ(t))∥X +
ℓ

c
∥θ̇(t)∥Θ
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Proof of equilibrium tracking
Given: ẋ = F(x, θ(t)) with osLipx(F) ≤ −c and Lipu(F) ≤ ℓ
Task: compare traj x(t) with equilibrium curve x∗(θ(t)) implicitly defined by F(x, θ(t)) = 0

Consider auxiliary dynamics with two trajectories:

ẋ = F(x, θ(t)) + v(t) =: Faux(x, θ, v)

1 v(t) = 0 =⇒ trajectory x(t)

2 v(t) = ẋ∗(θ(t)) =⇒ equilibrium trajectory x∗(θ(t))

Faux is contracting with osLipx(Faux) ≤ −c and Lipv(Faux) = 1. Hence, iISS:

D+∥x(t)−x⋆(θ(t))∥X ≤ −c · ∥x(t)−x⋆(θ(t))∥X + 1 · ∥0− ẋ∗(θ(t))∥X

≤ −c · ∥x(t)−x⋆(θ(t))∥X +
ℓ

c
· ∥θ̇(t)∥Θ

(
since Lip(x∗) =

ℓ

c

)

100/221



Consequences for tracking error

D+∥x(t)−x⋆(θ(t))∥X ≤ −c∥x(t)−x⋆(θ(t))∥X +
ℓ

c
∥θ̇(t)∥Θ

bounded input, bounded error
with asymptotic bound:

lim sup
t→∞

∥x(t)− x⋆(θ(t))∥X ≤ ℓ

c2
lim sup
t→∞

∥θ̇(t)∥Θ

bounded energy input, bounded energy error

vanishing input, vanishing error

exponentially vanishing input ∼ e−ht, exponentially vanishing error ∼ e−min{c,h}t

periodic input, periodic error
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Numerical simulations

min
x∈R3

1

2
∥x− r(t)∥22

subj. to x1 + 2x2 + x3 = sin(ωt),

r(t) = (sin(ωt), cos(ωt), 1), ω = 0.2
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min
x∈R2

1

2
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subj. to −x1 + x2 ≤ cos(ωt),

r(t) = (sin(ωt), cos(ωt)), ω = 0.2
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Empirical error versus theoretical upper bound
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Application: Dynamic feedback optimization

<latexit sha1_base64="cRC8UsZclDp57IevNhgml4y3CgE="></latexit>

y<latexit sha1_base64="fnokQSQQYGs6uHhBmwDBe7239+0="></latexit>

u

<latexit sha1_base64="EEk6WItmJ2pI2GvH9gikxRCIG5s="></latexit>

w(t)

<latexit sha1_base64="c/MsXtR9jPys8YzeLQpsIHaCVcw="></latexit>

u̇ = Optimizer(u, y)

<latexit sha1_base64="M8CtpAII3XZaKuHLcqKbOUcCZZs="></latexit>

Plant
(linear, stable, fast)

dynamic feedback optimization
online optimization, optimization-based feedback, input/output regulation . . .

{
min cost1(u) + cost2(y)

subj. to y = Plant
(
u,w(t)

) =⇒
{

u̇ = Optimizer(t, u, y)

y = Plant
(
u,w(t)

)

A. Jokic, M. Lazar, and P. van den Bosch. On constrained steady-state regulation: Dynamic KKT controllers. IEEE Transactions on
Automatic Control , 54(9):2250–2254, 2009.

A. Hauswirth, S. Bolognani, G. Hug, and F. Dorfler. Timescale separation in autonomous optimization. IEEE Transactions on Automatic
Control , 66(2):611–624, 2021.

G. Bianchin, J. Cortés, J. I. Poveda, and E. Dall’Anese. Time-varying optimization of LTI systems via projected primal-dual gradient flows.
IEEE Transactions on Control of Network Systems, 9(1):474–486, 2022.
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Example #12: Gradient controller

Setup Fast/stable LTI plant with control input u and state/measurement disturbance w(t):

ϵẋ = Ax+Bu+ Ew(t) A Hurwitz

y = Cx+Dw(t)

In singular perturbation limit as ϵ→ 0+, steady state map (Yu and Yw)

y = −CA−1B︸ ︷︷ ︸
=: Yu

u + (D − CA−1E)︸ ︷︷ ︸
=: Yw

w

Feedback optimization problem
equilibrium trajectory u∗(w(t)) is solution to

min
u

ϕ(u) + ψ(y(t)) (ν-strongly convex ϕ, convex ψ)

subj to y(t) = Yuu+ Yww(t)

Gradient controller (as function of measured output):
{
u̇(t) = −∇ϕ(u(t))− Y ⊤

u ∇ψ(y(t)), u(0) = u0

fast/stable LTI
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Example #12: Gradient controller

Equivalent rewriting In singular perturbation limit as ϵ→ 0+,

E(u,w) = ϕ(u) + ψ(Yuu+ Yww), (ν-strongly convex in u)

∇uE(u,w) = ∇ϕ(u) + Y ⊤
u ∇ψ(Yuu+ Yww)

= ∇ϕ(u) + Y ⊤
u ∇ψ(y) (no need to measure w(t) to compute u̇(t))

Hence, gradient controller is equivalently defined by

u̇ = FGradCtrl(u,w) := −∇uE(u,w) = −∇ϕ(u)− Y ⊤
u ∇ψ(Yuu+ Yww)

Equilibrium tracking for the gradient controller

lim sup
t→∞

∥u(t)− u∗(w(t))∥ ≤ ℓw
ν2

lim sup
t→∞

∥ẇ(t)∥

1 osLipu(FGradCtrl) ≤ −ν (gradient of ν-strongly convex function)

2 Lipw(FGradCtrl) = ℓw := ∥Y ⊤
u ∥ Lip(∇ψ)∥Yw∥
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Example #13: Projected gradient controller

Constrained feedback optimization:

min
u
E(u,w) = ϕ(u) + ψ(Yuu+ Yww) (ν strongly convex, ℓu strongly smooth, ℓw)

subj. to u ∈ U (nonempty, closed, convex. PU = orthogonal projection)

Projected gradient controller (example of proximal gradient dynamics):

u̇ = FPGC(u,w) := −u+ PU
(
u− γ∇uE(u,w)

)

Equilibrium tracking for projected gradient controller At γ = 2
ν+ℓu

,

lim sup
t→∞

∥u(t)− u∗(w(t))∥ ≤ ℓPGC
c2PGC

lim sup
t→∞

∥ẇ(t)∥ (eq tracking)

1 osLipu(FPGC) ≤ −cPGC := − 2ν

ν + ℓu
(contractivity prox gradient)

2 Lipw(FPGC) = ℓPGC :=
2

ν + ℓu
ℓw
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Exact tracking with knowledge of external signal

For parameter-dependent vector field F : Rn × Rd → Rn and differentiable θ : R≥0 → Θ ⊂ Rd

ẋ(t) = F(x(t), θ(t))

contractivity wrt x: osLipx(F) ≤ −c < 0, uniformly in θ

Lipschitz wrt θ: Lipθ(F) ≤ ℓ, uniformly in x

Additionally, assume F differentiable in both arguments. Inverse function theorem implies

Dθx
⋆(θ) = −

(
DxF(x

⋆(θ), θ)
)−1

DθF(x
⋆(θ), θ).

(To verify this equality, differentiate wrt θ the equilibrium equation 0 = F(x⋆(θ), θ).)

time-varying contracting dynamics with feedforward prediction

ẋ(t) = F(x(t), θ(t))−
(
DxF(x(t), θ(t))

)−1
DθF(x(t), θ(t)) θ̇(t)

For example, if F = −∇xf :
ẋ = −∇xf(x, θ) +

(
Hess f(x, θ)

)−1
Dθ∇xf(x, θ) θ̇
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Exact tracking with knowledge of external signal

Time-varying contracting dynamics with feedforward prediction

ẋ(t) = F(x(t), θ(t))−
(
DxF(x(t), θ(t))

)−1
DθF(x(t), θ(t)) θ̇(t)

Asymptotically exact equilibrium tracking

1 ∥F
(
x(t), θ(t)

)
∥ ≤ e−ct∥F

(
x(0), θ(0)

)
∥

2 ∥x(t)− x⋆(θ(t))∥ ≤ ℓ

c
e−ct∥x(0)− x⋆(θ(0))∥

Proof sketch
First compute

d

dt
F(x(t), θ(t)) = DxF(x, θ)ẋ+DθF(x, θ)θ̇ = DxF(x, θ)F(x, θ)

and so

∥F(x(t), θ(t))∥D+∥F(x(t), θ(t))∥ =
r d
dt
F(x(t), θ(t)),F(x(t), θ(t))

z
≤ · · · ≤ −c∥F(x(t), θ(t))∥2

Separately,
c∥x− x∗∥ ≤ ∥F (x)∥ ≤ ℓ∥x− x∗∥
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Summary and future work on time-varying and feedback optimization

Summary:

1 from convex optimization to contracting dynamics

2 tracking-bounds for time-varying contracting systems

3 applications to convex optimization and feedback optimization

Ongoing work and open problems:

1 contracting predictor-corrector methods

2 tracking bounds in time-varying norms

3 convex but not strongly convex problems
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Outline

§1. History and resources

§2. Basic definitions: discrete and continuous-time dynamics on vector spaces
The linear algebra of matrix norms; see CTDS Chapter 2
Properties of induced matrix norms and Lipschitz constants

§3. Example systems
Constrained, distributed and proximal gradient dynamics
Continuous-time recurrent neural networks
Nonlinear dynamics in Lur’e form

§4. Properties of contracting dynamics
Equilibria, Lyapunov functions, and Euler discretization
Incremental input-to-state stability
Contractivity of interconnected systems
Additional properties: entrainment, robustness wrt unmodeled dynamics and delays

§5. Example applications
Gradient dynamics and Nash equilibria in games
Time-varying gradient dynamics and feedback optimization
Recurrent and implicit neural networks

§6. Generalizations with examples
G1: Local contractivity: Small-residual theorem and the Kuramoto coupled oscillators
G2: Weak contractivity: Biologically-plausible circuits for sparse reconstruction
G3: Contractivity on Riemannian manifolds and the Karcher mean
G4: Semicontractivity: Primal-dual gradient with redundant constraints

§7. Conclusions and future research

§8. Advanced Topics
More on semicontractivity: ergodic coefficients and duality
Network small-gain theorem for Metzler matrices
Proof of semicontractivity of saddle matrices
Proof of Euler discretization theorem
Non-Euclidean Monotone Operator Theory
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ℓ∞-contracting neural networks

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

ẋ = −x+Φ(Ax+Bu+ b) (recurrent NN)

x = Φ(Ax+Bu+ b) (implicit NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (Euler discretization)

If
µ∞(A) < 1

(
i.e., aii +

∑
j
|aij | < 1 for all i

)

recurrent NN is contracting with rate 1− µ∞(A)+

implicit NN is well posed

Euler discretization is contracting with factor 1− 1− µ∞(A)+
1−mini(aii)−

at α∗ =
1

1−mini(aii)−

input-state Lipschitz constant Lipu→x =
∥B∥∞

1− µ∞(A)+
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Implicit neural networks in machine learning

Feedforward NN
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xi+1 = Φ(Aixi + bi), x0 = u,

y = Cxk + d

Implicit/Recurrent NN

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x
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x = Φ(Ax+Bu+ b),

y = Cx+ d

ML advantages of implicit/equilibrium/fixed point formulation:

1 bio-inspired

2 expressivity and ability to model I/O behavior, instead of modalities

3 simplicity and memory efficiency

4 accuracy

5 input-output robustness

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean

contractions. In Advances in Neural Information Processing Systems, Dec. 2021.
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Motivation #1: Generalizing FF to fully-connected synaptic matrices
xi+1 = Φ(Aix

i +Biu+ bi) ⇐⇒ x = Φ(Ax + Bu + b), where A has
upper diagonal structure.

Aupper-diagonal = Acomplete =

Motivation #2: Weight-tied infinite-depth NN → fixed-point of INN

x1 x2 x3 xku y
A A A

xi+1 = Φ(Axi +Bu+ b) =⇒ limi→∞ xi = x∗ solution to the INN
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Implicit Neural Networks (INNs) for regression

Training INNs:
1 loss function L
2 training data (ûi, ŷi)

N
i=1

3 training optimization problem

min
A,B,C,b,x

N∑

i=1

L(ŷi, Cxi + c)

xi = Φ(Axi +Bûi + b)

Efficient back-propagation through implicit differentiation

Stochastic gradient descent: at each step solve x = Φ(Ax+Bu+ b).
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Robustness of INNs

Adversarial examples: small input change can cause large output change!
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Robustness measures: input-output Lipschitz constant

1 ℓ2-norm Lipschitz constant: not informative in many scenarios

2 ℓ∞-norm Lipschitz constant: large-scale input wrt wide-spread perturbations
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Robustness of INNs

Adversarial examples: small input change can cause large output change!
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Robustness measures: input-output Lipschitz constants

1 NP-hard to compute exactly

2 Approximations provide only coarse certified robustness guarantees
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Training INNs

Training optimization problem:

min
A,B,C,b

N∑

i=1

L(ŷi, Cxi + c) + λ Lipu→y

xi = Φ(Axi +Bûi + b)

µ∞(A) ≤ γ

λ ≥ 0 is a regularization parameter

γ < 1 is a hyperparameter

Parametrization of µ∞ constraint:

µ∞(A) ≤ γ ⇐⇒ ∃T s.t. A = T − diag(|T |1n) + γIn.
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Graph-Theoretic Regularization

Synaptic matrix A encodes interactions between neurons

Acomplete Adropout

Adropout is a principal submatrix of Acomplete

µ∞(Adropout) ≤ µ∞(Acomplete)

Well-posedness of original INN implies well-posedness of INN with subset of neurons
Promotes compression and sparsity of overparametrized models
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Numerical Experiments

MNIST handwritten digit dataset (60K+10K, 28x28, grayscale)

implicit neural network order: n = 100

Label: 6 Label: 0 Label: 5 Label: 4 Label: 9 Label: 9 Label: 2 Label: 1
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Numerical Experiments
Robustness of INNs

Tradeoff between accuracy and robustness
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Local contractivity theory

ẋ(t) = F
(
x(t)

)
and x(k + 1) = F

(
x(k)

)

for a norm ∥ · ∥, recall Lip(F) = supx ∥DF(x)∥ and osLip(F) = supx µ(DF(x))

<latexit sha1_base64="9+FL2MJczeu9W5jZMuasMBinFXg="></latexit>

x⇤

Example contour plot of x 7→ µ(DF(x))
Red values are points x where µ(DF(x)) < 0
Blue values are points where µ(DF(x)) > 0

contracting set S := red region
closed ball Br(x

∗) = {x such that ∥x− x∗∥ ≤ r}

Theorem: if contracting region S is invariant and convex (so that Lip(F) = supx ∥DF(x)∥),
then one can restrict F to S and usual contractivity properties (with caveats) apply

1 invariance of contracting set S?

2 convexity of contracting set S?
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Local contractivity theory

Preliminary equilibrium lemma
If x∗ ∈ S satisfies F(x∗) = 0n, then each Br(x

∗) ⊂ S is invariant for ẋ = F(x).
If x∗ ∈ S satisfies F(x∗) = x∗, then each Br(x

∗) ⊂ S is invariant for x(k + 1) = F(x(k)).

Proof: x 7→ ∥x− x∗∥ is a Lyapunov function decreasing along the flow

Hence, we may look for largest equilibrium-centered ball inside S. However,

1 as the ball grows inside S, the contraction rate (i.e., supx∈ball µ(DF(x))) goes to zero

2 what if an equilibrium point is not known?
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Local contractivity theory

<latexit sha1_base64="1VL8gv28/na1Pcq8u208hiVATss="></latexit>

F(x⇤)
<latexit sha1_base64="9+FL2MJczeu9W5jZMuasMBinFXg="></latexit>

x⇤

The small-residual theorem (continuous time)
For ẋ = F(x) infinitesimally contracting with rate c > 0 in region S

Br(x
∗) ⊂ S and ∥F(x∗)∥ ≤ cr =⇒ Br(x

∗) is invariant

The small-residual theorem (discrete time)
For x(k + 1) = F(x(k)) contracting with factor ℓ < 1 in region S

Br(x
∗) ⊂ S and ∥F(x∗)− x∗∥ ≤ r(1− ℓ) =⇒ Br(x

∗) is invariant
128/221



Proof of small-residual theorem (discrete time): Pick x ∈ Br(x
∗) and compute

∥F(x)− x∗∥
triangle ineq
≤ ∥F(x)− F(x∗)∥ + ∥F(x∗)− x∗∥

where ∥F(x)− F(x∗)∥ ≤ ℓ∥x− x∗∥ ≤ ℓr by contractivity on S and by x ∈ Br(x
∗)

where ∥F(x∗)− x∗∥ ≤ (1− ℓ)r by small residual

∥F(x)− x∗∥ ≤ ℓr + (1− ℓ)r = r =⇒ F(x) ∈ Br(x
∗)

Proof of small-residual theorem (continuous time): Pick x ∈ ∂Br(x
∗) and compute

∥ϕt(x)− x∗∥
triangle ineq
≤ ∥ϕt(x)− ϕt(x∗)∥ + ∥ϕt(x∗)− x∗∥ (equality when t = 0)

where

D+
∣∣
t=0
∥ϕt(x)− ϕt(x∗)∥ ≤ −c∥ϕt(x)− ϕt(x∗)∥

∣∣
t=0

= −cr (contractivity)

D+
∣∣
t=0

1
2∥ϕt(x∗)− x∗∥2 = JF(ϕt(x∗)), ϕt(x∗)− x∗K

∣∣
t=0
≤ ∥F(x∗)∥∥ϕt(x∗)− x∗∥ (c.n.d)

=⇒ D+
∣∣
t=0
∥ϕt(x)− x∗∥ ≤ −cr + ∥F(x∗)∥.

If a continuous h satisfies D+
∣∣
t=0

h(t) ≤ 0, then h(t) ≤ h(0) for small t.
Invariance follows from Nagumo’s Theorem.
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Local contractivity

Given a norm ∥ · ∥ and a set S, consider

ẋ = F(x)

satisfying sup
x∈S

µ(DF(x)) ≤ −c < 0

trajectories slow down and
approach each other while inside S

<latexit sha1_base64="1VL8gv28/na1Pcq8u208hiVATss="></latexit>

F(x⇤)
<latexit sha1_base64="9+FL2MJczeu9W5jZMuasMBinFXg="></latexit>

x⇤

1 integral and differential conditions do not coincide
In general osLip(F|S) ≥ sup{µ(DF(x)) s.t. x ∈ S}, with equality when S is convex

2 x∗ exists if “residual is below threshold”
if ∃ a closed ball with center x̄ and radius r > 0 inside S such that ∥F(x̄)∥ ≤ cr,
then ball is F-invariant and contains a unique exponentially stable equilibrium x∗

3 x∗ exists if complete trajectory in set
if ∃ ϕt(x0) ∈ S for all t ≥ 0, then x∗ := limt→+∞ ϕt(x0) ∈ S is an equilibrium

4 there exists either 0 or 1 equilibrium x∗ in each convex subset of S
each convex subset of S possesses 0 or 1 equilibrium
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Local converse theorem

Local contractivity near each Hurwitz equilibrium
Consider a continuously-differentiable F with an equilibrium x∗ such that DF(x∗) is Hurwitz.
Pick a sufficiently small ϵ > 0 and compute P = P⊤ ≻ 0 such that

µ2,P 1/2(DF(x∗)) ≤ α(DF(x∗)) + ϵ

Then

1 by the continuity of DF, there exists a radius r > 0 such that

µ2,P 1/2(DF(x)) < 0

in a ball of radius r centered at x∗ with respect to the norm ∥ · ∥2,P 1/2

2 each trajectory starting inside this ball converges to x∗
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Sync & Multi-Stability in Kuramoto Coupled Oscillators

Pendulum clocks & “an odd kind of sympathy ”

[Christiaan Huygens, Horologium Oscillatorium, 1673]

Canonical coupled oscillator model

[Arthur Winfree ’67, Yoshiki Kuramoto ’75]

[find on youtube 2015 remarks by “Kuramoto talks about Kuramoto model”]

Kuramoto model

n oscillators with angle θi ∈ S = T

natural frequencies ωi ∈ R

coupling strengths aij = aji

θ̇i = ωi −
n∑

j=1

aij sin(θi − θj)
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Elastic and flow networks on the torus

ωi =
∑n

j=1
aij sin(θi − θj)

Spring network

ωi = τi : torque at i

aij = kij : spring stiffness i, j

sin(θi − θj) : modulation

elastic energy
E =

∑
ij(1− cos(θi − θj))

⌧1

⌧3

⌧2

k12

k24

⌧4
k34

k23

Power network

ωi = pi : injected power

aij : max power flow i, j

sin(θi − θj) : modulation

KCL flow conservation and Ohm’s law

fij
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aij
<latexit sha1_base64="SLy9HAEioHHCM36ABtCERYc8mnE=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckIcxOepNJZh/M9AphyRd4EfGi4P/4C/6Nk2QviRYMFFU1dFf7iZKGXPfHKWxt7+zuFfdLB4dHxyfl07OWiVMtsCliFeuOzw0qGWGTJCnsJBp56Cts+9P7hd9+Rm1kHD3RLMF+yEeRDKTgZKUWH2RyMh+UK27VXYL9JV5OKpCjMSh/94axSEOMSChuTNdzE+pnXJMUCuelXmow4WLKR5gtd5yzKysNWRBr+yJiS3Utx0NjZqFvkyGnsdn0FuJ/XjeloNbPZJSkhJFYDQpSxShmi8JsKDUKUjNLuNDSbsjEmGsuyJ6lZKt7m0X/ktZN1XOr3uNtpV7Lj1CEC7iEa/DgDurwAA1ogoAJvMIHfDrovDhvzvsqWnDyP+ewBufrF6bwiuI=</latexit><latexit sha1_base64="SLy9HAEioHHCM36ABtCERYc8mnE=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckIcxOepNJZh/M9AphyRd4EfGi4P/4C/6Nk2QviRYMFFU1dFf7iZKGXPfHKWxt7+zuFfdLB4dHxyfl07OWiVMtsCliFeuOzw0qGWGTJCnsJBp56Cts+9P7hd9+Rm1kHD3RLMF+yEeRDKTgZKUWH2RyMh+UK27VXYL9JV5OKpCjMSh/94axSEOMSChuTNdzE+pnXJMUCuelXmow4WLKR5gtd5yzKysNWRBr+yJiS3Utx0NjZqFvkyGnsdn0FuJ/XjeloNbPZJSkhJFYDQpSxShmi8JsKDUKUjNLuNDSbsjEmGsuyJ6lZKt7m0X/ktZN1XOr3uNtpV7Lj1CEC7iEa/DgDurwAA1ogoAJvMIHfDrovDhvzvsqWnDyP+ewBufrF6bwiuI=</latexit><latexit sha1_base64="SLy9HAEioHHCM36ABtCERYc8mnE=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckIcxOepNJZh/M9AphyRd4EfGi4P/4C/6Nk2QviRYMFFU1dFf7iZKGXPfHKWxt7+zuFfdLB4dHxyfl07OWiVMtsCliFeuOzw0qGWGTJCnsJBp56Cts+9P7hd9+Rm1kHD3RLMF+yEeRDKTgZKUWH2RyMh+UK27VXYL9JV5OKpCjMSh/94axSEOMSChuTNdzE+pnXJMUCuelXmow4WLKR5gtd5yzKysNWRBr+yJiS3Utx0NjZqFvkyGnsdn0FuJ/XjeloNbPZJSkhJFYDQpSxShmi8JsKDUKUjNLuNDSbsjEmGsuyJ6lZKt7m0X/ktZN1XOr3uNtpV7Lj1CEC7iEa/DgDurwAA1ogoAJvMIHfDrovDhvzvsqWnDyP+ewBufrF6bwiuI=</latexit><latexit sha1_base64="SLy9HAEioHHCM36ABtCERYc8mnE=">AAAB43icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckIcxOepNJZh/M9AphyRd4EfGi4P/4C/6Nk2QviRYMFFU1dFf7iZKGXPfHKWxt7+zuFfdLB4dHxyfl07OWiVMtsCliFeuOzw0qGWGTJCnsJBp56Cts+9P7hd9+Rm1kHD3RLMF+yEeRDKTgZKUWH2RyMh+UK27VXYL9JV5OKpCjMSh/94axSEOMSChuTNdzE+pnXJMUCuelXmow4WLKR5gtd5yzKysNWRBr+yJiS3Utx0NjZqFvkyGnsdn0FuJ/XjeloNbPZJSkhJFYDQpSxShmi8JsKDUKUjNLuNDSbsjEmGsuyJ6lZKt7m0X/ktZN1XOr3uNtpV7Lj1CEC7iEa/DgDurwAA1ogoAJvMIHfDrovDhvzvsqWnDyP+ewBufrF6bwiuI=</latexit>

power angle ✓i � ✓j
<latexit sha1_base64="7RFTMqMbRTAIXDFIkTcXgxfnB2c=">AAACEnicbZC/TsMwEMad8q+UfwFGBixaJAaoEhYYkVgYQaK0UltFjnttDY4T2RegqjryBrwFKyxsiJUXQOJhcNMMQPkkSz/dd6fzfWEihUHP+3QKM7Nz8wvFxdLS8srqmru+cWXiVHOo8VjGuhEyA1IoqKFACY1EA4tCCfXw5nTs129BGxGrSxwk0I5YT4mu4AxtKXC3k/gONGWqJ4FWWtgHZIE4yOG6Erhlr+plotPg51Amuc4D96vViXkagUIumTFN30uwPWQaBZcwKrVSAwnjN6wHTYuKRWD2zW0vg/bwPjtpRHet16HdWNunkGbVn7NDFhkziELbGTHsm7/euPif10yxe9weCpWkCIpPFnVTSTGm43xoR2jgKAcWGNfC/pryPtOMo02xZOPw/x4/DVeHVd+r+heH5ZPjPJgi2SI7ZI/45IickDNyTmqEkwfyRJ7Ji/PovDpvzvukteDkM5vkl5yPb3VmnXc=</latexit><latexit sha1_base64="7RFTMqMbRTAIXDFIkTcXgxfnB2c=">AAACEnicbZC/TsMwEMad8q+UfwFGBixaJAaoEhYYkVgYQaK0UltFjnttDY4T2RegqjryBrwFKyxsiJUXQOJhcNMMQPkkSz/dd6fzfWEihUHP+3QKM7Nz8wvFxdLS8srqmru+cWXiVHOo8VjGuhEyA1IoqKFACY1EA4tCCfXw5nTs129BGxGrSxwk0I5YT4mu4AxtKXC3k/gONGWqJ4FWWtgHZIE4yOG6Erhlr+plotPg51Amuc4D96vViXkagUIumTFN30uwPWQaBZcwKrVSAwnjN6wHTYuKRWD2zW0vg/bwPjtpRHet16HdWNunkGbVn7NDFhkziELbGTHsm7/euPif10yxe9weCpWkCIpPFnVTSTGm43xoR2jgKAcWGNfC/pryPtOMo02xZOPw/x4/DVeHVd+r+heH5ZPjPJgi2SI7ZI/45IickDNyTmqEkwfyRJ7Ji/PovDpvzvukteDkM5vkl5yPb3VmnXc=</latexit><latexit sha1_base64="7RFTMqMbRTAIXDFIkTcXgxfnB2c=">AAACEnicbZC/TsMwEMad8q+UfwFGBixaJAaoEhYYkVgYQaK0UltFjnttDY4T2RegqjryBrwFKyxsiJUXQOJhcNMMQPkkSz/dd6fzfWEihUHP+3QKM7Nz8wvFxdLS8srqmru+cWXiVHOo8VjGuhEyA1IoqKFACY1EA4tCCfXw5nTs129BGxGrSxwk0I5YT4mu4AxtKXC3k/gONGWqJ4FWWtgHZIE4yOG6Erhlr+plotPg51Amuc4D96vViXkagUIumTFN30uwPWQaBZcwKrVSAwnjN6wHTYuKRWD2zW0vg/bwPjtpRHet16HdWNunkGbVn7NDFhkziELbGTHsm7/euPif10yxe9weCpWkCIpPFnVTSTGm43xoR2jgKAcWGNfC/pryPtOMo02xZOPw/x4/DVeHVd+r+heH5ZPjPJgi2SI7ZI/45IickDNyTmqEkwfyRJ7Ji/PovDpvzvukteDkM5vkl5yPb3VmnXc=</latexit><latexit sha1_base64="7RFTMqMbRTAIXDFIkTcXgxfnB2c=">AAACEnicbZC/TsMwEMad8q+UfwFGBixaJAaoEhYYkVgYQaK0UltFjnttDY4T2RegqjryBrwFKyxsiJUXQOJhcNMMQPkkSz/dd6fzfWEihUHP+3QKM7Nz8wvFxdLS8srqmru+cWXiVHOo8VjGuhEyA1IoqKFACY1EA4tCCfXw5nTs129BGxGrSxwk0I5YT4mu4AxtKXC3k/gONGWqJ4FWWtgHZIE4yOG6Erhlr+plotPg51Amuc4D96vViXkagUIumTFN30uwPWQaBZcwKrVSAwnjN6wHTYuKRWD2zW0vg/bwPjtpRHet16HdWNunkGbVn7NDFhkziELbGTHsm7/euPif10yxe9weCpWkCIpPFnVTSTGm43xoR2jgKAcWGNfC/pryPtOMo02xZOPw/x4/DVeHVd+r+heH5ZPjPJgi2SI7ZI/45IickDNyTmqEkwfyRJ7Ji/PovDpvzvukteDkM5vkl5yPb3VmnXc=</latexit>

power flow
fij

<latexit sha1_base64="g8st85giIEjIQxoaP6DXlhF7+Vc=">AAACE3icbZC7TsMwFIYdriXcCowsFi0SA6oSFjpWYmEsEr1ITVU57klr6tiR7VCqqCtvwFuwwsKGWHkAJB4G9zJAyz99Ov859jl/mHCmjed9OSura+sbm7ktd3tnd28/f3BY1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDIxxcTfzGPSjNpLg1owTaMekJFjFKjC118jigIAwoJnpuIoegcMTlMAjcYtTJ2N242MkXvJI3FV4Gfw4FNFe1k/8OupKmsX2WcqJ1y/cS086IMoxyGLtBqiEhdEB60LIoSAz6XN/3ptDOHqY3jfGp9bo4knYhKQyeVn/PZiTWehSHtjMmpq8XvUnxP6+VmqjczphIUgOCzj6KUo6NxJOAcJcpoIaPLBCqmN0a0z5RhNqUtGvj8BePX4b6Rcn3Sv7NRaFSngeTQ8foBJ0hH12iCrpGVVRDFD2iZ/SCXp0n5815dz5mrSvOfOYI/ZHz+QNIi53n</latexit><latexit sha1_base64="g8st85giIEjIQxoaP6DXlhF7+Vc=">AAACE3icbZC7TsMwFIYdriXcCowsFi0SA6oSFjpWYmEsEr1ITVU57klr6tiR7VCqqCtvwFuwwsKGWHkAJB4G9zJAyz99Ov859jl/mHCmjed9OSura+sbm7ktd3tnd28/f3BY1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDIxxcTfzGPSjNpLg1owTaMekJFjFKjC118jigIAwoJnpuIoegcMTlMAjcYtTJ2N242MkXvJI3FV4Gfw4FNFe1k/8OupKmsX2WcqJ1y/cS086IMoxyGLtBqiEhdEB60LIoSAz6XN/3ptDOHqY3jfGp9bo4knYhKQyeVn/PZiTWehSHtjMmpq8XvUnxP6+VmqjczphIUgOCzj6KUo6NxJOAcJcpoIaPLBCqmN0a0z5RhNqUtGvj8BePX4b6Rcn3Sv7NRaFSngeTQ8foBJ0hH12iCrpGVVRDFD2iZ/SCXp0n5815dz5mrSvOfOYI/ZHz+QNIi53n</latexit><latexit sha1_base64="g8st85giIEjIQxoaP6DXlhF7+Vc=">AAACE3icbZC7TsMwFIYdriXcCowsFi0SA6oSFjpWYmEsEr1ITVU57klr6tiR7VCqqCtvwFuwwsKGWHkAJB4G9zJAyz99Ov859jl/mHCmjed9OSura+sbm7ktd3tnd28/f3BY1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDIxxcTfzGPSjNpLg1owTaMekJFjFKjC118jigIAwoJnpuIoegcMTlMAjcYtTJ2N242MkXvJI3FV4Gfw4FNFe1k/8OupKmsX2WcqJ1y/cS086IMoxyGLtBqiEhdEB60LIoSAz6XN/3ptDOHqY3jfGp9bo4knYhKQyeVn/PZiTWehSHtjMmpq8XvUnxP6+VmqjczphIUgOCzj6KUo6NxJOAcJcpoIaPLBCqmN0a0z5RhNqUtGvj8BePX4b6Rcn3Sv7NRaFSngeTQ8foBJ0hH12iCrpGVVRDFD2iZ/SCXp0n5815dz5mrSvOfOYI/ZHz+QNIi53n</latexit><latexit sha1_base64="g8st85giIEjIQxoaP6DXlhF7+Vc=">AAACE3icbZC7TsMwFIYdriXcCowsFi0SA6oSFjpWYmEsEr1ITVU57klr6tiR7VCqqCtvwFuwwsKGWHkAJB4G9zJAyz99Ov859jl/mHCmjed9OSura+sbm7ktd3tnd28/f3BY1zJVFGpUcqmaIdHAmYCaYYZDM1FA4pBDIxxcTfzGPSjNpLg1owTaMekJFjFKjC118jigIAwoJnpuIoegcMTlMAjcYtTJ2N242MkXvJI3FV4Gfw4FNFe1k/8OupKmsX2WcqJ1y/cS086IMoxyGLtBqiEhdEB60LIoSAz6XN/3ptDOHqY3jfGp9bo4knYhKQyeVn/PZiTWehSHtjMmpq8XvUnxP6+VmqjczphIUgOCzj6KUo6NxJOAcJcpoIaPLBCqmN0a0z5RhNqUtGvj8BePX4b6Rcn3Sv7NRaFSngeTQ8foBJ0hH12iCrpGVVRDFD2iZ/SCXp0n5815dz5mrSvOfOYI/ZHz+QNIi53n</latexit>
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Models: zero-th order (equilibrium), first order, and second order

⌧1

⌧3

⌧2

k12

k24

⌧4
k34

k23

Coupled swing equations
Euler-Lagrange eq for spring network on ring:

miθ̈i + diθ̇i = τi −
∑

j
kij sin(θi − θj)

Kuramoto coupled oscillators

θ̇i = ωi −
∑

j
aij sin(θi − θj)

Kuramoto equilibrium equation

0 = ωi −
∑

j
aij sin(θi − θj)
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Incoherence or synchronization?

✓i(t) ✓i(t)

Frequency sync: θ̇i = θ̇j
Phase sync: θi = θj
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Preliminary observations

1 For α ∈ [−π, π[ and θ = (θ1, . . . , θn) ∈ Tn, rotα(θ) is counterclockwise rotation of each
entry (θ1, . . . , θn) by α
Kuramoto model invariant under rotations: rotated solutions are solutions
=⇒ system can be written in n− 1 angle differences (so that it is really n− 1 dim)

2 Note
∑

i θ̇i =
∑

i ωi. Define ωsync :=
1
n

∑n

i=1
ωi = average(ω) and change reference

frame to rotating frame with ωsync.
=⇒ restrict to ωsync = 0 ⇐⇒ 1⊤

nω = 0

3 Let B denote directed incidence matrix. Jacobian of the Kuramoto model is:

J(θ) = −B diag({aij cos(θi − θj)}{i,j}∈E)B⊤

=⇒ J(θ) = −Laplacian(θ), but weights aij cos(θi − θj) may be negative

4 define phase cohesive subset {θ ∈ Tn such that |θi − θj | ≤ π/2, for all edges }
=⇒ J(θ) ⪯ 0 on phase cohesive θ
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Winding numbers and partitions

Given a cycle σ = (1, . . . , nσ) and orientation

1 winding number of θ ∈ Tn along σ
= number of times the shortest-arc path wraps around torus

<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2

<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2
<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="hv0UXglyyR8/CfaFst8Q8GcI5/I="></latexit>

w = 0
<latexit sha1_base64="yMO353qizg8JphzGU6e9F5XMA/0="></latexit>

w = +1
<latexit sha1_base64="lggk9Nk/+5FcBTV8YhO8pLhDA2M="></latexit>

w = �1

2 given basis σ1, . . . , σr for cycles, winding vector of θ is

w(θ) = (wσ1(θ), . . . , wσr(θ))
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Theorem: Kirchhoff angle law on Tn

winding number is at most ± ⌊nσ/2⌋ − 1

Theorem: Winding partition For each possible winding vector u, define

WindingCell(u) := {θ ∈ Tn such that w(θ) = u}

Then
Tn = ∪uWindingCell(u)
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Winding partition: example and properties

w = −1 w = 0 w = +1

Theorem: Reduced cell is convex polytope

each winding cell is connected and invariant under rotation

bijection:
reduced winding cell ←→ open convex polytope

dcc(✓1, ✓2)

d
c
c
(✓

2
,✓

3
)

dcc
(✓2

, ✓3
)

dcc(✓1 , ✓2)
0
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�⇡

⇡

0

0

(a) (b)

1

0

�1

1

0�1
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Two other examples

3
<latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit> 3

<latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit> 1

<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>4

<latexit sha1_base64="Dh6HZgmZLq0X63uma8P73OEeNeg=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCSSEGPBS+epAX7AW0om+2kXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mndwu9MQWkeyUecxeCFdCR5wBlFU2rWBuWKU3Uy2evg5lAhuRqD8nd/GLEkBIlMUK17rhOjl1KFnAmYl/qJhpiyCR1Bz6CkIegrPR1l4KVP2cpz+8J4QzuIlHkS7az6ezalodaz0DedIcWxXvUWxf+8XoLBrZdyGScIki0/ChJhY2Qv7reHXAFDMTNAmeJma5uNqaIMTUolE4e7evw6tK+rrlN1m7VK/SEPpkjOyDm5JC65IXVyTxqkRRgB8kxeyKuF1pv1bn0sWwtWPnNK/sj6/AGgjpEI</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit> 4
<latexit sha1_base64="Dh6HZgmZLq0X63uma8P73OEeNeg=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCSSEGPBS+epAX7AW0om+2kXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mndwu9MQWkeyUecxeCFdCR5wBlFU2rWBuWKU3Uy2evg5lAhuRqD8nd/GLEkBIlMUK17rhOjl1KFnAmYl/qJhpiyCR1Bz6CkIegrPR1l4KVP2cpz+8J4QzuIlHkS7az6ezalodaz0DedIcWxXvUWxf+8XoLBrZdyGScIki0/ChJhY2Qv7reHXAFDMTNAmeJma5uNqaIMTUolE4e7evw6tK+rrlN1m7VK/SEPpkjOyDm5JC65IXVyTxqkRRgB8kxeyKuF1pv1bn0sWwtWPnNK/sj6/AGgjpEI</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit>

2
<latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit> 2

<latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit>

�
<latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit>

�1
<latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit>

�2
<latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit>
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<latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit>

✓
1
0

◆

<latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit>

✓
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◆

<latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit>

✓
1
�1

◆

<latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit>

✓
�1
1

◆

<latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit>

✓
0
�1

◆

<latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit>

✓
0
1

◆

<latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit>

dcc(✓2 , ✓1)
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Phase cohesive winding cells
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Multistable Sync = global partition + local contraction

θ̇i = ωi −
∑n

j=1
aij sin(θi − θj)

1 in each winding cell the energy is well posed:

E(θ) =
∑

ij
(1− cos(θi − θj)) + ω⊤θ

2 in each winding cell Kuramoto model is precisely: θ̇ = −∇E(θ)
3 Hess E(θ) = Hess

∑
ij(1− cos(θi − θj)) = −Laplacian(θ) (possibly negative weights)

4 Hess E(θ) ⪯ 0 on the cohesive subset |θi − θj | ≤ π/2
hence, modulo the symmetry, E is strongly convex on cohesive subset

5 modulo the symmetry, local strong contractivity (on each connected cohesive subset)

At most uniqueness theorem:

1 each winding cell has at most one cohesive equilibrium

2 contraction algorithm to decide/compute in each winding cell

S. Jafarpour, E. Y. Huang, K. D. Smith, and F. Bullo. Flow and elastic networks on the n-torus: Geometry, analysis and computation.
SIAM Review , 64(1):59–104, 2022b.
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Extentions: the Kuramoto-Sakaguchi model with phase delays

θ̇i = ωi −
n∑

j=1

aij sin(θi − θj + ϕij)

same properties, by robustness of contracting dynamics

R. Delabays and F. Bullo. Semicontraction and synchronization of Kuramoto-Sakaguchi oscillator networks. IEEE Control Systems Letters,
7:1566–1571, 2023.
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Two-dimensional slice of R13, showing log seminorm of Jacobian of Kuramoto-Sakaguchi
model with delay φ = 0.01.
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Outline

§1. History and resources

§2. Basic definitions: discrete and continuous-time dynamics on vector spaces
The linear algebra of matrix norms; see CTDS Chapter 2
Properties of induced matrix norms and Lipschitz constants

§3. Example systems
Constrained, distributed and proximal gradient dynamics
Continuous-time recurrent neural networks
Nonlinear dynamics in Lur’e form

§4. Properties of contracting dynamics
Equilibria, Lyapunov functions, and Euler discretization
Incremental input-to-state stability
Contractivity of interconnected systems
Additional properties: entrainment, robustness wrt unmodeled dynamics and delays

§5. Example applications
Gradient dynamics and Nash equilibria in games
Time-varying gradient dynamics and feedback optimization
Recurrent and implicit neural networks

§6. Generalizations with examples
G1: Local contractivity: Small-residual theorem and the Kuramoto coupled oscillators
G2: Weak contractivity: Biologically-plausible circuits for sparse reconstruction
G3: Contractivity on Riemannian manifolds and the Karcher mean
G4: Semicontractivity: Primal-dual gradient with redundant constraints

§7. Conclusions and future research

§8. Advanced Topics
More on semicontractivity: ergodic coefficients and duality
Network small-gain theorem for Metzler matrices
Proof of semicontractivity of saddle matrices
Proof of Euler discretization theorem
Non-Euclidean Monotone Operator Theory
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From strongly to weakly contracting systems

Given a norm ∥ · ∥, consider

ẋ = F(x) satisfying osLip(F) = 0

Dichotomy for weakly-contracting systems

1 no equilibrium and every trajectory is unbounded, or

2 at least one equilibrium, every trajectory is bounded, and local asy stability =⇒ global

<latexit sha1_base64="aYkzAkhjEsJBbQkv+DwGITOYwAU="></latexit>
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<latexit sha1_base64="aYkzAkhjEsJBbQkv+DwGITOYwAU="></latexit>

x⇤
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Weakly contracting dynamics + locally-exp-stable equilibrium

ẋ = F(t, x) on Rn with norm ∥ · ∥glo

1 F is weakly contracting wrt ∥ · ∥glo
2 x⋆ is locally-exponentially-stable equilibrium

=⇒ F is locally c-strongly contracting wrt ∥ · ∥loc over forward-invariant S
=⇒ exists Bglo = {x | ∥x− x⋆∥glo ≤ r} ⊂ S

Equivalently:

1 F is globally weakly contracting wrt ∥ · ∥glo
2 F is locally strongly contracting wrt ∥ · ∥loc in S
3 equilibrium point in S
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Proof of globally-weakly + locally-strongly
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1 finite decay in finite time: For each x(0) /∈ S and each ρ < 1,

∥x(tρ)− x⋆∥glo ≤ ∥x(0)− x⋆∥glo − ρr for tρ = ln(κloc,glo(1− ρ)−1)c−1

=⇒ average linear decay rate cld = ρr/tρ

=⇒ x(t) ∈ Bglo after linear decay time tld =
⌈∥x(0)−x⋆∥glo−r

ρr

⌉
tρ

2 linear exponential decay:

∥x(t)− x⋆∥glo ≤
{(
∥x(0)− x⋆∥glo + ρr

)
− cldt if t ≤ tld

κloc,glo r e
−c(t−tld) if t > tld
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Example #13: Gradient dynamics for convex functions

Given differentiable convex f : Rn → R, gradient dynamics

ẋ = FG(x) := −∇f(x)

Dichotomy and Convergence

1 −∇f has no equilibrium, f has no minimum, and every trajectory is unbounded, or

2 −∇f has at least one equilibrium x∗ ∈ Rn and the following properties hold:
1 f is constant on convex set of equilibria, each local is a global minimum,

2 every trajectory is bounded and converges to a minimum, each equilibrium is stable

3 if x∗ is locally asymptotically stable, then x∗ is globally asymptotically stable

4 if µ2(−Hess(f)(x∗)) < 0, then linear exponential decay and x 7→ ∥x− x∗∥2 is a global Lyap

Convex quadratic-linear function (Huber loss) leads to linear-exponential decay

fHuber(x) =

{
1
2x

2 if |x| ≤ 1

|x| − 1
2 if |x| > 1

=⇒ ẋ = −∇fHuber(x) = − sat(x)
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Example #14: Biologically-plausible circuits for sparse reconstruction

Φ dictionary matrix:

full row rank, each columm Φi has unit norm

Φi · Φj = similarity between dictionary elements

u

(M×1)

≈ Φ

(M×N)
x

(N×1)

= Φ1 |Φ2 | · · · |ΦN

(M×N)
x

(N×1)

, Φ⊤Φ︸ ︷︷ ︸
rank at most M

= Φ⊤

(N×M)

Φ

(M×N)
= (Φ⊤Φ)ij = Φ⊤

i Φj

(N×N)

Sparse reconstruction:

min
x∈RN

Elasso(x) := 1
2∥u− Φx∥22 + λ∥x∥1
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Competitive neural network

ẋ(t) = Fcompetitive(x, u) := −x+ softλ
(
(IN − Φ⊤Φ)x+Φ⊤u

)

or, in components ẋi(t) = −xi + softλ
(
−
∑n

j=1,j ̸=i
Φ⊤
i Φjxj +Φ⊤

i u
)
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x

Equilibria, weak contractivity and convergence of Fcompetitive

1 x⋆ is equilibrium ⇐⇒ x⋆ minimizes Elasso(x)
2 Elasso is convex =⇒ Fcompetitive is weakly contracting

3 Φ satisfies isometry property =⇒ x⋆ is locally exp stable

=⇒ each trajectory linearly-exponentially-decays to x⋆

V. Centorrino, A. Gokhale, A. Davydov, G. Russo, and F. Bullo. Positive competitive networks for sparse reconstruction. Neural Compu-
tation, 36(6):1163–1197, 2024.
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Contraction dynamics on Riemannian manifolds

Contraction theory on Riemannian manifolds originates in
W. Lohmiller and J.-J. E. Slotine. On contraction analysis for non-linear systems. Automatica, 34(6):683–696, 1998.

A formal coordinate-free analysis (with connection to monotone operators) is given in
J. W. Simpson-Porco and F. Bullo. Contraction theory on Riemannian manifolds. Systems & Control Letters, 65:74–80, 2014.

In the differential geometry literature, geodesically monotonic vector fields are studied by
S. Z. Németh. Geodesic monotone vector fields. Lobachevskii Journal of Mathematics, 5:13–28, 1999. URL
http://mi.mathnet.ru/eng/ljm145

J. X. Da Cruz Neto, O. P. Ferreira, and L. R. Lucambio Pérez. Contributions to the study of monotone vector fields. Acta Mathematica
Hungarica, 94(4):307–320, 2002.

J. H. Wang, G. López, V. Mart́ın-Márquez, and C. Li. Monotone and accretive vector fields on Riemannian manifolds. Journal of Opti-
mization Theory and Applications, 146(3):691–708, 2010.
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Assume: existence and uniqueness of geodesic curve γ(t) = x#ty between each (x, y)
F contracting if geodesic distances from x to y diminishes along the flow of F
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M

integral test: the inner product between F and the geodesic velocity vector γ′ at x and y
differential test: condition on covariant differential of F
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Given vector field F on a Riemannian manifold (M,G) and c > 0, equivalent statements:

1 integral condition: for each x, y ∈ M and geodesic γ : [0, 1]→ M with γ(0) = x, γ(1) = y,

⟨⟨F(y), γ′(1)⟩⟩G − ⟨⟨F(x), γ′(0)⟩⟩G ≤ −cdG(x, y)
2

or, equivalently, using the parallel transport map Py→x : TyM→ TxM,

⟨⟨Py→xF(y)− F(x), γ′(0)⟩⟩G ≤ −cdG(x, y)
2

2 differential condition: for all vx ∈ TxM

⟨⟨∇vxF(x), vx⟩⟩G ≤ −c∥vx∥2G,

where ∇F is covariant derivative. In components, generalized Demidovich condition:

G(x)DF(x) +DF(x)⊤G(x) + LFG(x) ⪯ −2cG(x)

3 trajectory condition: for all solutions x(·), y(·)

D+dG(x(t), y(t)) ≤ −cdG(x(t), y(t))
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Example #15: Natural gradient dynamics on Riemannian manifolds

Given Riemannian manifold (M,G),
a function f : M→ R is ν-strongly geodesically convex if, for each x, y,

1 f
(
x#ty

)
≤ (1− χ)f(x) + χf(y)− 1

2νχ(1− χ)dG(x, y)
2

2 (if f is twice differentiable) Hess f(x) ⪰ νG(x)

natural gradient dynamics

ẋ = FG(x) := −G(x)−1∇f(x)

FG is infinitesimally contracting wrt G with rate ν
unique globally exp stable point is global minimum

Let f : Rn → R smooth, strongly convex
natural gradient on (Rn,Hess(f)) = Newton’s continuous-time method

infinitesimally contracting with rate 1

J. W. Simpson-Porco and F. Bullo. Contraction theory on Riemannian manifolds. Systems & Control Letters, 65:74–80, 2014.
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Example #16: Rosenbrock function

fRsnbrck(x1, x2) = 100(x21 − x2)2 + (x1 − 1)2

is 2-strongly geodesically convex wrt

G(x) =

[
400x21 + 1 −200x1
−200x1 100

]

and natural gradient is 2-strongly contracting

[
ẋ1
ẋ2

]
= −G(x)−1∇fRsnbrck = −2

[
x1 − 1

x21 − 2x1 + x2

] contour plot for fRsnbrck
long, shallow parabolic valley

global minimum (1, 1)

P. M. Wensing and J.-J. E. Slotine. Beyond convexity — Contraction and global convergence of gradient descent. PLoS One, 15(8):1–29,

2020.
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Example #17: Karcher mean on manifold of positive-definite matrices

Sn>0 = manifold of symmetric positive-definite matrices with

G(X)(ξ, η) = trace(X−1ξX−1η) (Riemannian metric)

X#tY = X1/2(X−1/2Y X−1/2)tX1/2 (geodesic)

dG(X,Y ) = ∥ log(X−1/2Y X−1/2)∥F (geodesic distance)

Given dataset {Ai ∈ Sn>0}i∈{1,...,N}, define Karcher loss function

fKarcher(X) =
∑N

i=1
dG(X,Ai)

2

fKarcher is 2N-strongly geodesically convex on Sn>0

Karcher mean = global minimizer = globally exp stable point of natural gradient

H. Zhang and S. Sra. First-order methods for geodesically convex optimization. In 29th Annual Conference on Learning Theory , volume 49
of Proceedings of Machine Learning Research, pages 1617–1638, 2016. URL https://proceedings.mlr.press/v49/zhang16b.html
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Consider a vector field F : Rn → Rn, and let ξ, η ∈ Rn

Invariance property: for all x, y ∈ Rn and α ∈ R,

F(x+ αξ) = F(x) or equivalently DF(x)ξ = 0n

Conservation property: for all x, y ∈ Rn,

η⊤F(x) = η⊤F(y) or equivalently η⊤DF(x) = 0⊤
n

systems with invariance or conservation properties are not strongly contracting

160/221



<latexit sha1_base64="RbnE/oL+3YnivrontggnGgxd+og="></latexit> K =
sp

an
{1 n

}

<latexit sha1_base64="nw+45/qFCFNkTrzGNq8AzHbDY7E="></latexit>

K?

<latexit sha1_base64="O2apyROp8XTU8RSzuN4cjDLer1I="></latexit>v1

<latexit sha1_base64="or4kJBcvIwWkZq8I84UsHqIqvRg="></latexit>v2

<latexit sha1_base64="DFoSViipC9l2uUaI7tNWg7arfhY="></latexit> K =
{(v

1
, v

2
)
:
v 1

=
v 2
}

For ẋ = −Lx
1 K = span{1n}
2 xavg =

1
n1⊤

n x along K
3 x⊥ = x− xavg1n ∈ K⊥

decomposition: perpendicular dynamics + reconstruction equation:

ẋ⊥ := −ΠnLx⊥ ∈ 1⊥
m

ẋavg = − 1
n1⊤

nLx⊥ ∈ R
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Systems with symmetry and their reduced dynamics

Model Symmetry Reduced space

Laplacian ẋ = FLaplacian(x) := −Lx
FLaplacian(x+ α1n) = FLaplacian(x)

Rn/R

Kuramoto-Sakaguchi θ̇ = FKS(θ) := ω +BA
(
sin(B⊤θ − φ) + sin(φ)

)

FKS(θ + α1n) = FKS(θ)
Tn/S → Rn/R

Primal-dual gradient
with k redundant con-
straints

[
ẋ

λ̇

]
= FPDG

([x
λ

])
:=

[
−∇f(x)−A⊤λ

Ax− b

]

FPDG

([x
λ

]
+

[
0
αν

])
= FPDG

([x
λ

])
for all ν ∈ ker(A⊤)

Rn+m/Rk

If F : Rn → Rn is invariant under Rk translations, then
perpendicular dynamics F⊥ : Rn/Rk → Rn/Rk is well defined

full solution obtained via reconstruction equation
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Seminorms and semicontraction

A seminorm is a function ||| · ||| : Rn → R≥0 such that ∀a ∈ R and ∀x, y ∈ Rn

1 (homogeneity): |||ax||| = |a||||x|||
2 (subadditivity): |||x+ y||| ≤ |||x|||+ |||y|||

kernel is a subspace K = {x ∈ Rn such that |||x||| = 0}
seminorm is invariant |||x+ κ||| = |||x||| for all κ ∈ K
seminorm on Rn with kernel K ∼ Rk ⇐⇒ norm on K⊥ ∼ Rn/Rk

matrix seminorm is |||A||| = max|||v|||=1
v⊥K

|||Av|||

matrix log seminorm µ|||·|||(A) = lim
h→0+

|||In + hA||| − 1

h

F is infinitesimally semicontracting if sup
x
µ|||·|||(DF(x)) ≤ −c

F is inf semicontracting on Rn ⇐⇒ F⊥ is inf contracting on Rn/Rk
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ℓ2 seminorm with kernel K ⇐⇒ P = P⊤ ⪰ 0 and ker(P ) = K

∥x∥2
2,P 1/2 := x⊤Px

consensus ℓ2 seminorm with K = span{1n}

∥x∥22,Πn
:=

∑
i,j
(xi − xj)2,

Πn = In − 1n1⊤
n /n = orthogonal projection onto K⊤ = span{1n}⊥

Given ℓ2 seminorm defined by P = P⊤ ⪰ 0 and ker(P ) = K,
semicontractivity LMIs for AK ⊂ K

∥A∥2,P 1/2 ≤ ℓ ⇐⇒ A⊤PA ⪯ ℓ2P
µ2,P 1/2(A) ≤ ℓ ⇐⇒ A⊤P +AP ⪯ 2ℓP
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Example #18: Laplacian flow

Laplacian flow

ẋ = FLaplacian(x) := −Lx

where L is the Laplacian of a weighted undirected graph

FLaplacian is semicontracting wrt ∥ · ∥2,Πn with rate λ2

L ⪰ λ2Πn
ΠnL = LΠn = L

Πn(−L) + (−L)Πn ⪯ −2λ2Πn
osLip2,Πn

(FLaplacian) := µ2,Πn(−L) = −λ2
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Example #19: Kuramoto-Sakaguchi model and synchronization

graph: incidence matrix B, weight matrix A, max degree dmax and algebraic connectivity λ2
natural frequency ω, frustration parameter φ

θ̇i = ωi +
∑

j
aij sin(θi − θj + φij)

FKS is locally infinitesimally semicontracting wrt ∥ · ∥2,Πn

Proof sketch

θ̇ = ω + cos(φ)BA sin(B⊤θ)︸ ︷︷ ︸
Fodd(θ)

− sin(φ)BA
(
1− cos(B⊤θ)

)
︸ ︷︷ ︸

Feven(θ)

For θ ∈ Tn, define γ(θ) = max(i,j) |θi − θj |

µ2,Πn(DFodd(θ)) = µ2,Πn(−L(θ)) ≤ −λ2 cos(γ(θ)) (Jacobian=− Laplacian, L = BAB⊤)

µ2,Πn(DFeven(θ)) ≤ dmax sin(γ(θ))

=⇒ µ2,Πn(DFKS(θ)) < 0 locally in
{
θ ∈ Tn

∣∣∣ γ(θ) < arctan
λ2

dmax tan(φ)

}
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Local semicontractivity of KS system, inside cells
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,Π

µ2,Πn(DFKS(θ)) for θ in two-dimensional slice of R13

model parameters: frustration φ = 0.01, graph in inset

R. Delabays and F. Bullo. Semicontraction and synchronization of Kuramoto-Sakaguchi oscillator networks. IEEE Control Systems Letters,
7:1566–1571, 2023.
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Example #20: Primal-dual gradient dynamics with redundant constraints

strongly convex function f s.t. 0 ≺ νminIn ⪯ Hess f ⪯ νmaxIn
constraint matrix A s.t. 0 ⪯ aminΠA ⪯ AA⊤ ⪯ amaxIm

where ΠA is the orthogonal projection onto Im(A)
i.e., redundant constraints are allowed

primal-dual gradient dynamics:
[
ẋ

λ̇

]
= FPDG(x, λ) :=

[
−∇f(x)−A⊤λ

Ax− b

]

FPDG is infinitesimally semicontracting wrt ∥ · ∥2,P 1/2 with rate c

P =

[
In αA⊤

αA ΠA

]
and α =

1

2
min

{ 1

νmax
,
νmin

amax

}
, and c =

1

4
min

{ amin

νmax
,
amin

amax
νmin

}

For each νminIn ⪯ Q ⪯ νmaxIn,

[
−Q −A⊤

A 0

]⊤
P + P

[
−Q −A⊤

A 0

]
⪯ −2cP

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems Letters,
7:3896–3901, 2023.
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Contractivity (and its generalizations) in dynamical network systems

1 Lotka-Volterra population dynamics (Lotka, 1920; Volterra, 1928):
ℓ1- semiglobally strongly contracting (after a rescaling change of coordinates)

2 Matrosov-Bellman interconnected stable systems (Bellman, 1962; Matrosov, 1962):
strongly contracting wrt composite norm

3 Kuramoto coupled oscillators (Kuramoto, 1975):
strongly semicontracting wrt (ℓ2,Πn) norm, in neighb’d of each phase-cohesive equilibrium

4 Yorke multigroup SIS epidemic model (Lajmanovich and Yorke, 1976):
equilibrium contracting wrt weighted ℓ1/ℓ∞ norms (at disease-free and endemic eq.)

5 Hopfield and cellular neural networks (Hopfield, 1982):
ℓ1/ℓ∞-strongly contracting

6 Daganzo cell transmission model for traffic networks (Daganzo, 1994):
ℓ1-weakly contracting, when the dynamics is monotone

7 Chua’s diffusively-coupled dynamical systems (Wu and Chua, 1995):
strongly semi-contracting wrt (2, p) tensor norm on Rn⊗Rk

8 ...
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contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

Lyapunov Theory Contraction Theory for Dynamical Systems

F admits global Lyapunov function F is strongly contracting

existence of equilibrium assumed implied + computational methods

Lyapunov function arbitrary ∥x− x∗∥ and ∥F(x)∥
inputs ISS via KL and L functions iISS via explicit constants

search for contraction properties
design engineering systems to be contracting

171/221



Theoretical frontiers

higher order contraction

relationship with monotone operator theory

metric spaces

computational methods
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FIG. 2. Two-dimensional slice of R13, showing the Jacobian’s
log-seminorm for the Kuramoto-Sakaguchi model on the 13-
node cycle, with one additional line between nodes 1 and
7, and phase frustration � = 0.01. The plain black lines
show the boundaries of the various winding cells. The dashed
black lines are the boundaries of the �̄-cohesive u-winding
cells �u,�̄ , for u 2 {�1, 0, 1}2. Theorem 3 guarantees that
the system is semicontracting within these cohesive winding
cells as can be confirmed by the value of the log-seminorm
therein. One realizes that, most of the time, the boundary
of �u,�̄ is close to the region where the log-seminorm turns
positive. Notice the change in color scale between the positive
and negative values of the log-seminorm. Should we show the
graph?

the dynamics on the �-cohesive u-polytope Pu,� , in-
duced by the projection of the Kuramoto-Sakaguchi model
(2) on the �-cohesive winding cell �u,� . Then the log-
seminorm is preserved

µ2,⇧n(Df̃(y)) = µ2,⇧n(Df(x)) , (25)

independently of the preimage x of y.

The proof of is presented in the Supplementary Mate-
rial [29].

Remark. Note that even though y evolves on the convex
polytope Pu,� , we have no guarantee that the polytope is
forward invariant. It is then possible that some trajecto-
ries will exit the polytope.

AT MOST UNIQUENESS OF THE
SYNCHRONOUS STATES

We have now all ingredients to state our semicontrac-
tion theorem, whose proof is deferred to the Supplemen-
tary Material [29].

Theorem 5 (Local ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Then the
dynamical system

ẏ = f̃(y) , (26)

FIG. 3. Illustration of the upper bound �̄ of Theorem 3 as
a function of the frustration �, for various values of the ra-
tio �2/dmax. High values of �2/dmax typically correspond to
densly connected graphs, confirming the intuition that such
graphs tolerate less cohesive stable synchronous states, and
vice-versa for low ratio �2/dmax.

has at most one fixed point within the �-cohesive polytope
Pu,� .

The upper bound �̄ on the phase cohesiveness that
guarantees at most uniqueness of the synchronous state
directly depends on the system’s parameters. Namely,
the phase frustration �, and network charateristics, �2

and dmax. In Fig. 3, we show the relation between �̄ and
� for various values of the ratio �2/dmax. One observes
that, for a given frustration �, a network with large ra-
tio �2/dmax (corresponding typically to a rather dense
graph) will support synchronous states with larger an-
gular di↵erences than a network with a smaller �2/dmax

ratio (typically with few edges).

Corollary 6 (Full ”at most uniqueness”). Let 0 < � <
�̄, with �̄ defined in Eq. (21), and let u 2 Zc. Up to a
constant component shift and up to the addition of integer
mulitples of 2⇡, there is at most one synchronous state
of the Kuramoto-Sakaguchi model in the �-cohesive u-
winding cell �u,� .

Remark. The statement of Corollary 6 is very similar
to [24, Thm. 5], in the sense that it guarantees at most
uniqueness within winding cells by comparing the odd and
even parts of the coupling. The main di↵erence is that
with the semicontraction approach, our Eq. (21) is much
less conservative than [24, Eq. (45)].

CONCLUSION

Semicontraction theory is a rather new an unexplored
tool derived from the more established notions of contrac-
tion theory. Through the application of semicontraction
to networks of Kuramoto-Sakaguchi oscillators, we high-
lighted its potential power in a manner that is intended
as tutorial.

Application to control and learning

1 control: optimization-based control design

2 ML: implicit models and energy-based learning

3 neuroscience: robust dynamical modeling

LETTERRESEARCH
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captured by the controllability of the linearized system (2). Indeed, if 
the linearized system (2) is locally controllable along a specific 
 trajectory in state space, then the original nonlinear system (1) is also 
controllable along the same trajectory15. Furthermore, linear control-
lability predictions are consistent with simulations of neuronal 
 networks with nonlinear dynamics16,17.

To understand how control considerations differ from simple con-
nectivity-based predictions, consider Fig. 2a, exploring whether nodes 2  
and 3 can be controlled by a signal applied to node 1. Topologically 
the system appears controllable, as the signal can reach all nodes. Yet, 
the classic Kalman condition18 tells us that the responses of nodes 2 
and 3 to this signal are always correlated, hence we cannot control 
them independently, making the system as a whole uncontrollable. To 
gain full control over all three nodes, we need to apply one additional 
control signal to node 2 or 3 (Fig. 2b). We encounter the same situation 
when m independent signals aim to control k nodes, a configuration 
that is controllable only if m ≥ k (Fig. 2c, d). In a similar spirit, we 
derive the criterion for muscle controllability and apply it to analyse the  
C. elegans nervous system (Supplementary Information section IIB and 
Extended Data Fig. 2).

Here, we applied this network control framework to predict which 
neurons are critical in the response to gentle touch, in the sense that 
their removal (ablation) would decrease the number of controllable 
muscles. We found that even in the intact worm, only 89 of the 95 
muscles are independently controllable. We then explored the impact 
of ablating each of the 103 neuronal classes (see Supplementary 
Information section IB for neuron classification) individually. We 
found that the removal of the vast majority of neuron classes had no 
impact on muscle controllability. Our initial analysis did identify, how-
ever, nine classes predicted to affect muscle control: the seven major 
classes of motor neurons (DA, DB, DD, VA, VB, VD, and AS), and the 
premotor interneuron AVA (Table 1; see also Extended Data Figs 3–5).  
Each of these classes has been previously implicated, through genetic, 
neuroimaging, optogenetic, and cell ablation experiments, in the direct 
control of the body neuromusculature (see Supplementary Information 
section IIIA).

Interestingly, the control analysis also predicted locomotor defects fol-
lowing the ablation of a ninth neuron, PDB, not previously implicated in 
locomotion. As shown in Fig. 2e, while PDB directly connects to muscles 
MVR21 and MVL22, it apparently plays no key topological role as in its 
absence the signal transmitted by the receptor neurons for anterior gentle 
touch, AVM and ALML/R, can still reach all muscles. However, from a 
control perspective, we expect that the ablation of PDB should affect worm 
locomotion (see Fig. 2e for a full explanation). Since ablation experiments 
for PDB have not previously been reported, this prediction offers the first 
direct, falsifiable experimental test of the network control framework.

Most existing results on neuron ablation remove all members of a 
neuron class simultaneously7,10–12, but control principles can go further, 
predicting which of the individual neurons are responsible for the loss 
of control. To show this we applied the linearized system (2) to each 
individual neuron within the DD class. Intriguingly, we found that the 
individual ablation of DD01, DD02, or DD03 did not alter the control-
lability of the muscles, but DD04, DD05, and DD06 did (Fig. 3a). This 
result was unexpected, because the general pattern of connectivity is 
thought to be similar among the DD class. Nevertheless, we predict 
that the individual ablation of DD04, DD05, or DD06 should be suffi-
cient to impair C. elegans locomotion, offering a second set of specific, 
unanticipated, and falsifiable predictions, now regarding the functional 
differences between individual neurons within a class.

To test the validity of our two sets of predictions, we performed 
laser ablation of individual neurons9 and analysed the spontaneous 
locomotor behaviour of freely moving worms on food (see https:// 
doi.org/10.6084/m9.figshare.c.3796345 for complete data19). We used 
an automated tracking system20 to compare the locomotion pattern of 
PDB- and DD-ablated animals with mock-ablated worms, focusing 
on four fundamental components of worm body morphology known 
as eigenworms, which provide a low-dimensional but relatively com-
plete description of C. elegans body postures21. Under our recording 
conditions, the first Eigen projection represents a large body bend, the 
second and third represent components of the sinusoidal travelling 
wave that drives crawling movement, and the fourth represents small 
movements at the head and tail22.
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Figure 1 | Controlling the C. elegans neural network. a, Schematic 
neural circuit for locomotor response to gentle touch in C. elegans 
(adapted after ref. 30; see Supplementary Information section IIIA). 
b, Graphical representation of the proposed control framework. According 
to the principles illustrated in Fig. 2a–d, if removal of a neuron disrupts 
controllability of the muscles, we designate it ‘essential’ for locomotion; 
if not, we call it ‘non-essential’. To make this assessment, we first mapped 
the C. elegans responsive locomotor behaviours into a target network 
control problem, asking to what degree the sensory neurons (blue) can 
control the muscles (pink). This allowed us to predict the previously 

unknown involvement of PDB in C. elegans locomotion, and functional 
differences between individual neurons within the DD neuronal class. 
c, The C. elegans connectome used in our study, consisting of 279 neurons 
(the 282 non-pharyngeal neurons, excluding CANL/R and VC06 which do 
not make connections with the rest of the network) and 95 muscles. Node 
size is proportional to the sum of its in- and out-degrees. Filled nodes 
represent the neurons traditionally assigned to the circuits responsible for 
gentle touch response, hinting at the complexity of predicting neuronal 
function from the wiring diagram alone.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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Consider a vector field F : Rn → Rn, and let ξ, η ∈ Rn.

Invariance property: for all x, y ∈ Rn and α ∈ R,

F(x+ αξ) = F(x) or equivalently DF(x)ξ = 0n

Conservation property: for all x, y ∈ Rn,

η⊤F(x) = η⊤F(y) or equivalently η⊤DF(x) = 0⊤
n
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Example #21: Averaging and dynamical flow systems

Prototypical dynamics with invariance and conservation
Let A ∈ Rn×n be row-stochastic: A1n = 1n and A ≥ 0

Averaging Systems

xk+1 = Axk

Invariance: dynamics unaffected by
translations in span{1n}

Examples: distributed optimization,
robotic coordination, frequency
synchronization, . . .

Dynamical Flow Systems

xk+1 = A⊤xk

Conservation: quantity 1⊤
n x is constant

Examples: compartmental models, Markov
chains
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Historical starting point

Given row-stochastic A ∈ Rn×n,
Markov-Dobrushin ergodic coefficient

τ1(A) = max
∥z∥1=1,1⊤

n z=0
∥A⊤z∥1

τ1(A) < 1 under mild connectivity conditions
τp(A) also defined for general p ∈ [1,∞]

How is τ1 an induced norm?

A. A. Markov. Extensions of the law of large numbers to dependent quantities. Izvestiya Fiziko-matematicheskogo obschestva pri Kazanskom
universitete, 15, 1906. (in Russian)

R. L. Dobrushin. Central limit theorem for nonstationary Markov chains. I. Theory of Probability & Its Applications, 1(1):65–80, 1956.
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A ∈ Rn×n row-stochastic

Classical Property of Averaging Systems xk+1 = Axk
Given x ∈ Rn, max-min disagreement:

dmax-min(Ax) ≤ τ1(A) dmax-min(x), where dmax-min(x) = max
i
{xi} −min

j
{xj}

Classical Property of Markov Chains xk+1 = A⊤xk
Given π, σ in the simplex ∆n, total variation distance:

dTV(A
⊤π,A⊤σ) ≤ τ1(A) dTV(π, σ), where dTV(π, σ) =

1
2

∑
i
|πi − σi|

Why is the same τ1 relevant in both cases?
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Seminorms

A seminorm is a function ||| · ||| : Rn → R≥0 s.t., ∀a ∈ R and ∀x, y ∈ Rn:
1 (homogeneity): |||ax||| = |a||||x|||
2 (subadditivity): |||x+ y||| ≤ |||x|||+ |||y|||

The kernel is the vector space:

K = {x ∈ Rn : |||x||| = 0}

We focus on consensus seminorms, where K = span{1n}.

Note: ||| · ||| is invariant under translations in K
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Projection and distance-based seminorms: graphical definitions

Projection seminorms Distance seminorms

|||x|||proj,p ≜ ∥Π⊥x∥p, Π⊥ = Π⊤
⊥ |||x|||dist,p ≜ minu∈K ∥x− u∥p
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Projection and distance-based consensus seminorms (K = span{1n})

|||x|||proj,p |||x|||dist,p

ℓ1

n∑

i=1

|xi − xavg|
⌊n
2
⌋∑

i=1

x(i) −
n∑

j=⌈n
2
⌉+1

x(j)

ℓ2

√
1
n

∑
i,j(xi − xj)2

√
1
n

∑
i,j(xi − xj)2

ℓ∞ maxi |xi − xavg| 1
2

(
x(1) − x(n)

)

where we have sorted x(1) ≥ x(2) ≥ · · · ≥ x(n)

Therefore
dmax-min(x) = 2|||x|||dist,∞ and dTV(π, σ) = |||π − σ|||proj,1

180/221



-2 -1 0 1 2

-2

-1

0

1

2

<latexit sha1_base64="lWb7IfWlWbA1tQZdrj3O4F0cLm4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9iwIvHiOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+hZ/gZJODJhY0FFXddHcFieDauO6Xk1tZXVvfyG8WtrZ3dveK+wcNHaeKYZ3FIlatgGoUXGLdcCOwlSikUSCwGQxvpn7zEZXmsXwwowT9iPYlDzmjxkr3yZXXLZbcspuBLBNvTkrX35Ch1i1+dnoxSyOUhgmqddtzE+OPqTKcCZwUOqnGhLIh7WPbUkkj1P44O3VCTqzSI2GsbElDMvX3xJhGWo+iwHZG1Az0ojcV//PaqQkv/TGXSWpQstmiMBXExGT6N+lxhcyIkSWUKW5vJWxAFWXGplOwIXiLLy+TxlnZOy9X7iqlanWWBuThCI7hFDy4gCrcQg3qwKAPT/ACr45wnp03533WmnPmM4fwB87HD2ktjqw=</latexit>

p = 1
-2 -1 0 1 2

-2

-1

0

1

2

<latexit sha1_base64="uVEQE/57iPlkd0CmG8nNj+y5l1s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF7EgBePEU0MJEuYncwmQ2Znl5leIYR8ghcPinj1i7z5F36Ck00OmljQUFR1090VJFIYdN0vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu+Sy0i2W3LKbgSwTb05KV9+Qod4tfnZ6MUsjrpBJakzbcxP0x1SjYJJPCp3U8ISyIe3ztqWKRtz44+zUCTmxSo+EsbalkGTq74kxjYwZRYHtjCgOzKI3Ff/z2imGF/5YqCRFrthsUZhKgjGZ/k16QnOGcmQJZVrYWwkbUE0Z2nQKNgRv8eVl0qyUvbNy9bZaqtVmaUAejuAYTsGDc6jBDdShAQz68AQv8OpI59l5c95nrTlnPnMIf+B8/ABqsY6t</latexit>

p = 2
-2 -1 0 1 2

-2

-1

0

1

2

<latexit sha1_base64="JzhtxPhr6TiZcBOWhkhC9P5iw3w=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1ItY8OKxgv2ANpTNdtMu3Wzi7kQIoX/CiwdFvPp3vPkv/Alu0x609cHA470ZZub5seAaHefLKqysrq1vFDdLW9s7u3vl/YOWjhJFWZNGIlIdn2gmuGRN5ChYJ1aMhL5gbX98M/Xbj0xpHsl7TGPmhWQoecApQSN14qselwGm/XLFqTo57GXizknl+htyNPrlz94goknIJFJBtO66ToxeRhRyKtik1Es0iwkdkyHrGipJyLSX5fdO7BOjDOwgUqYk2rn6eyIjodZp6JvOkOBIL3pT8T+vm2Bw6WVcxgkySWeLgkTYGNnT5+0BV4yiSA0hVHFzq01HRBGKJqKSCcFdfHmZtM6q7nm1dler1OuzNKAIR3AMp+DCBdThFhrQBAoCnuAFXq0H69l6s95nrQVrPnMIf2B9/AC0NJEz</latexit> p =1

Figure: Two-dimensional sections of three-dimensional unit disks of projection (solid contours) and distance (dashed
contours) consensus seminorms. We plot the sections corresponding to (x1, x2, x3 = 0).
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Induced matrix seminorms

Consider a seminorm ||| · ||| on Rn with kernel K.

Induced matrix seminorm: function ||| · ||| : Rn×n → R≥0 where

|||A||| = max
|||x|||≤1
x⊥K

|||Ax|||, ∀A ∈ Rn×n

In general, |||Ax||| ≰ |||A||||||x|||
Inequality is true if x ∈ K⊥ or AK ⊆ K
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Key facts about dual and induced norms

Properties of dual and induced norms

1 ℓp and ℓq norms are dual, for 1/p+ 1/q = 1

∥ · ∥p = (∥ · ∥q)⋆ ∥ · ∥q = (∥ · ∥p)⋆

2 dual norm satisfies (sharp) Hölder inequality : x⊤y ≤ ∥x∥p ∥y∥q
3 equality between dual induced norms: ∥A∥p = ∥A⊤∥q
4 induced norm is submultiplicative: ∥AB∥ ≤ ∥A∥∥B∥
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Key facts about dual and induced seminorms

Properties of dual and induced seminorms

1 ℓp-distance and ℓq-projection seminorms are dual, for 1/p+ 1/q = 1

||| · |||dist,p = (||| · |||proj,q)⋆ ||| · |||proj,q = (||| · |||dist,p)⋆

2 dual seminorm satisfies (sharp) Markov inequality : x⊤Π⊥y ≤ |||x|||dist,p |||y|||proj,q
3 equality between dual induced seminorms: |||A|||dist,p = |||A⊤|||proj,q
4 induced seminorm is submultiplicative: |||AB||| ≤ |||A||||||B||| if AK ⊆ K or BK⊤ ⊆ K⊤

Ergodic coefficients are induced seminorms

|||A|||dist,p = |||A⊤|||proj,q = τq(A) := max
∥z∥q=1, z⊥1n

∥A⊤z∥q

G. De Pasquale, K. D. Smith, F. Bullo, and M. E. Valcher. Dual seminorms, ergodic coefficients, and semicontraction theory. IEEE
Transactions on Automatic Control , 69(5):3040–3053, 2024.
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How Markov and Banach’s results meet

Classical Property of Averaging Systems
Given row-stochastic A ∈ Rn×n and x, y ∈ Rn:

|||A(x− y)|||dist,∞ ≤ τ1(A)|||x− y|||dist,∞
=

∣∣∣∣∣∣A
∣∣∣∣∣∣

dist,∞
∣∣∣∣∣∣x− y

∣∣∣∣∣∣
dist,∞

Classical Property of Markov Chains
Given row-stochastic A ∈ Rn×n and π, σ in the simplex ∆n:

|||A⊤(π − σ)|||proj,1 ≤ τ1(A)|||π − σ|||proj,1
=

∣∣∣∣∣∣A⊤∣∣∣∣∣∣
proj,1

∣∣∣∣∣∣π − σ
∣∣∣∣∣∣

proj,1
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Summary and future work

1 ergodic coefficients are contraction factors

2 duality explains their roles in both averaging and flow systems

3 nonEuclidean norms play a key role

4 semicontraction theory
1 discrete/continuous-time Markov chains
2 discrete/continuous-time nonlinear consensus algorithms
3 primal-dual dynamics with redundant constraints
4 local contractivity of Kuramoto-Sakaguchi models

Future work

consider the set of undirected, unweighted connected graphs + selfloops
for each adjacency Ai, define row-stochastic Ai = diag(Ai1n)−1Ai (equal neighbor)
find a consensus seminorm ||| · ||| such that, for each i,

|||Ai||| < 1

or prove that it does not exist

186/221



Continuous-time semicontraction theory

The induced log seminorm of A ∈ Rn×n is

µ|||·|||(A) ≜ lim
h→0+

|||In + hA||| − 1

h

Laplacian L, corresponding to weighted digraph with adj. matrix A:

µdist,1(−L) = −min
j



(dout)j −

⌊n
2
⌋−1∑

i=1

a(i),j +

n−1∑

i=⌈n
2
⌉
a(i),j



 , dout = A1n

µdist,2(−L) = min
{
b : Π⊥L+ L⊤Π⊥ ⪰ −2bΠ⊥

}
, Π⊥ = In − 1

n1n1⊤
n

µdist,∞(−L) = −min
i ̸=j



aij + aji +

∑

k ̸=i,j
min{aik, ajk}





Let p, q ∈ [1,∞] such that p−1 + q−1 = 1. For any matrix M ∈ Rn×n, and any kernel K,

µdist,p(M) = µproj,q(M
⊤)
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Network small-gain theorem for Metzler matrices (1/7)

graph theoretic conditions for Metzler matrix to be Hurwitz

combination of theory of Metzler Hurwitz matrices and graph theory

critical role played by cycles (acyclic digraphs easy to handle)

X. Duan, S. Jafarpour, and F. Bullo. Graph-theoretic stability conditions for Metzler matrices and monotone systems. SIAM Journal on
Control and Optimization, 59(5):3447–3471, 2021.
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Network small-gain theorem for Metzler matrices (2/7)
background

Hurwitz Metzler Theorem (see LNS.Section10.4)

1 M is Hurwitz,

2 there exists η ∈ Rn>0 such that η⊤M < 0⊤
n or, equivalently, µ1,diag(η)(M) < 0,

3 there exists ξ ∈ Rn>0 such that Mξ < 0n or, equivalently, µ∞,diag(ξ)−1(M) < 0,

4 there exists a diagonal P = P⊤ ≻ 0 satisfying M⊤P + PM ≺ 0 or, equivalently,
µ2,P 1/2(M) < 0, and

5 all leading principal minors of −M are positive.

The leading principal minors of a matrix are the determinants of its top-left i× i submatrices, for i ∈ {1, . . . , n}
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Network small-gain theorem for Metzler matrices (3/7)
background

Let G be a weighted directed graph such that

mii < 0 is weight of self-loop at node i

mij > 0 is weight of directed edge (i, j)

that is, the adjacency matrix M of G is Metzler with negative diagonal entries

1 a simple cycle in G is a directed cycle (with at least 2 nodes) in which only the first and
last vertices are equal. Self-loops are not simple cycles.

2 the gain of a cycle ϕ = (i1, i2, . . . , ik, i1) is

γϕ(M) =

(
mi1i2

−mi2i2

)(
mi2i3

−mi3i3

)
· · ·

(
miki1

−mi1i1

)
(rational function of entries of M)

3 two cycles ϕ and ψ are disjoint, denoted by ϕ ⊥ ψ, if they have no node in common
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Network small-gain theorem for Metzler matrices (4/7)

Input: a Metzler matrix M ∈ Rn with associated digraph G
Output: set of rational functions {γC2(M), . . . , γCn(M)}
1: for i from 2 to n
2: Ci := the set of simples cycles in G passing through only nodes {1, . . . , i}
3: γCi(M)︸ ︷︷ ︸

set gain

:=
∑

ϕ∈Ci
γϕ︸︷︷︸

cycle gain

−
∑

ϕ,ψ ∈Ci
ϕ⊥ψ

γϕγψ +
∑

ϕ,ψ,ρ∈Ci
ϕ⊥ψ, ϕ⊥ρ, ψ⊥ρ

γϕγψγρ − · · ·

Network small-gain theorem for Metzler matrices
Metzler M is Hurwitz ⇐⇒ γC2 < 1, . . . , γCn < 1

These Hurwitzness conditions are: At most n− 1. Polynomial after rewriting. Not unique
(because nodes may be renumbered). Possibly redundant. Computational efficient (except
precomputation of simple cycles)
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Network small-gain theorem for Metzler matrices (5/7)
example

M =



−c1 ℓ12 0
ℓ21 −c2 ℓ23
0 ℓ32 −c3




1 2 3

ϕ1 ϕ2

Figure: digraph associated to M and simple cycles ϕ1 = (1, 2, 1)
and ϕ2 = (2, 3, 2)

cycle gains: γϕ1 =
ℓ12ℓ21
c1c2

and γϕ2 =
ℓ23ℓ32
c2c3

cycle set C2 = {ϕ1} =⇒ set gain γC2 = γϕ1 (note: γϕ1 < 1 is redundant)

cycle set C3 = {ϕ1, ϕ2} =⇒ set gain γC3 = γϕ1 + γϕ2 (no 2nd order terms since ϕ1 and

ϕ2 are not disjoint)



−c1 ℓ12 0
ℓ21 −c2 ℓ23
0 ℓ32 −c3


 Hurwitz ⇐⇒ γϕ1 + γϕ2 < 1 i.e.,

ℓ12ℓ21
c1c2

+
ℓ23ℓ32
c2c3

< 1

E.g., for c=c1=c2=c3 and ℓ12=ℓ21=ℓ23=ℓ32=1, M Hurwitz ⇐⇒ c >
√
2.

This can be easily verified since: spec(
[−c 1 0

1 −c 1
0 1 −c

]
) = {−c,−c−

√
2,−c+

√
2}.
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Network small-gain theorem for Metzler matrices (6/7)
example

M =




−c1 0 0 ℓ14
0 −c2 ℓ23 ℓ24
0 ℓ32 −c3 ℓ34
ℓ41 ℓ42 ℓ43 −c4




1

3

4 2

ϕ1

ϕ2

ϕ4

ϕ3

Figure: associated digraph and simple cycles

cycle gains: γϕ1 = ℓ14ℓ41
c1c4

, γϕ2 = ℓ34ℓ43
c3c4

, γϕ3 = ℓ23ℓ32
c2c3

, and γϕ4 = ℓ24ℓ42
c2c4

C2 = ∅
C3 = {ϕ3}: γC3 = γϕ3
C4 = {ϕ1, . . . , ϕ4}: γC4 =

∑4
i=1 γϕi − γϕ1γϕ3




−c1 0 0 ℓ14
0 −c2 ℓ23 ℓ24
0 ℓ32 −c3 ℓ34
ℓ41 ℓ42 ℓ43 −c4


 Hurwitz ⇐⇒ γϕ3 < 1 and γϕ1 + γϕ2 + γϕ3 + γϕ4 − γϕ1γϕ3 < 1
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Network small-gain theorem for Metzler matrices (7/7)
example




−c1 0 0 0 ℓ15 ℓ16
0 −c2 0 ℓ24 ℓ25 0
0 0 −c3 ℓ34 0 ℓ36
0 ℓ42 ℓ43 −c4 0 0
ℓ51 ℓ52 0 0 −c5 0
ℓ61 0 ℓ63 0 0 −c6




15

2 4 3

6

ϕ5

ϕ1

ϕ2

ϕ3

ϕ4

Figure: associated digraph and simple cycles

C2, C3 empty

C4 = {ϕ3}: γ3 < 1 (redundant)

C5 = {ϕ1, ϕ2, ϕ3}: γC5 = γ1 + γ2 + γ3 − γ1γ3 − γ2γ3 < 1

C6 = {ϕ1, . . . , ϕ5}: γC6 =
∑5

i=1 γi − γ1γ3 − γ2γ3 − γ3γ4 − γ2γ4 + γ2γ3γ4 < 1
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Semicontractivity of saddle matrices

Given Q ∈ Rn×n, A ∈ Rm×n, and a time-scale parameter τ > 0, define

saddle matrix S =

[
−Q −A⊤

τ−1A 0

]
∈ R(m+n)×(m+n)

qmin := λmin(Q+Q⊤)/2 > 0
qmax := min{q such that Q⊤Q ⪯ q(Q+Q⊤)/2} ≤ σ2max(Q)/qmin

aminΠA ⪯ AA⊤ ⪯ amaxIm, where ΠA ∈ Rm×m is orthogonal projection onto image of A

Semi-contractivity LMI
S⊤P + PS ⪯ −2cP

where

P =

[
In αA⊤

αA τΠA

]
⪰ 0 with α =

1

2
min

{ 1

νmax
, τ
νmin

amax

}

c =
1

2
τ−1αamin =

1

4
min

{ amin

τqmax
,
amin

amax
qmin

}

A. Gokhale, A. Davydov, and F. Bullo. Contractivity of distributed optimization and Nash seeking dynamics. IEEE Control Systems Letters,
7:3896–3901, 2023.
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Proof of saddle matrix semicontractivity I: P ⪰ 0
Use Schur complement to show that P ⪰ 0. Clearly the (1, 1) block is positive definite. Therefore,

P ⪰ 0 ⇐⇒ τΠA − α2AA⊤ ≻ 0 ⇐⇒ τ − α2amax > 0 ⇐⇒ α2 < τ/amax.

The inequality α2 < τ/amax follows from the stronger inequality (2α)2 < τ
amax

with the following argument:

min
{ 1

qmax
, τ
qmin

amax

}2
≤ min

{ 1

qmax
, τ
qmin

amax

}
·max

{ 1

qmax
, τ
qmin

amax

}
=
qmin

qmax
· τ

amax
≤ τ

amax
.
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Proof of saddle matrix semicontractivity II: factorization of LMI
Next, we aim to show that −S⊤P − PS − 2cP ⪰ 0. After some bookkeeping, we compute

−S⊤P − PS − 2cP =

[
Q⊤ −τ−1A⊤

A 0

] [
In αA⊤

αA τΠA

]
+

[
In αA⊤

αA τΠA

] [
Q A⊤

−τ−1A 0

]
− 2c

[
In αA⊤

αA τΠA

]
=

[
Q+Q⊤ − 2τ−1αA⊤A− 2cIn αQ⊤A⊤ −A⊤ +A⊤Π⊤

A − 2cαA⊤

A+ αAQ−ΠAA− 2cαA 2αAA⊤ − 2cτΠA

]
.

The (2,2) block satisfies the lower bound

2αAA⊤ − 2cτΠA = 2
(

1
2
αAA⊤ − cτΠA

)
+ αAA⊤ ⪰ 2

(
1
2
αamin − cτ

)
ΠA + αAA⊤ = αAA⊤ ≻ 0.

Given this lower bound and the equality ΠAA = A, we can factorize the resulting matrix as follows:

−S⊤P − PS − cP ⪰
[
In 0
0 A

] [
Q+Q⊤ − 2(τ−1αA⊤A+ cIn) αQ⊤ − 2cαIn

αQ− 2cαIn αIn

]
︸ ︷︷ ︸

n×n

[
In 0
0 A⊤

]
.
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Proof of saddle matrix semicontractivity III: Schur complement and final bounds
Since αIn ≻ 0, it suffices to show that the Schur complement of the (2,2) block is positive semidefinite:

Q+Q⊤ − 2(τ−1αA⊤A+ cIn)− α
(
Q⊤ − 2cIn

)(
Q− 2cIn

)
⪰ 0 (9)

⇐⇒ (Q+Q⊤ − αQ⊤Q) + 2αc(Q+Q⊤) ⪰ 2(τ−1αA⊤A+ cIn) + 4αc2In (10)

⇐= Q+Q⊤ − αQ⊤Q ⪰ 2(τ−1αA⊤A+ cIn) and 2αc(Q+Q⊤) ⪰ 4αc2In. (11)

To prove the first inequality in (11), we upper bound the right hand side as follows:

2(τ−1αA⊤A+ cIn) ⪯ 2(τ−1αamax + c)In
c= 1

2
τ−1αamin
= τ−1α(2amax + amin)In

α≤ 1
2
τqmin/amax

⪯ 1

2

qmin

amax
(2amax + amin)In ⪯ 3

2
qminIn.

Next, since α ≤ 1
2qmax

, we know −αqmax ≥ − 1
2
. We then lower bound the left hand side as follows:

Q+Q⊤ − αQ⊤Q
by definition

⪰ Q+Q⊤ − αqmax(Q+Q⊤)/2 ⪰ (2− 1
2
)(Q+Q⊤) ⪰ 3

2
qminIn.

Finally, we prove the second inequality in (11) that is, 2αc(Q+Q⊤) ⪰ 4αc2In. This is equivalent to Q+Q⊤ ⪰ 2cIn
and follows from noting c ≤ 1

2
amin
amax

qmin < qmin.
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Euler discretization theorem

Euler discretization theorem for contracting dynamics
Given arbitrary norm ∥ · ∥ and Lipschitz F : Rn → Rn, equivalent statements

1 ẋ = F(x) is infinitesimally contracting

2 there exists α > 0 such that xk+1 = xk + αF(xk) is contracting

Optimal∗ contractivity of Euler discretization Id+αF
Given c := − osLip(F) > 0 and ℓ := Lip(F), define condition number κ = ℓ/c ≥ 1:

3 0 < α <
1

cκ(1 + κ)
=⇒ Lip

(
Id+αF

)
≤

(
1 + αc− α2ℓ2

1− αℓ
)−1

< 1

4 the optimal∗ step size and contraction factor are

α∗ =
1

c

( 1

2κ2
− 3

8κ3
+O

( 1

κ4

))
, Lip(Id+α∗F) = 1− 1

4κ2
+

1

8κ3
+O

( 1

κ4

)

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in
Neural Information Processing Systems, Dec. 2021.
A. Davydov, S. Jafarpour, A. V. Proskurnikov, and F. Bullo. Non-Euclidean monotone operator theory and applications. Journal of Machine
Learning Research, June 2023b. . Submitted
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Euler discretization theorem: Additional equivalences

Given F : Rn → Rn and α ≥ 0, define

shifted map G := Id+F ⇐⇒ F = − Id+G

Fα := Id+αF︸ ︷︷ ︸
Euler discretization of F

= (1− α) Id+αG︸ ︷︷ ︸
average map of G

=: Gα

For a differentiable F and x ∈ Rn

F(x) = 0
equilibrium point

Fα(x) = Gα(x) = G(x) = x
fixed point

osLip(F) < 0
F is infinitesimally contracting

osLip(G) = osLip(F) + 1 < 1

∃α∗ s.t. Lip(Fα∗) < 1
Fα∗ is contracting

∃α∗ s.t. Lip(Gα∗) < 1
Gα∗ is contracting
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Optimal∗ contractivity of Euler discretization Id+αF: inner-product norms ∥ · ∥2,P 1/2

Given c := − osLip(F) > 0 and ℓ := Lip(F), define condition number κ = ℓ/c ≥ 1:

1 0 < α <
2

cκ2
=⇒ Lip

(
Id+αF

)
≤

√
1− 2αc+ α2ℓ2 < 1

2 the optimal∗ step size and contraction factor are

α∗ =
1

cκ2
, Lip(Id+α∗F) = 1− 1

2κ2
+O

( 1

κ4

)

Standard proof from monotone operator theory. For α > 0, compute

∥(Id+αF)x− (Id+αF)y∥2 = ∥x− y + α(F(x)− F(y))∥2

= ∥x− y∥2 + 2α ⟨⟨F(x)− F(y), x− y⟩⟩+ α2∥F(x)− F(y)∥2

≤
(
1− 2αc+ α2ℓ2

)
∥x− y∥2

Next, study convex parabola α 7→ 1− 2αc+ α2ℓ2. Eg, 1− 2αc+ α2ℓ2 < 1 iff 0 < α < 2c/ℓ2

E. K. Ryu and S. Boyd. Primer on monotone operator methods. Applied Computational Mathematics, 15(1):3–43, 2016
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Optimal∗ contractivity of Euler discretization Id+αF: nonEuclidean ∥ · ∥∞,diag(η)−1,
∥ · ∥1,diag(η)
Let F : Rn → Rn be differentiable and Lipschitz
define contraction rate c := − osLip(F) > 0
define diagonal Lipschitz constant ℓdiag = max

i∈{1,...,n}
sup
x∈Rn

|DFii(x)|; can show ℓdiag ≥ c

1 0 < α ≤ 1

ℓdiag
=⇒ Lip

(
Id+αF

)
≤ 1− αc < 1

2 the optimal∗ step size and contraction factor are

α∗ =
1

ℓdiag
, Lip

(
Id+α∗F

)
= 1− c

ℓdiag

Acceleration: (i) the condition number improves/diminishes κ ≥ κ∞ := c
ℓdiag

, and

(ii) Lip(Id+α∗F) = 1− 1
4κ2

+O( 1
κ4
) improves/decreases to Lip(Id+α∗F) = 1− 1

κ∞
.

S. Jafarpour, A. Davydov, A. V. Proskurnikov, and F. Bullo. Robust implicit networks via non-Euclidean contractions. In Advances in
Neural Information Processing Systems, Dec. 2021.
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Proof of ℓ∞/ℓ1 Euler discretization theorem
For every A = [aij ] ∈ Rn×n, η ∈ Rn

>0, and α ∈ R such that |α| ≤ (maxi |aii|)−1, norm=lognorm identity:

∥In + αA∥1,diag(η) = 1 + αµ1,diag(η)(A), ∥In + αA∥∞,diag(η)−1 = 1 + αµ∞,diag(η)−1 (A), (12)

whose proof is an algebraic exercise (hint: diagonal of In + αA is nonnegative).

Next, consider ∥ · ∥∞,diag(η)−1 ; the proof for ∥ · ∥1,diag(η) is omitted. Regarding part 1, for each i ∈ {1 . . . , n} and x ∈ Rn

ℓdiag = max
i∈{1,...,n}

sup
x∈Rn

|DFii(x)|
(osLip(F)<0 =⇒ DFii(x)<0)

= max
i∈{1,...,n}

sup
x∈Rn

(
−DFii(x)

)
,

≥ max
i∈{1,...,n}

sup
x∈Rn

(
−DFii(x)−

∑
j ̸=i

|DFij(x)| ηiηj
)

= − max
i∈{1,...,n}

sup
x∈Rn

µ∞,diag(η)−1 (DF(x)) = − osLip(F) = c.

Since ℓdiag = supx maxi |DFii(x)| ≥ maxi |DFii(x)| for all x and α ≤ 1
ℓdiag

≤ 1
maxi |DFii(x)| , equation (12) implies

∥In + αDF(x)∥∞,diag(η)−1 = 1 + αµ∞,diag(η)−1 (DF(x)) ≤ 1 + α osLip(F) = 1− αc.

Finally, Lip(Id+αF) ≤ supx ∥In + αDF(x)∥∞,diag(η)−1 ≤ 1− αc.

Regarding part 2, α→ Lip(Id+αF) is decreasing and therefore minimum at the maximum of allowable value of α.
Note that α∗ = ℓ−1

diag is the maximum value of α and Lip(Id+α∗F) = 1− c/ℓdiag > 0 since c/ℓdiag ≤ 1.
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Monotone operator methods

Success in many disparate fields
1 Optimization and control

Subdifferentials are monotone

2 Game theory

Monotone games

3 Systems analysis

Input-output behavior

4 Machine learning

L. Pavel. Distributed GNE seeking under partial-decision information over networks via a doubly-augmented operator splitting approach.
IEEE Transactions on Automatic Control , 65(4):1584–1597, 2020.

P. L. Combettes and J.-C. Pesquet. Fixed point strategies in data science. IEEE Transactions on Signal Processing , 2021.

E. Winston and J. Z. Kolter. Monotone operator equilibrium networks. In Advances in Neural Information Processing Systems, 2020. URL
https://arxiv.org/abs/2006.08591

A. Davydov, S. Jafarpour, A. V. Proskurnikov, and F. Bullo. Non-Euclidean monotone operator theory with applications to recurrent neural
networks. In IEEE Conf. on Decision and Control , Cancún, México, Dec. 2022b.

A. Davydov, S. Jafarpour, A. V. Proskurnikov, and F. Bullo. Non-Euclidean monotone operator theory and applications. Journal of Machine
Learning Research, June 2023b. . Submitted
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Background on monotone operators

operator A : Rn → Rn is monotone with parameter m ≥ 0 if

⟨⟨A(x)−A(y), x− y⟩⟩ ≥ m∥x− y∥22 (osLip2(−A) ≤ −m)

A monotone inclusion problem is of the form

find x ∈ Rn s.t. 0 ∈ A(x)

A monotone splitting problem is of the form

find x ∈ Rn s.t. 0 ∈ (A+B)(x)

Existing algorithms based on Banach contractions or Krasnosel’skii–Mann iterations:

Forward step method, proximal-point algorithm, etc.

Forward-backward splitting, Peaceman-Rachford splitting, etc.

E. K. Ryu and S. Boyd. Primer on monotone operator methods. Applied Computational Mathematics, 15(1):3–43, 2016
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Why non-Euclidean?

Algorithms for inclusions and splittings are limited to Hilbert settings

Many problems are better stated in Banach spaces!

1 ℓ∞ robustness analysis of neural
networks

2 L∞ norm systems analysis

3 Non-Euclidean contracting
dynamics

4 Totally asynchronous distributed
optimization
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ball centered at x(t) with radius e�ct
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Non-Euclidean monotone operator — Resolvent and reflected resolvents

A differentiable F : Rn → Rn is strongly monotone w.r.t ∥ · ∥ with parameter m if

−µ(−DF(x)) ≥ m, ∀x ∈ Rn. (osLip(−F) ≤ −m)

The resolvent and reflected resolvent of F with parameter α > 0 are given by:

JαF := (Id+αF)−1, RαF := 2JαF − Id

Fixed points of JαF and RαF correspond to zeros of F

Lipschitz constants: Suppose F is monotone w.r.t. a diagonally-weighted ℓ1/ℓ∞ norm

Lip(JαF) =
1

1 + αm
, ∀α > 0

Lip(RαF) =
1− αm
1 + αm

, ∀α ∈ ]0, diagL(F)−1]

diagL(F) = supx∈Rn maxi∈{1,...,n}(DF(x))ii
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Non-Euclidean monotone inclusions

Monotone inclusion problem F(x) = 0

The forward step method of F (ℓ1/ℓ∞ monotone) is the iteration

xk+1 = (Id−αF)(xk)
1 if m > 0, ∥xk+1 − x∗∥ ≤ (1− αm)∥xk − x∗∥, ∀α ∈ ]0, diagL(F)−1]

2 if m = 0 and zero(F) ̸= ∅, then convergence to an element of zero(F) with rate O(1/
√
k)

The proximal point method of F (ℓ1/ℓ∞ monotone) is the iteration

xk+1 = JαF(xk)

1 if m > 0, ∥xk+1 − x∗∥ ≤
1

1 + αm
∥xk − x∗∥, ∀α > 0

2 if m = 0 and zero(F) ̸= ∅, then convergence to an element of zero(F) with rate O(1/
√
k)
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Comparison to standard convergence rates

Algorithm
F strongly monotone and globally Lipschitz
ℓ2 Diagonally weighted ℓ1 or ℓ∞

α range Optimal Lip α range Optimal Lip

Forward step
]
0,

2m

ℓ2

[
1− 1

2κ2
+O

( 1

κ3

) ]
0,

1

diagL(F)

]
1− 1

κ∞

Proximal point ]0,∞[ N/A ]0,∞[ N/A

Cayley method ]0,∞[ 1− 1

2κ
+O

( 1

κ2

) ]
0,

1

diagL(F)

]
1− 2

κ∞
+O

( 1

κ2∞

)

Step size ranges and Lipschitz constants for algorithms for finding zeros of monotone
operators. κ := ℓ/m ≥ 1 and κ∞ := diagL(F)/m ∈ [1, κ]
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Non-Euclidean operator splitting

Monotone splitting problem (F+ G)(x) = 0

The forward-backward splitting method of F and G (ℓ1/ℓ∞ monotone) is

xk+1 = (JαG ◦ (Id−αF))(xk)
1 if F s.m., m > 0, ∥xk+1 − x∗∥ ≤ (1− αm)∥xk − x∗∥, ∀α ∈ ]0, diagL(F)−1]

2 if m = 0 and zero(F+ G) ̸= ∅, then iteration converges to an element of zero(F+ G)
with rate O(1/

√
k)

The Peaceman-Rachford splitting method of F and G (ℓ1/ℓ∞ monotone) is

xk+1 = JαG(zk),

zk+1 = zk + 2JαF(2xk+1 − zk)− 2xk+1.
1 If F s.m., m > 0,

∥xk+1 − x∗∥ ≤
1− αm
1 + αm

∥xk − x∗∥, ∀α ∈ ]0,min{diagL(F)−1, diagL(G)−1}]
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Application to recurrent neural networks

Equilibrium computation of RNN

ẋ = −x+Φ(Ax+Bu+ b) =: F (x, u)

Φ(x) = LeakyReLU(x) = max{x, ax} <latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

A sufficient condition for contractivity is µ∞(A) = γ < 1.

In this case, −F (x, u) is strongly monotone and can apply forward step method

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b),

converges for α ∈ ]0, α∗] with linear convergence rate 1− α(1− Φ(γ))

α∗ = (1−mini∈{1,...,n} min{a · (A)ii, (A)ii})−1

A. Davydov, A. V. Proskurnikov, and F. Bullo. Non-Euclidean contractivity of recurrent neural networks. In American Control Conference,
pages 1527–1534, Atlanta, USA, May 2022c.
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Splitting methods for equilibrium computation

Finding an equilibrium point x∗(u) is equivalent to (F+ G)(x∗(u)) = 0 where

F(z) = (In −A)z −Bu− b, G(z) =
1− a
a

min{z, 0}

Apply forward-backward splitting

xk+1 = JαG((1− α)xk + α(Axk +Bu+ b)).

Converges with rate 1− α(1− γ) for α ∈ ]0, (1−mini(A)ii)
−1]

Apply Peaceman-Rachford splitting

xk+1 = (In + α(In −A))−1(zk + α(Bu+ b)),

zk+1 = zk + 2JαG(2xk+1 − zk)− 2xk+1.

Converges with rate
1− α(1− γ)
1 + α(1− γ) for α ∈

]
0,min

{
(1−mini(A)ii)

−1,
a

1− a
}]
,
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Numerical implementations

0 100 200 300 400 500
Iteration

10−11

10−9

10−7

10−5

10−3

10−1

‖F
(x
k
,u

)‖
∞

Residual vs iteration number for various iterations

Forward step

F-B

P-R

P-R w/ larger α

We generate A ∈ R200×200, B ∈ R200×50, b ∈ R200, u ∈ R50 with entries according to a normal
distribution and then project A so that µ∞(A) ≤ 0.99
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Conclusions

Summary:

1 provide a transcription of monotone operator theory for non-Euclidean norms

2 provable convergence of classical iterations for monotone inclusions and splittings

3 application to continuous-time recurrent neural network

Extensions and open problems:

1 tightening Lipschitz estimates for operator splittings

2 infinite-dimensional Banach spaces and set-valued F

3 further applications to systems analysis and neural networks
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Thank you for reading!

For any questions, please do not hesitate to email me
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ℓ1/ℓ∞ weakly contractive analytic system with bounded solution converge

Let F denote a ℓ1 weakly-contracting analytic vector field on a subset C of Rn. Assume there
exists a bounded solution x(·) in C of ẋ = F(x) defined for all t ∈ R≥0. If the function
t 7→ ∥F(x(t))∥1 is constant, then the solution x(·) is an equilibrium of F, that is, x(t) = x∗ for
all t and F(x∗) ≡ 0.

Proof For simplicity take n = 2. By analyticity, and unless ∥f(x(t))∥1 is identically zero (in
case we are done), we can pick an interval J where both fi(x(t)) have no zeroes, and hence a
constant sign. (If one is identically zero, the proof is the same ignoring that variable.) Without
loss of generality (take −fi if necessary), assume that both have positive sign, so

∥f(x(t))∥1 = f1(x(t)) + f2(x(t)) =
dx1
dt + dx2

dt = d(x1+x2)
dt . Since ∥f(x)∥1 is constant, this

means that d(x1+x2)
dt ≡ c on the interval, and therefore x1(t) + x2(t) = ct+ b on the interval

J . By analytic continuation, this is true for all t ∈ R≥0, contradicting boundedness of x(·)
unless c = 0. So we have that d(x1+x2)

dt ≡ 0, that is, ∥f(x(t))∥1 ≡ 0, as desired. The proof for
ℓ∞ norm is even easier - just take an interval where one of the two terms is max.
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