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contractivity = robust computationally-friendly stability
fixed point theory + Lyapunov stability theory + geometry of metric spaces

highly-ordered transient and asymptotic behavior:

1 unique globally exponential stable equilibrium
& two natural Lyapunov functions

2 robustness properties
bounded input, bounded output (iss)
finite input-state gain
robustness margin wrt unmodeled dynamics
robustness margin wrt delayed dynamics

3 . . .

search for contraction properties
design engineering systems to be contracting
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Ongoing education and research on Contraction Theory

Contraction Theory 
for Dynamical Systems

Francesco Bullo

”Continuous improvement is
better than delayed perfection”
Mark Twain

Textbook: Contraction Theory for Dynamical Systems, Francesco
Bullo, rev 1.2, Aug 2024. (PDF freely available)
https://fbullo.github.io/ctds

Tutorial slides: https://fbullo.github.io/ctds

Youtube lectures: ”Minicourse on Contraction Theory”
https://youtu.be/FQV5PrRHks8 6 lectures, total 12h
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Discrete-time dynamics and Lipschitz constants

xk+1 = F(xk) on Rn with norm ∥ · ∥ and induced norm ∥ · ∥

Lipschitz constant (max expansion factor)

Lip(F) = inf{ℓ > 0 such that ∥F(x)− F(y)∥ ≤ ℓ∥x− y∥ for all x, y}
= supx ∥JF(x)∥

For scalar map f , Lip(f) = supx |f ′(x)|
For affine map FA(x) = Ax+ a

∥x∥2,P = (x⊤Px)1/2 Lip2,P (FA) = ∥A∥2,P ≤ ℓ ⇐⇒ A⊤PA ⪯ ℓ2P

∥x∥∞,η = max
i

|xi|/ηi Lip∞,η(FA) = ∥A∥∞,η ≤ ℓ ⇐⇒ η⊤|A| ≤ ℓη⊤
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Banach contraction theorem for discrete-time dynamics:
If ρ := Lip(F) < 1, then

1 F is contracting = distance between trajectories decreases exp fast (ρk)

2 F has a unique, glob exp stable equilibrium x∗

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="Pyau3v9GEpRW6cXNBEIyHdYcHsY="></latexit>

y(k)

<latexit sha1_base64="tECZWwIOPcifUQ/TTLQYuDyJYSI="></latexit>

ball centered at x(k) with radius ⇢k

<latexit sha1_base64="FL9V926ijocRf43lklCEvHdwp9Y="></latexit>

x(k)
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Example induced log norms

Vector norm Induced matrix norm Induced matrix log norm

∥x∥1 =
∑n

i=1
|xi| ∥A∥1 = max

j∈{1,...,n}

∑n

i=1
|aij | µ1(A) = max

j∈{1,...,n}

(
ajj +

∑n

i=1,i ̸=j
|aij |

)
= max column “absolute sum” of A

∥x∥2 =
√∑n

i=1
x2i ∥A∥2 =

√
λmax(A⊤A) µ2(A) = λmax

(A+A⊤

2

)
∥x∥∞ = max

i∈{1,...,n}
|xi| ∥A∥∞ = max

i∈{1,...,n}

∑n

j=1
|aij | µ∞(A) = max

i∈{1,...,n}

(
aii +

∑n

j=1,j ̸=i
|aij |

)
= max row “absolute sum” of A
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Continuous-time dynamics and one-sided Lipschitz constants

ẋ = F(x) on Rn with norm ∥ · ∥ and induced log norm µ(·)

One-sided Lipschitz constant (max expansion rate)

osLip(F) = inf{b ∈ R such that ⟨⟨F(x)− F(y), x− y⟩⟩ ≤ b∥x− y∥2 for all x, y}
= supx µ(JF(x))

For scalar map f , osLip(f) = supx f
′(x)

For affine map FA(x) = Ax+ a

osLip2,P (FA) = µ2,P (A) ≤ ℓ ⇐⇒ A⊤P +AP ⪯ 2ℓP

osLip∞,η(FA) = µ∞,η(A) ≤ ℓ ⇐⇒ aii +
∑
j ̸=i

|aij |ηi/ηj ≤ ℓ
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Banach contraction theorem for continuous-time dynamics:
If −c := osLip(F) < 0, then

1 F is infinitesimally contracting = distance between trajectories decreases exp fast (e−ct)

2 F has a unique, glob exp stable equilibrium x∗

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="fzEt0saj9EOiq6IgKOMQqFbdgsA=">AAACFnicbVA9SwNBEN3z2/gVtbRZTAQtEu5E1FK0sVQwJpDEMLc3SRb3PtidU8ORX2HjX7GxUMRW7Pw3bmIKNT4YeLw3szvz/ERJQ6776UxMTk3PzM7N5xYWl5ZX8qtrlyZOtcCKiFWsaz4YVDLCCklSWEs0QugrrPrXJwO/eoPayDi6oF6CzRA6kWxLAWSlVr7kg1JcYESoMeBAvHi3TTtFfiupyzUEMjW8iFdZSVC/2MoX3LI7BB8n3ogU2AhnrfxHI4hFGtr3hQJj6p6bUDMDTVIo7OcaqcEExDV0sG5pBCGaZjY8q8+3rBLwdqxtRcSH6s+JDEJjeqFvO0OgrvnrDcT/vHpK7cNmJqMkJYzE90ftVHGK+SAjHkiNglTPEhBa2l256IIGYUMyORuC9/fkcXK5W/b2y3vnu4Wj41Ecc2yDbbJt5rEDdsRO2RmrMMHu2SN7Zi/Og/PkvDpv360Tzmhmnf2C8/4Fjwidvg==</latexit>

ball centered at x(t) with radius e�ct
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Example contracting systems

1 neural network dynamics under assumptions on synaptic matrix
(recurrent, implicit, reservoir computing, etc)

2 interconnected systems under contractivity and small-gain assumptions
(Hurwitz Metzler matrices, network small-gain theorem, etc)

3 Lur’e-type systems under assumptions on nonlinearity and LMI conditions
(Lipschitz, incrementally passive, monotone, conic, etc)

4 gradient descent flows under strong convexity assumptions
(proximal, primal-dual, distributed, Hamiltonian, saddle, pseudo, best response, etc)

5 data-driven learned models (imitation learning)

6 feedback linearizable systems with stabilizing controllers

7 incremental ISS systems

8 nonlinear systems with a locally exponentially stable equilibrium
are contracting with respect to appropriate Riemannian metric
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Firing-rate neural networks

<latexit sha1_base64="zN1vak/aF3iMopK+3MMZXo5iv+8="></latexit>x

<latexit sha1_base64="4iqVboadOStFqDJLiPkXi9g5SOw="></latexit>u
<latexit sha1_base64="HJ08yeQHqJDNTn3iVGTL/G4LhQA="></latexit>y

ẋ = −x+Φ(Ax+Bu+ b) (recurrent NN)

x = Φ(Ax+Bu+ b) (implicit NN)

xk+1 = (1− α)xk + αΦ(Axk +Bu+ b) (Euler discrt.)

If
µ∞(A) < 1

(
i.e., aii +

∑
j ̸=i

|aij | < 1 for all i
)

recurrent NN is infinitesimally contracting with rate 1− µ∞(A)+

implicit NN is well posed

Euler discretization is contracting at α∗ = (1−mini(aii)−)
−1
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Network Contraction Theorem. Consider interconnected subsystems

ẋi = Fi(xi, x−i), for i ∈ {1, . . . , n}

contractivity wrt xi: osLipxi
(Fi) ≤ −ci < 0

Lipschitz wrt xj, j ̸= i: Lipxj
(Fi) ≤ ℓij

gain matrix

−c1 . . . ℓ1n
...

. . .
...

ℓn1 . . . −cn

 is Hurwitz

=⇒ interconnected system is contracting with rate |α(gain matrix)|
F Bullo (UCSB) Semicontracting Dynamics on Networks 14 / 34



Networks of firing-rate networks

<latexit sha1_base64="JYdclhfweva/9Rg9x6L5111Rh9k=">AAACD3icbVC7TgJBFL2LL8QXamkzkWisyC4F0kliY4mJPBKWkNnZWZgwO7uZhwkh/IGNv2JjoTG2tnb+hZ/gsFAoeJNJTs6599y5J0g5U9p1v5zc2vrG5lZ+u7Czu7d/UDw8aqnESEKbJOGJ7ARYUc4EbWqmOe2kkuI44LQdjK5nevueSsUScafHKe3FeCBYxAjWluoXz31ChaaSiQGaeWDp+0gbga0BstB6hYnR/WLJLbtZoVXgLUDp6huyavSLn36YEBNbc8KxUl3PTXVvgqVmhNNpwTeKppiM8IB2LRQ4pqo3ye6ZojPLhChKpH1Co4z9PTHBsVLjOLCdMdZDtazNyP+0rtFRrTdhIjWaCjJfFBmOdIJm4aCQSUo0H1uAiWT2r4gMscTEJqQKNgRv+eRV0KqUvWq5elsp1WvzNCAPJ3AKF+DBJdThBhrQBAIP8AQv8Oo8Os/Om/M+b805i5lj+FPOxw9/v526</latexit>

linear
tunable
readout

<latexit sha1_base64="UN5zzdXHcwjlpG2f1o0mqXfxklk="></latexit>uk
<latexit sha1_base64="g32vgHDyG7aeR4H2K7pOBPnXKLE="></latexit>

yk

<latexit sha1_base64="VgqWvwyPMnB5rWOMCcMb808rPc0="></latexit>

deep reservoir network

x
(1)
k+1 = (1− α)x

(1)
k + αΦ

(
A(1)x

(1)
k +B(1)uk + b(1)

)
x
(i)
k+1 = (1− α)x

(i)
k + αΦ

(
A(i)x

(i)
k +B(i)x

(i−1)
k + b(i)

) (leaky integrator reservoirs)

Deep reservoir network is contracting (and “echo state property”) if

µ∞(A(i)) < 1 for each i and α ≤ α∗∗

H. Jaeger. The “echo state” approach to analysing and training recurrent neural networks. Technical report, German National Research
Center for Information Technology, 2001
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Metzler Hurwitz matrices and the small gain theorem

−c1 . . . ℓ1n
...

...
ℓn1 . . . −cn

 is Metzler (Perron-Frobenius Theorem applies)

Hurwitzness depends upon both topology and edge weights

M Hurwitz iff there exists a positive ξ such that Mξ < 0n (power method)

For n = 2, Hurwitz if and only if small gain condition

cycle gain :=
ℓ12
c1

ℓ21
c2

< 1

For n ≥ 3, Hurwitz if network small gain condition
see network small-gain theorem for Metzler matrices

F Bullo (UCSB) Semicontracting Dynamics on Networks 16 / 34
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Consider a vector field F : Rn → Rn, and let ξ, η ∈ Rn.

Invariance property: for all x, y ∈ Rn and α ∈ R,

F(x+ αξ) = F(x) or equivalently DF(x)ξ = 0n

Conservation property: for all x, y ∈ Rn,

η⊤F(x) = η⊤F(y) or equivalently η⊤DF(x) = 0⊤
n

F Bullo (UCSB) Semicontracting Dynamics on Networks 18 / 34



Prototypical dynamics

Let A ∈ Rn×n be row-stochastic: A1n = 1n and A ≥ 0

Averaging Systems

xk+1 = Axk

Invariance: dynamics unaffected by
translations in span{1n}

Examples: distributed optimization,
robotic coordination, frequency
synchronization, . . .

Dynamical Flow Systems

xk+1 = A⊤xk

Conservation: quantity 1⊤
n x is constant

Examples: compartmental models, Markov
chains

F Bullo (UCSB) Semicontracting Dynamics on Networks 19 / 34



Historical starting point

Given row-stochastic A ∈ Rn×n,
Markov-Dobrushin ergodic coefficient

τ1(A) = max
∥z∥1=1,1⊤

n z=0
∥A⊤z∥1

τ1(A) < 1 under mild connectivity conditions
τp(A) also defined for general p ∈ [1,∞]

How is τ1 an induced norm?

A. A. Markov. Extensions of the law of large numbers to dependent quantities. Izvestiya Fiziko-matematicheskogo obschestva pri Kazanskom
universitete, 15, 1906. (in Russian)
R. L. Dobrushin. Central limit theorem for nonstationary Markov chains. I. Theory of Probability & Its Applications, 1(1):65–80, 1956.

F Bullo (UCSB) Semicontracting Dynamics on Networks 20 / 34
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A ∈ Rn×n row-stochastic

Classical Property of Averaging Systems xk+1 = Axk
Given x ∈ Rn, max-min disagreement:

s(Ax) ≤ τ1(A) s(x), where s(x) = max
i

{xi} −min
j

{xj}

Classical Property of Markov Chains xk+1 = A⊤xk
Given π, σ in the simplex ∆n, total variation distance:

dTV(A
⊤π,A⊤σ) ≤ τ1(A) dTV(π, σ), where dTV(π, σ) =

1
2

∑
i
|πi − σi|

Why is the same τ1 relevant in both cases?

F Bullo (UCSB) Semicontracting Dynamics on Networks 21 / 34



Seminorms

A seminorm is a function ||| · ||| : Rn → R≥0 s.t., ∀a ∈ R and ∀x, y ∈ Rn:

1 (homogeneity): |||ax||| = |a||||x|||
2 (subadditivity): |||x+ y||| ≤ |||x|||+ |||y|||

The kernel is the vector space:

K = {x ∈ Rn : |||x||| = 0}

We focus on consensus seminorms, where K = span{1n}.

Note: ||| · ||| is invariant under translations in K
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Projection and distance-based seminorms: graphical definitions

Projection seminorms Distance seminorms

|||x|||proj,p ≜ ∥Π⊥x∥p, Π⊥ = Π⊤
⊥ |||x|||dist,p ≜ minu∈K ∥x− u∥p
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Consensus seminorms

When K = span{1n}, consensus seminorms

|||x|||proj,p |||x|||dist,p

ℓ1

n∑
i=1

|xi − xavg|
⌊n
2
⌋∑

i=1

x(i) −
n∑

j=⌈n
2
⌉+1

x(j)

ℓ2

√
1
n

∑
i,j(xi − xj)2

√
1
n

∑
i,j(xi − xj)2

ℓ∞ maxi |xi − xavg| 1
2

(
x(1) − x(n)

)
where we have sorted x(1) ≥ x(2) ≥ · · · ≥ x(n)
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Figure: Two-dimensional sections of three-dimensional unit disks of projection (solid contours) and distance (dashed
contours) consensus seminorms. We plot the sections corresponding to (x1, x2, x3 = 0).
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Induced matrix seminorms

Consider a seminorm ||| · ||| on Rn with kernel K.

Induced matrix seminorm: function ||| · ||| : Rn×n → R≥0 defined by

|||A||| = max
|||x|||≤1
x⊥K

|||Ax|||

In general, |||Ax||| ≰ |||A||||||x|||
Inequality is true if x ∈ K⊥ or AK ⊆ K
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Key facts about dual and induced norms

Properties of dual and induced norms

1 ℓp and ℓq norms are dual, for 1/p+ 1/q = 1

∥ · ∥p = (∥ · ∥q)⋆ ∥ · ∥q = (∥ · ∥p)⋆

2 dual norm satisfies (sharp) Hölder inequality : x⊤y ≤ ∥x∥p ∥y∥q
3 equality between dual induced norms: ∥A∥p = ∥A⊤∥q
4 induced norm is submultiplicative: ∥AB∥ ≤ ∥A∥∥B∥
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Key facts about dual and induced seminorms

Properties of dual and induced seminorms

1 ℓp-distance and ℓq-projection seminorms are dual, for 1/p+ 1/q = 1

||| · |||dist,p = (||| · |||proj,q)⋆ ||| · |||proj,q = (||| · |||dist,p)⋆

2 dual seminorm satisfies (sharp) Markov inequality : x⊤Π⊥y ≤ |||x|||dist,p |||y|||proj,q
3 equality between dual induced seminorms: |||A|||dist,p = |||A⊤|||proj,q
4 induced seminorm is submultiplicative: |||AB||| ≤ |||A||||||B||| if AK ⊆ K or BK⊤ ⊆ K⊤

Ergodic coefficients are induced seminorms

|||A|||dist,p = |||A⊤|||proj,q = τq(A) := max
∥z∥q=1, z⊥1n

∥A⊤z∥q
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How Markov and Banach’s results meet

Classical Property of Averaging Systems
Given row-stochastic A ∈ Rn×n and x, y ∈ Rn:

|||A(x− y)|||dist,∞ ≤ τ1(A)|||x− y|||dist,∞
=

∣∣∣∣∣∣A∣∣∣∣∣∣
dist,∞

∣∣∣∣∣∣x− y
∣∣∣∣∣∣

dist,∞

Classical Property of Markov Chains
Given row-stochastic A ∈ Rn×n and π, σ in the simplex ∆n:

|||A⊤(π − σ)|||proj,1 ≤ τ1(A)|||π − σ|||proj,1
=

∣∣∣∣∣∣A⊤∣∣∣∣∣∣
proj,1

∣∣∣∣∣∣π − σ
∣∣∣∣∣∣

proj,1

F Bullo (UCSB) Semicontracting Dynamics on Networks 29 / 34



Outline

1 A brief review of contractivity concepts
From discrete-time to continuous-time dynamics
Examples and selected properties

2 Network contraction theorem

3 Semicontractivity, ergodic coefficients, and duality
Systems with invariance/conservation properties
Induced seminorms and duality

4 Conclusions and future research

F Bullo (UCSB) Semicontracting Dynamics on Networks 30 / 34



Summary and future work

1 ergodic coefficients are contraction factors

2 duality explains their roles in both averaging and flow systems

3 nonEuclidean norms play a key role

4 semicontraction theory
1 discrete/continuous-time Markov chains
2 discrete/continuous-time nonlinear consensus algorithms
3 local contractivity of Kuramoto and Kuramoto-Sakaguchi models
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Continuous-time semicontraction theory

The induced log seminorm of A ∈ Rn×n is

µ|||·|||(A) ≜ lim
h→0+

|||In + hA||| − 1

h

Laplacian L, corresponding to weighted digraph with adj. matrix A:

µdist,1(−L) = −min
j

(dout)j −
⌊n
2
⌋−1∑

i=1

a(i),j +

n−1∑
i=⌈n

2
⌉

a(i),j

 , dout = A1n

µdist,2(−L) = min
{
b : Π⊥L+ L⊤Π⊥ ⪰ −2bΠ⊥

}
, Π⊥ = In − 1

n1n1⊤
n

µdist,∞(−L) = −min
i ̸=j

aij + aji +
∑
k ̸=i,j

min{aik, ajk}


Let p, q ∈ [1,∞] such that p−1 + q−1 = 1. For any matrix M ∈ Rn×n, and any kernel K,

µdist,p(M) = µproj,q(M
⊤)
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Open problem
consider the set of undirected, unweighted connected graphs + selfloops
for each adjacency Ai, define row-stochastic Ai = diag(Ai1n)

−1Ai (equal neighbor)
find a consensus seminorm ||| · ||| such that, for each i,

|||Ai||| < 1

or prove that it does not exist
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