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Outline

1 Recent progress
Elastic and flow networks on the torus
Cutset spaces
Geometric graph theory on the n-torus
Convexity, monotonicity, and contraction theory
Multistability in phase-coupled oscillators
Sync threshold: Approximate inverse via series methods
Sync threshold: gap between necessary and sufficient conditions
State-space oscillators

2 Open Problems



#1: Elastic and flow networks on the torus

ωi =
∑n

j=1
aij sin(θi − θj)

Spring network

ωi = τi : torque at i

aij = kij : spring stiffness i, j

sin(θi − θj) : modulation

elastic energy
E =

∑
ij(1− cos(θi − θj))

⌧1

⌧3

⌧2

k12

k24

⌧4
k34

k23

Power network

ωi = pi : injected power

aij : max power flow i, j

sin(θi − θj) : modulation

KCL flow conservation and Ohm’s
flow law

fij
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0<latexit sha1_base64="Wu/nXKm+jbd+gY4vfdo+0hQXLbU=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdjfFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEgmvjul/OxubW9s5uYa+4f3B4dFw6OW3pKFEMmywSkeoEVKPgEpuGG4GdWCENA4HtYHK/8NtTVJpH8tHMYvRDOpJ8yBk1ttRw+6WyW3EzkXXwcihDrnq/9N0bRCwJURomqNZdz42Nn1JlOBM4L/YSjTFlEzrCrkVJQ9TXejrKwE+fspXn5NJ6AzKMlH3SkKz6ezalodazMLCdITVjveotiv953cQMq37KZZwYlGz50TARxERkcT8ZcIXMiJkFyhS3WxM2pooyY1Mq2ji81ePXoXVT8Sw3bsu1ah5MAc7hAq7AgzuowQPUoQkMEJ7hBV4d47w5787HsnXDyWfO4I+czx+TupDu</latexit><latexit sha1_base64="Wu/nXKm+jbd+gY4vfdo+0hQXLbU=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdjfFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEgmvjul/OxubW9s5uYa+4f3B4dFw6OW3pKFEMmywSkeoEVKPgEpuGG4GdWCENA4HtYHK/8NtTVJpH8tHMYvRDOpJ8yBk1ttRw+6WyW3EzkXXwcihDrnq/9N0bRCwJURomqNZdz42Nn1JlOBM4L/YSjTFlEzrCrkVJQ9TXejrKwE+fspXn5NJ6AzKMlH3SkKz6ezalodazMLCdITVjveotiv953cQMq37KZZwYlGz50TARxERkcT8ZcIXMiJkFyhS3WxM2pooyY1Mq2ji81ePXoXVT8Sw3bsu1ah5MAc7hAq7AgzuowQPUoQkMEJ7hBV4d47w5787HsnXDyWfO4I+czx+TupDu</latexit><latexit sha1_base64="Wu/nXKm+jbd+gY4vfdo+0hQXLbU=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdjfFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEgmvjul/OxubW9s5uYa+4f3B4dFw6OW3pKFEMmywSkeoEVKPgEpuGG4GdWCENA4HtYHK/8NtTVJpH8tHMYvRDOpJ8yBk1ttRw+6WyW3EzkXXwcihDrnq/9N0bRCwJURomqNZdz42Nn1JlOBM4L/YSjTFlEzrCrkVJQ9TXejrKwE+fspXn5NJ6AzKMlH3SkKz6ezalodazMLCdITVjveotiv953cQMq37KZZwYlGz50TARxERkcT8ZcIXMiJkFyhS3WxM2pooyY1Mq2ji81ePXoXVT8Sw3bsu1ah5MAc7hAq7AgzuowQPUoQkMEJ7hBV4d47w5787HsnXDyWfO4I+czx+TupDu</latexit><latexit sha1_base64="Wu/nXKm+jbd+gY4vfdo+0hQXLbU=">AAAB8nicbZBNS8NAEIYnftb6VfXoZbEIHqQkIthjwYvHFuwHtKFsttN26WYTdjfFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEgmvjul/OxubW9s5uYa+4f3B4dFw6OW3pKFEMmywSkeoEVKPgEpuGG4GdWCENA4HtYHK/8NtTVJpH8tHMYvRDOpJ8yBk1ttRw+6WyW3EzkXXwcihDrnq/9N0bRCwJURomqNZdz42Nn1JlOBM4L/YSjTFlEzrCrkVJQ9TXejrKwE+fspXn5NJ6AzKMlH3SkKz6ezalodazMLCdITVjveotiv953cQMq37KZZwYlGz50TARxERkcT8ZcIXMiJkFyhS3WxM2pooyY1Mq2ji81ePXoXVT8Sw3bsu1ah5MAc7hAq7AgzuowQPUoQkMEJ7hBV4d47w5787HsnXDyWfO4I+czx+TupDu</latexit> ⇡/2
<latexit sha1_base64="6b8FL80DkREeykexQVbZ+QNKdlA=">AAAB9nicbZDNSsNAFIVv6l+tf1WXbgaL4EJqUgp2WXDjsoJpC20ok+mkHTqZhJlJaQl9Bre6cSdufR3Bh3GaZqGtFwY+zrmXe+f4MWdK2/aXVdja3tndK+6XDg6Pjk/Kp2dtFSWSUJdEPJJdHyvKmaCuZprTbiwpDn1OO/7kful3plQqFoknPY+pF+KRYAEjWBvJ7cfstjYoV+yqnRXaBCeHCuTVGpS/+8OIJCEVmnCsVM+xY+2lWGpGOF2U+omiMSYTPKI9gwKHVN2o6SgDL51lZy/QlfGGKIikeUKjTP09m+JQqXnom84Q67Fa95bif14v0UHDS5mIE00FWS0KEo50hJYZoCGTlGg+N4CJZOZqRMZYYqJNUiUTh7P++U1o16qO4cd6pdnIgynCBVzCNThwB014gBa4QIDBM7zAqzWz3qx362PVWrDymXP4U9bnD1gAknw=</latexit><latexit sha1_base64="6b8FL80DkREeykexQVbZ+QNKdlA=">AAAB9nicbZDNSsNAFIVv6l+tf1WXbgaL4EJqUgp2WXDjsoJpC20ok+mkHTqZhJlJaQl9Bre6cSdufR3Bh3GaZqGtFwY+zrmXe+f4MWdK2/aXVdja3tndK+6XDg6Pjk/Kp2dtFSWSUJdEPJJdHyvKmaCuZprTbiwpDn1OO/7kful3plQqFoknPY+pF+KRYAEjWBvJ7cfstjYoV+yqnRXaBCeHCuTVGpS/+8OIJCEVmnCsVM+xY+2lWGpGOF2U+omiMSYTPKI9gwKHVN2o6SgDL51lZy/QlfGGKIikeUKjTP09m+JQqXnom84Q67Fa95bif14v0UHDS5mIE00FWS0KEo50hJYZoCGTlGg+N4CJZOZqRMZYYqJNUiUTh7P++U1o16qO4cd6pdnIgynCBVzCNThwB014gBa4QIDBM7zAqzWz3qx362PVWrDymXP4U9bnD1gAknw=</latexit><latexit sha1_base64="6b8FL80DkREeykexQVbZ+QNKdlA=">AAAB9nicbZDNSsNAFIVv6l+tf1WXbgaL4EJqUgp2WXDjsoJpC20ok+mkHTqZhJlJaQl9Bre6cSdufR3Bh3GaZqGtFwY+zrmXe+f4MWdK2/aXVdja3tndK+6XDg6Pjk/Kp2dtFSWSUJdEPJJdHyvKmaCuZprTbiwpDn1OO/7kful3plQqFoknPY+pF+KRYAEjWBvJ7cfstjYoV+yqnRXaBCeHCuTVGpS/+8OIJCEVmnCsVM+xY+2lWGpGOF2U+omiMSYTPKI9gwKHVN2o6SgDL51lZy/QlfGGKIikeUKjTP09m+JQqXnom84Q67Fa95bif14v0UHDS5mIE00FWS0KEo50hJYZoCGTlGg+N4CJZOZqRMZYYqJNUiUTh7P++U1o16qO4cd6pdnIgynCBVzCNThwB014gBa4QIDBM7zAqzWz3qx362PVWrDymXP4U9bnD1gAknw=</latexit><latexit sha1_base64="6b8FL80DkREeykexQVbZ+QNKdlA=">AAAB9nicbZDNSsNAFIVv6l+tf1WXbgaL4EJqUgp2WXDjsoJpC20ok+mkHTqZhJlJaQl9Bre6cSdufR3Bh3GaZqGtFwY+zrmXe+f4MWdK2/aXVdja3tndK+6XDg6Pjk/Kp2dtFSWSUJdEPJJdHyvKmaCuZprTbiwpDn1OO/7kful3plQqFoknPY+pF+KRYAEjWBvJ7cfstjYoV+yqnRXaBCeHCuTVGpS/+8OIJCEVmnCsVM+xY+2lWGpGOF2U+omiMSYTPKI9gwKHVN2o6SgDL51lZy/QlfGGKIikeUKjTP09m+JQqXnom84Q67Fa95bif14v0UHDS5mIE00FWS0KEo50hJYZoCGTlGg+N4CJZOZqRMZYYqJNUiUTh7P++U1o16qO4cd6pdnIgynCBVzCNThwB014gBa4QIDBM7zAqzWz3qx362PVWrDymXP4U9bnD1gAknw=</latexit>

⇡<latexit sha1_base64="iGVgDsJL4UGdBXovCDDegDXPcVg=">AAAB9HicbZDNSgMxFIVv6l+tf1WXboJFcCFlRgS7LLhxWdHWQjuUTJqZhmYyQ5IplqGP4FY37sSt7yP4MKbTWWjrhcDHOfdyb46fCK6N43yh0tr6xuZWebuys7u3f1A9POroOFWUtWksYtX1iWaCS9Y23AjWTRQjkS/Yoz++mfuPE6Y0j+WDmSbMi0goecApMVa67yd8UK05dScvvApuATUoqjWofveHMU0jJg0VROue6yTGy4gynAo2q/RTzRJCxyRkPYuSRExf6EmYg5c95UfP8Jn1hjiIlX3S4Fz9PZuRSOtp5NvOiJiRXvbm4n9eLzVBw8u4TFLDJF0sClKBTYznCeAhV4waMbVAqOL2akxHRBFqbE4VG4e7/PlV6FzWXct3V7VmowimDCdwCufgwjU04RZa0AYKITzDC7yiCXpD7+hj0VpCxcwx/Cn0+QN0pJIH</latexit><latexit sha1_base64="iGVgDsJL4UGdBXovCDDegDXPcVg=">AAAB9HicbZDNSgMxFIVv6l+tf1WXboJFcCFlRgS7LLhxWdHWQjuUTJqZhmYyQ5IplqGP4FY37sSt7yP4MKbTWWjrhcDHOfdyb46fCK6N43yh0tr6xuZWebuys7u3f1A9POroOFWUtWksYtX1iWaCS9Y23AjWTRQjkS/Yoz++mfuPE6Y0j+WDmSbMi0goecApMVa67yd8UK05dScvvApuATUoqjWofveHMU0jJg0VROue6yTGy4gynAo2q/RTzRJCxyRkPYuSRExf6EmYg5c95UfP8Jn1hjiIlX3S4Fz9PZuRSOtp5NvOiJiRXvbm4n9eLzVBw8u4TFLDJF0sClKBTYznCeAhV4waMbVAqOL2akxHRBFqbE4VG4e7/PlV6FzWXct3V7VmowimDCdwCufgwjU04RZa0AYKITzDC7yiCXpD7+hj0VpCxcwx/Cn0+QN0pJIH</latexit><latexit sha1_base64="iGVgDsJL4UGdBXovCDDegDXPcVg=">AAAB9HicbZDNSgMxFIVv6l+tf1WXboJFcCFlRgS7LLhxWdHWQjuUTJqZhmYyQ5IplqGP4FY37sSt7yP4MKbTWWjrhcDHOfdyb46fCK6N43yh0tr6xuZWebuys7u3f1A9POroOFWUtWksYtX1iWaCS9Y23AjWTRQjkS/Yoz++mfuPE6Y0j+WDmSbMi0goecApMVa67yd8UK05dScvvApuATUoqjWofveHMU0jJg0VROue6yTGy4gynAo2q/RTzRJCxyRkPYuSRExf6EmYg5c95UfP8Jn1hjiIlX3S4Fz9PZuRSOtp5NvOiJiRXvbm4n9eLzVBw8u4TFLDJF0sClKBTYznCeAhV4waMbVAqOL2akxHRBFqbE4VG4e7/PlV6FzWXct3V7VmowimDCdwCufgwjU04RZa0AYKITzDC7yiCXpD7+hj0VpCxcwx/Cn0+QN0pJIH</latexit><latexit sha1_base64="iGVgDsJL4UGdBXovCDDegDXPcVg=">AAAB9HicbZDNSgMxFIVv6l+tf1WXboJFcCFlRgS7LLhxWdHWQjuUTJqZhmYyQ5IplqGP4FY37sSt7yP4MKbTWWjrhcDHOfdyb46fCK6N43yh0tr6xuZWebuys7u3f1A9POroOFWUtWksYtX1iWaCS9Y23AjWTRQjkS/Yoz++mfuPE6Y0j+WDmSbMi0goecApMVa67yd8UK05dScvvApuATUoqjWofveHMU0jJg0VROue6yTGy4gynAo2q/RTzRJCxyRkPYuSRExf6EmYg5c95UfP8Jn1hjiIlX3S4Fz9PZuRSOtp5NvOiJiRXvbm4n9eLzVBw8u4TFLDJF0sClKBTYznCeAhV4waMbVAqOL2akxHRBFqbE4VG4e7/PlV6FzWXct3V7VmowimDCdwCufgwjU04RZa0AYKITzDC7yiCXpD7+hj0VpCxcwx/Cn0+QN0pJIH</latexit>



#2: Cutset spaces



#2: Cutset spaces
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<latexit sha1_base64="upl4PJOkKpjhZ3dxHQGz3REj2rg=">AAAB63icdVDdSgJBGP3W/sz+rC67GZLAC1l2XUu7CIRuujRIE1yT2XFWB2d/mJkNZPEpuonopqB36RV6m0bdLow6MHA45wzfdz4v5kwqy/oycmvrG5tb+e3Czu7e/kHx8Kgjo0QQ2iYRj0TXw5JyFtK2YorTbiwoDjxO773J9dy/f6RCsii8U9OY9gM8CpnPCFZaenDJmF25qV2pVhx3NiiWLNNaAFlmreqcVy81aTi2U3eQnVklyNAaFD/dYUSSgIaKcCxlz7Zi1U+xUIxwOiu4iaQxJhM8ouli1xk609IQ+ZHQL1Rooa7kcCDlNPB0MsBqLH97c/Evr5cov9FPWRgnioZkOchPOFIRmhdHQyYoUXyqCSaC6Q0RGWOBidLnKejqP/3Q/6RTNe0Ls3ZbKzXL2RHycAKnUAYb6tCEG2hBGwgIeIY3eDcC48l4MV6X0ZyR/TmGFRgf3+8ojT0=</latexit>

� = {1, 2, 3}
<latexit sha1_base64="TngzLNkOA1cj1mC75aqJU4b4TcU=">AAAB+nicdVDLSgMxFM3UV62vqstugkXoopSZTl8uhIIblxXsAzq1ZNJMG5p5kGSEMs7CX3Ej4kbBj/AX/BvT6bio6IXA4ZwT7rnHDhgVUte/tMzG5tb2TnY3t7d/cHiUPz7pCT/kmHSxz3w+sJEgjHqkK6lkZBBwglybkb49v1rq/XvCBfW9W7kIyMhFU486FCOpqHG+YOEZvYssF8mZcCIcx5dWVCvXyw0rHueLekVPBuqVWtWsVy8UaJmG2TShkUpFkE5nnP+0Jj4OXeJJzJAQQ0MP5ChCXFLMSJyzQkEChOdoSqIkegzPFTWBjs/V8yRM2DUfcoVYuLZyJhF/a0vyL20YSqc1iqgXhJJ4eLXICRmUPlz2ACeUEyzZQgGEOVUJIZ4hjrBUbeXU6T/3wf9Br1oxGpXaTa3YLqUlZEEBnIESMEATtME16IAuwOARPIM38K49aE/ai/a6sma09M8pWBvt4xv5C5OJ</latexit>

�c = {4, 5, 6}

vχ =
[
0 0 +1 +1 −1 +1 0

]⊤
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Rm
︸︷︷︸

edge space

= Im(B⊤)︸ ︷︷ ︸
cutset space
flow vectors

⊕ Ker(BA)︸ ︷︷ ︸
weighted cycle space

cycle vectors

P = B⊤L†BA = cutset projection operator — onto Im(B⊤) parallel to Ker(BA)

1 if G unweighted, then P is orthogonal and ∥P∥2 = 1

2 if G acyclic, then P = Im and ∥P∥p = 1

3 if G uniform complete or ring, then ∥P∥∞ = 2(n− 1)/n ≤ 2

4 if θ is the minimal angle between the cutset space and the cycle space of G, then sin(θ) = ∥P∥−1
2

5 if Reff ∈ Rn×n are effective resistances, then P = − 1
2
B⊤ReffBA

6 . . .



#3: Winding numbers and partitions

Given a cycle σ = (1, . . . , nσ) and orientation

1 winding number of θ ∈ Tn along σ
= number of times the shortest-arc path wraps around torus

<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="9BagaQ6LCqsaKeY/L486BtHo/W8="></latexit>

1
<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2

<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2
<latexit sha1_base64="qdVz38KKCzrQfpyhY549DkEtn9c="></latexit>

2

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="TXzjxqkDIYtm4dBTDVa38oaBPT0="></latexit>

3

<latexit sha1_base64="hv0UXglyyR8/CfaFst8Q8GcI5/I="></latexit>

w = 0
<latexit sha1_base64="yMO353qizg8JphzGU6e9F5XMA/0="></latexit>

w = +1
<latexit sha1_base64="lggk9Nk/+5FcBTV8YhO8pLhDA2M="></latexit>

w = �1

2 given basis σ1, . . . , σr for cycles, winding vector of θ is

w(θ) = (wσ1(θ), . . . , wσr(θ))



Theorem: Kirchhoff angle law on Tn

winding number is at most ± ⌊nσ/2⌋ − 1

Theorem: Winding partition For each possible winding vector u, define

WindingCell(u) := {θ ∈ Tn | w(θ) = u}

Then
Tn = ∪uWindingCell(u)



w = −1 w = 0 w = +1

Theorem: Reduced cell is convex polytope

each winding cell is connected and invariant under rotation

bijection:
reduced winding cell ←→ open convex polytope

dcc(✓1, ✓2)
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3
<latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit> 3

<latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit><latexit sha1_base64="EWjSdsCCvvDJj+1oycS8zLqQ0JE=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSqKDHghdP0oL9gDaUzXbTLt1swu6kWEJ/gVe9eBOv/iHBH+M2zUFbX1h4mHeGnXn9WHCNjvNlFdbWNza3itulnd29/YPy4VFLR4mirEkjEamOTzQTXLImchSsEytGQl+wtj++m/vtCVOaR/IRpzHzQjKUPOCUoCk1rvrlilN1Mtmr4OZQgVz1fvm7N4hoEjKJVBCtu64To5cShZwKNiv1Es1iQsdkyLoGJQmZvtCTYQZe+pStPLPPjDewg0iZJ9HOqr9nUxJqPQ190xkSHOllb178z+smGNx6KZdxgkzSxUdBImyM7Pn99oArRlFMDRCquNnapiOiCEWTUsnE4S4fvwqty6pruHFdqT3kwRThBE7hHFy4gRrcQx2aQIHBM7zAq4XWm/VufSxaC1Y+cwx/ZH3+AJ8CkQc=</latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit> 1

<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>

1
<latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit><latexit sha1_base64="AE91xyYeaxIqcinPmS2TWbMuJ9E="></latexit>4

<latexit sha1_base64="Dh6HZgmZLq0X63uma8P73OEeNeg=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCSSEGPBS+epAX7AW0om+2kXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mndwu9MQWkeyUecxeCFdCR5wBlFU2rWBuWKU3Uy2evg5lAhuRqD8nd/GLEkBIlMUK17rhOjl1KFnAmYl/qJhpiyCR1Bz6CkIegrPR1l4KVP2cpz+8J4QzuIlHkS7az6ezalodaz0DedIcWxXvUWxf+8XoLBrZdyGScIki0/ChJhY2Qv7reHXAFDMTNAmeJma5uNqaIMTUolE4e7evw6tK+rrlN1m7VK/SEPpkjOyDm5JC65IXVyTxqkRRgB8kxeyKuF1pv1bn0sWwtWPnNK/sj6/AGgjpEI</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit> 4
<latexit sha1_base64="Dh6HZgmZLq0X63uma8P73OEeNeg=">AAAB8nicbZBNS8NAEIY39avWr6pHL8EieJCSSEGPBS+epAX7AW0om+2kXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhLFoMUiEamuTzUILqGFHAV0YwU09AV0/Mndwu9MQWkeyUecxeCFdCR5wBlFU2rWBuWKU3Uy2evg5lAhuRqD8nd/GLEkBIlMUK17rhOjl1KFnAmYl/qJhpiyCR1Bz6CkIegrPR1l4KVP2cpz+8J4QzuIlHkS7az6ezalodaz0DedIcWxXvUWxf+8XoLBrZdyGScIki0/ChJhY2Qv7reHXAFDMTNAmeJma5uNqaIMTUolE4e7evw6tK+rrlN1m7VK/SEPpkjOyDm5JC65IXVyTxqkRRgB8kxeyKuF1pv1bn0sWwtWPnNK/sj6/AGgjpEI</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit><latexit sha1_base64="ScKIZ98XF6tkRze5zfpvOaoaU/0=">AAAB7nicbZBNS8NAEIY39avWr+rVy2IRPEhJRNBjwYsnqWA/oA1ls520SzebsDspltBf4FUv3rz6jwR/jNs0B219YeFh3hl25g0SKQy67pdT2tjc2t4p71b29g8Oj6qV47aJU82hxWMZ627ADEihoIUCJXQTDSwKJHSCyd3C70xBGxGrJ5wl4EdspEQoOENberweVGtu3c1F18EroEYKNQfV7/4w5mkECrlkxvQ8N0E/YxoFlzCv9FMDCeMTNoKeRcUiMJdmOsrBz57zlef03HpDGsbaPoU0r/6ezVhkzCwKbGfEcGxWvUXxP6+XYnjrZ0IlKYLiy4/CVFKM6eJ+OhQaOMqZBca1sFtTPmaacbQpVWwc3urx69C+qntu3as1HopYyuSUnJEL4pEb0iD3pElahBMgL+SVvDnovDsfy8aSU0yckD9yPn8AJAKP1A==</latexit>

2
<latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit> 2

<latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit><latexit sha1_base64="QeFTJR9IyigwQKwlhKOMRWKBJEI=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCSFEGPBS+epAX7AW0om+2mXbrZhN1JsYT+Aq968SZe/UOCP8ZtmoO2vrDwMO8MO/P6seAaHefLKmxsbm3vFHdLe/sHh0fl45O2jhJFWYtGIlJdn2gmuGQt5ChYN1aMhL5gHX9yt/A7U6Y0j+QjzmLmhWQkecApQVNq1gblilN1Mtnr4OZQgVyNQfm7P4xoEjKJVBCte64To5cShZwKNi/1E81iQidkxHoGJQmZvtLTUQZe+pStPLcvjDe0g0iZJ9HOqr9nUxJqPQt90xkSHOtVb1H8z+slGNx6KZdxgkzS5UdBImyM7MX99pArRlHMDBCquNnapmOiCEWTUsnE4a4evw7tWtU13Lyu1B/yYIpwBudwCS7cQB3uoQEtoMDgGV7g1ULrzXq3PpatBSufOYU/sj5/AJ10kQY=</latexit>

�
<latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit><latexit sha1_base64="wB/TcAXoCTgL89MY1VlUAVJ7g3s=">AAAB93icdZDLSgMxFIbP1Futt6pLN8EiuJAyI4ouC25cSQV7gXYomTQzjU0yQ5IplqHv4FY37sStjyP4MKbTCl5/CHyc/xzOyR8knGnjum9OYWFxaXmluFpaW9/Y3Cpv7zR1nCpCGyTmsWoHWFPOJG0YZjhtJ4piEXDaCoYXU781okqzWN6YcUJ9gSPJQkawsaVmV7NI4F654laPT10r9Bu8qpurAnPVe+X3bj8mqaDSEI617nhuYvwMK8MIp5NSN9U0wWSII9qxKLGg+kiPohz87C6/e4IOrNdHYazskwbl1a+zGRZaj0VgOwU2A/3Tmxb/8jqpCc/9jMkkNVSS2aIw5cjEaBoC6jNFieFjC5goZq9GZIAVJsZGVbJxfP4Z/Q/N46pn+fqkUruaB1OEPdiHQ/DgDGpwCXVoAIFbuIcHeHTGzpPz7LzMWgvOfGYXvsl5/QDzjpOI</latexit>

�1
<latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit><latexit sha1_base64="117t+82y1cpDl67Z9IUFCfkE4W8=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwH2vX6641dqZa4V+g1d1c1VgoUa//N4bxCQVVBrCsdZdz02Mn2FlGOF0WuqlmiaYjHBEuxYlFlSf6HGUg5/d5ZdP0ZH1BiiMlX3SoLz6dTbDQuuJCGynwGaof3qz4l9eNzXhhZ8xmaSGSjJfFKYcmRjNYkADpigxfGIBE8Xs1YgMscLE2LBKNo7PP6P/oVWrepZvTiv160UwRTiAQzgGD86hDlfQgCYQ4HAPD/DoZM6T8+y8zFsLzmJmH77Jef0AIreULA==</latexit>

�2
<latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit><latexit sha1_base64="Uri+b7OJt15BlCKqdRAJW1aUAn0=">AAAB+XicdZDLSgMxFIbP1Futt6pLN8EiuJAyUxRdFty4kgr2Au1QMmlmGppkhiRTLENfwq1u3Ilbn0bwYUynFbz+EPg4/zmckz9IONPGdd+cwtLyyupacb20sbm1vVPe3WvpOFWENknMY9UJsKacSdo0zHDaSRTFIuC0HYwuZ357TJVmsbw1k4T6AkeShYxgY0udnmaRwP1av1xxq7Uz1wr9Bq/q5qrAQo1++b03iEkqqDSEY627npsYP8PKMMLptNRLNU0wGeGIdi1KLKg+0eMoBz+7yy+foiPrDVAYK/ukQXn162yGhdYTEdhOgc1Q//Rmxb+8bmrCCz9jMkkNlWS+KEw5MjGaxYAGTFFi+MQCJorZqxEZYoWJsWGVbByff0b/Q6tW9SzfnFbq14tginAAh3AMHpxDHa6gAU0gwOEeHuDRyZwn59l5mbcWnMXMPnyT8/oBJEWULQ==</latexit>
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<latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit><latexit sha1_base64="mlVrYgg1/YDMkIP3LNQtKJNKpj4=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuSkYEXbgouHFZwT6gU0omc6cNzWSGJCOWoR/gxl9x40IRt36AO//GtB1EWw8EDuecS+49QSq4NoR8OUvLK6tr66UNd3Nre2e3vLff1EmmGDRYIhLVDqgGwSU0DDcC2qkCGgcCWsHwauK37kBpnshbM0qhG9O+5BFn1FipV674AfS5zNOYGsXvxy7xfZe4PsjwR7MpUiVT4EXiFaSCCtR75U8/TFgWgzRMUK07HklNN6fKcCZg7PqZhpSyIe1Dx1JJY9DdfHrMGB9bJcRRouyTBk/V3xM5jbUexYFN2v0Get6biP95ncxEF92cyzQzINnsoygT2CR40gwOuQJmxMgSyhS3u2I2oIoyY/tzbQne/MmLpHla9UjVuzmr1C6LOkroEB2hE+Shc1RD16iOGoihB/SEXtCr8+g8O2/O+yy65BQzB+gPnI9vXaabJw==</latexit>

✓
1
0

◆

<latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit><latexit sha1_base64="qN9HLX9eSVbXctuVjC780heGQ/Q=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKCLlwU3LisYB/QlDKZ3LRDJ5MwMxFL6Ae48VfcuFDErR/gzr9x2gbR1gMDh3POZe49QcqZ0q77ZS0tr6yurZc27M2t7Z3d8t5+UyWZpNigCU9kOyAKORPY0ExzbKcSSRxwbAXDq4nfukOpWCJu9SjFbkz6gkWMEm2kXrniB9hnIk9joiW7H9ue79uu7aMIfzSTcqvuFM4i8QpSgQL1XvnTDxOaxSg05USpjuemupsTqRnlOLb9TGFK6JD0sWOoIDGqbj49ZuwcGyV0okSaJ7QzVX9P5CRWahQHJmn2G6h5byL+53UyHV10cybSTKOgs4+ijDs6cSbNOCGTSDUfGUKoZGZXhw6IJFSb/mxTgjd/8iJpnlY9t+rdnFVql0UdJTiEIzgBD86hBtdQhwZQeIAneIFX69F6tt6s91l0ySpmDuAPrI9vXzybKA==</latexit>

✓
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◆

<latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit><latexit sha1_base64="lQv9lGMarHJZWTwEJgDHRhU28Mw=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6MFDwYvHCvYDmlA2m2m7dLMJuxuxhP4BL/4VLx4U8erdm//GbRtEWx8MPN6bYWZemHKmtOt+WQuLS8srq6U1e31jc2vb2dltqCSTFOo04YlshUQBZwLqmmkOrVQCiUMOzXBwNfabdyAVS8StHqYQxKQnWJdRoo3UcQ79EHpM5GlMtGT3I/vE833btX0Q0Y/YccpuxZ0AzxOvIGVUoNZxPv0ooVkMQlNOlGp7bqqDnEjNKIeR7WcKUkIHpAdtQwWJQQX55JsRPjJKhLuJNCU0nqi/J3ISKzWMQ9Np7uurWW8s/ue1M929CHIm0kyDoNNF3YxjneBxNDhiEqjmQ0MIlczcimmfSEK1CdA2IXizL8+TxmnFcyvezVm5elnEUUL76AAdIw+doyq6RjVURxQ9oCf0gl6tR+vZerPep60LVjGzh/7A+vgG0nabXw==</latexit>

✓
1
�1

◆

<latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit><latexit sha1_base64="ZtsnrQXBtmeVnZ7/8iPtRvw3oLQ=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuR7fm+feLZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSeZta</latexit>

✓
�1
1

◆

<latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit><latexit sha1_base64="Dqm8n7HGwy6DHCWx5VhO8R8DU24=">AAACDXicbVBNS8NAEN34WeNX1KOXxSp4sSQi6rHgxWMF+wFNKJvNtF262YTdjVhC/4AX/4oXD4p49e7Nf+O2DaKtDwYe780wMy9MOVPadb+shcWl5ZXV0pq9vrG5te3s7DZUkkkKdZrwRLZCooAzAXXNNIdWKoHEIYdmOLga+807kIol4lYPUwhi0hOsyyjRRuo4h34IPSbyNCZasvuRfeL5vu3ZPojoR+w4ZbfiToDniVeQMipQ6ziffpTQLAahKSdKtT031UFOpGaUw8j2MwUpoQPSg7ahgsSggnzyzQgfGSXC3USaEhpP1N8TOYmVGsah6TT39dWsNxb/89qZ7l4GORNppkHQ6aJuxrFO8DgaHDEJVPOhIYRKZm7FtE8kodoEaJsQvNmX50njtOK5Fe/mrFw9L+IooX10gI6Rhy5QFV2jGqojih7QE3pBr9aj9Wy9We/T1gWrmNlDf2B9fAPSOpta</latexit>

✓
0
�1

◆

<latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit><latexit sha1_base64="LxFnivfb3ZcLZCdfpCU1PMkaqPc=">AAACDXicdVDLSsNAFJ3UV42vqEs3g1VwY0lEqt0V3LisYB/QlDKZ3LZDJ5MwMxFL6A+48VfcuFDErXt3/o3Th+LzwIXDOfdy7z1BwpnSrvtm5ebmFxaX8sv2yura+oazuVVXcSop1GjMY9kMiALOBNQ00xyaiQQSBRwaweBs7DeuQCoWi0s9TKAdkZ5gXUaJNlLH2fMD6DGRJRHRkl2PbNf37UPP9kGEn2LHKbjFsuuVSx7+TbyiO0EBzVDtOK9+GNM0AqEpJ0q1PDfR7YxIzSiHke2nChJCB6QHLUMFiUC1s8k3I7xvlBB3Y2lKaDxRv05kJFJqGAWm09zXVz+9sfiX10p197SdMZGkGgSdLuqmHOsYj6PBIZNANR8aQqhk5lZM+0QSqk2Atgnh41P8P6kfFT236F0cFyqlWRx5tIN20QHy0AmqoHNURTVE0Q26Qw/o0bq17q0n63namrNmM9voG6yXd0Hpm6c=</latexit>

✓
0
1

◆

<latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit><latexit sha1_base64="xio1RxPNyr/OUNjoMhLZyfH9BSU=">AAACDHicbVDLSsNAFL3xWeOr6tJNsAiuSiKiLgtuXFawD2hKmUxu2qGTSZiZiCX0A9z4K25cKOLWD3Dn3zhtg2jrgYHDOecy954g5Uxp1/2ylpZXVtfWSxv25tb2zm55b7+pkkxSbNCEJ7IdEIWcCWxopjm2U4kkDji2guHVxG/doVQsEbd6lGI3Jn3BIkaJNlKvXPED7DORpzHRkt2Pbdf3bc/2UYQ/mkm5VXcKZ5F4BalAgXqv/OmHCc1iFJpyolTHc1PdzYnUjHIc236mMCV0SPrYMVSQGFU3nx4zdo6NEjpRIs0T2pmqvydyEis1igOTNPsN1Lw3Ef/zOpmOLrs5E2mmUdDZR1HGHZ04k2ackEmkmo8MIVQys6tDB0QSqk1/tinBmz95kTRPq55b9W7OKrXzoo4SHMIRnIAHF1CDa6hDAyg8wBO8wKv1aD1bb9b7LLpkFTMH8AfWxzddapsi</latexit>

dcc(✓2 , ✓1)
<latexit sha1_base64="NANqVMaDi0h2qlcWBbc6/KM4abw=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbLbt6uaD3RehhPxHETz4R7x40G0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93C98PuPVEgWhXcwj+k4wNOQTRjBoCTXvPfddBRgmIkgJSTLqiOYUcBu4yInTs2o/Je5/DvT/Mo0aq5Ztuv2EtYmcXJSRjk6rvk88iOSBDQEwrGUQ8eOYZxiAYxwmhmjRNIYkwc8pUNFQxxQOU6XnWRWRSm+NYmEOiFYS/X7RIoDKeeBp5KLteW6txB/84YJTFrjlIVxAjQkq4smCbcgshYFWz4TlACfK4KJYGpXi8ywwATUNxiqBGf9yZuk16g7dt25bZbbrbyOIjpD56iKHHSF2ugGdVAXEfSE3tCHhrQX7V3X9cIqqmv5zCn6Ab30CddVs8w=</latexit><latexit sha1_base64="NANqVMaDi0h2qlcWBbc6/KM4abw=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbLbt6uaD3RehhPxHETz4R7x40G0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93C98PuPVEgWhXcwj+k4wNOQTRjBoCTXvPfddBRgmIkgJSTLqiOYUcBu4yInTs2o/Je5/DvT/Mo0aq5Ztuv2EtYmcXJSRjk6rvk88iOSBDQEwrGUQ8eOYZxiAYxwmhmjRNIYkwc8pUNFQxxQOU6XnWRWRSm+NYmEOiFYS/X7RIoDKeeBp5KLteW6txB/84YJTFrjlIVxAjQkq4smCbcgshYFWz4TlACfK4KJYGpXi8ywwATUNxiqBGf9yZuk16g7dt25bZbbrbyOIjpD56iKHHSF2ugGdVAXEfSE3tCHhrQX7V3X9cIqqmv5zCn6Ab30CddVs8w=</latexit><latexit sha1_base64="NANqVMaDi0h2qlcWBbc6/KM4abw=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbLbt6uaD3RehhPxHETz4R7x40G0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93C98PuPVEgWhXcwj+k4wNOQTRjBoCTXvPfddBRgmIkgJSTLqiOYUcBu4yInTs2o/Je5/DvT/Mo0aq5Ztuv2EtYmcXJSRjk6rvk88iOSBDQEwrGUQ8eOYZxiAYxwmhmjRNIYkwc8pUNFQxxQOU6XnWRWRSm+NYmEOiFYS/X7RIoDKeeBp5KLteW6txB/84YJTFrjlIVxAjQkq4smCbcgshYFWz4TlACfK4KJYGpXi8ywwATUNxiqBGf9yZuk16g7dt25bZbbrbyOIjpD56iKHHSF2ugGdVAXEfSE3tCHhrQX7V3X9cIqqmv5zCn6Ab30CddVs8w=</latexit><latexit sha1_base64="NANqVMaDi0h2qlcWBbc6/KM4abw=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbLbt6uaD3RehhPxHETz4R7x40G0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93C98PuPVEgWhXcwj+k4wNOQTRjBoCTXvPfddBRgmIkgJSTLqiOYUcBu4yInTs2o/Je5/DvT/Mo0aq5Ztuv2EtYmcXJSRjk6rvk88iOSBDQEwrGUQ8eOYZxiAYxwmhmjRNIYkwc8pUNFQxxQOU6XnWRWRSm+NYmEOiFYS/X7RIoDKeeBp5KLteW6txB/84YJTFrjlIVxAjQkq4smCbcgshYFWz4TlACfK4KJYGpXi8ywwATUNxiqBGf9yZuk16g7dt25bZbbrbyOIjpD56iKHHSF2ugGdVAXEfSE3tCHhrQX7V3X9cIqqmv5zCn6Ab30CddVs8w=</latexit>
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<latexit sha1_base64="t2frsadXhyX8oIXq32gI3ZkKT6E=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVh3ry3b2e9mDMJtv2q6VuF7Z3d4p6xf1A6PDKPT3oySgShXRLxSAw8LClnIe0CA04HsaA48Djtew/XWb3/SIVkUXgH85iOAzwNmc8IBiW55n1l4qajAMNMBCkhi0V1BDMK2G1c5MSpGf9ZLmvGX2OaX55GzTXLdt1ewtokTk7KKEfHNZ9Hk4gkAQ2BcCzl0LFjGKdYACOcLoxRImmMyQOe0qGiIQ6oHKfLTBZWRSkTy4+EOiFYS/V7R4oDKeeBp5zZ2nK9lom/1YYJ+K1xysI4ARqS1UV+wi2IrCxga8IEJcDnimAimNrVIjMsMAH1DYYKwVl/8ibpNeqOXXdum+V2K4+jiM7QOaoiB12hNrpBHdRFBD2hN/ShIe1Fe9d1vbCy6lrec4p+QC99As96s8w=</latexit><latexit sha1_base64="t2frsadXhyX8oIXq32gI3ZkKT6E=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVh3ry3b2e9mDMJtv2q6VuF7Z3d4p6xf1A6PDKPT3oySgShXRLxSAw8LClnIe0CA04HsaA48Djtew/XWb3/SIVkUXgH85iOAzwNmc8IBiW55n1l4qajAMNMBCkhi0V1BDMK2G1c5MSpGf9ZLmvGX2OaX55GzTXLdt1ewtokTk7KKEfHNZ9Hk4gkAQ2BcCzl0LFjGKdYACOcLoxRImmMyQOe0qGiIQ6oHKfLTBZWRSkTy4+EOiFYS/V7R4oDKeeBp5zZ2nK9lom/1YYJ+K1xysI4ARqS1UV+wi2IrCxga8IEJcDnimAimNrVIjMsMAH1DYYKwVl/8ibpNeqOXXdum+V2K4+jiM7QOaoiB12hNrpBHdRFBD2hN/ShIe1Fe9d1vbCy6lrec4p+QC99As96s8w=</latexit><latexit sha1_base64="t2frsadXhyX8oIXq32gI3ZkKT6E=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVh3ry3b2e9mDMJtv2q6VuF7Z3d4p6xf1A6PDKPT3oySgShXRLxSAw8LClnIe0CA04HsaA48Djtew/XWb3/SIVkUXgH85iOAzwNmc8IBiW55n1l4qajAMNMBCkhi0V1BDMK2G1c5MSpGf9ZLmvGX2OaX55GzTXLdt1ewtokTk7KKEfHNZ9Hk4gkAQ2BcCzl0LFjGKdYACOcLoxRImmMyQOe0qGiIQ6oHKfLTBZWRSkTy4+EOiFYS/V7R4oDKeeBp5zZ2nK9lom/1YYJ+K1xysI4ARqS1UV+wi2IrCxga8IEJcDnimAimNrVIjMsMAH1DYYKwVl/8ibpNeqOXXdum+V2K4+jiM7QOaoiB12hNrpBHdRFBD2hN/ShIe1Fe9d1vbCy6lrec4p+QC99As96s8w=</latexit><latexit sha1_base64="t2frsadXhyX8oIXq32gI3ZkKT6E=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVh3ry3b2e9mDMJtv2q6VuF7Z3d4p6xf1A6PDKPT3oySgShXRLxSAw8LClnIe0CA04HsaA48Djtew/XWb3/SIVkUXgH85iOAzwNmc8IBiW55n1l4qajAMNMBCkhi0V1BDMK2G1c5MSpGf9ZLmvGX2OaX55GzTXLdt1ewtokTk7KKEfHNZ9Hk4gkAQ2BcCzl0LFjGKdYACOcLoxRImmMyQOe0qGiIQ6oHKfLTBZWRSkTy4+EOiFYS/V7R4oDKeeBp5zZ2nK9lom/1YYJ+K1xysI4ARqS1UV+wi2IrCxga8IEJcDnimAimNrVIjMsMAH1DYYKwVl/8ibpNeqOXXdum+V2K4+jiM7QOaoiB12hNrpBHdRFBD2hN/ShIe1Fe9d1vbCy6lrec4p+QC99As96s8w=</latexit>
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<latexit sha1_base64="ty4hGowUR4mW8sQyWxuDdDN9ud4=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93Cd+f1HKiSLwjuYx3Qc4GnIfEYwKMk17ysTNx0FGGYiSAlZLKojmFHAbuMiJ07N+DdzWTP+iDS/Io2aa5btur2EtUmcnJRRjo5rPo8mEUkCGgLhWMqhY8cwTrEARjhdGKNE0hiTBzylQ0VDHFA5TpedLKyKUiaWHwl1QrCW6veJFAdSzgNPJbO15bqXib95wwT81jhlYZwADcnqIj/hFkRWVrA1YYIS4HNFMBFM7WqRGRaYgPoGQ5XgrD95k/QadceuO7fNcruV11FEZ+gcVZGDrlAb3aAO6iKCntAb+tCQ9qK967peWEV1LZ85RT+glz4Bx52zzA==</latexit><latexit sha1_base64="ty4hGowUR4mW8sQyWxuDdDN9ud4=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93Cd+f1HKiSLwjuYx3Qc4GnIfEYwKMk17ysTNx0FGGYiSAlZLKojmFHAbuMiJ07N+DdzWTP+iDS/Io2aa5btur2EtUmcnJRRjo5rPo8mEUkCGgLhWMqhY8cwTrEARjhdGKNE0hiTBzylQ0VDHFA5TpedLKyKUiaWHwl1QrCW6veJFAdSzgNPJbO15bqXib95wwT81jhlYZwADcnqIj/hFkRWVrA1YYIS4HNFMBFM7WqRGRaYgPoGQ5XgrD95k/QadceuO7fNcruV11FEZ+gcVZGDrlAb3aAO6iKCntAb+tCQ9qK967peWEV1LZ85RT+glz4Bx52zzA==</latexit><latexit sha1_base64="ty4hGowUR4mW8sQyWxuDdDN9ud4=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93Cd+f1HKiSLwjuYx3Qc4GnIfEYwKMk17ysTNx0FGGYiSAlZLKojmFHAbuMiJ07N+DdzWTP+iDS/Io2aa5btur2EtUmcnJRRjo5rPo8mEUkCGgLhWMqhY8cwTrEARjhdGKNE0hiTBzylQ0VDHFA5TpedLKyKUiaWHwl1QrCW6veJFAdSzgNPJbO15bqXib95wwT81jhlYZwADcnqIj/hFkRWVrA1YYIS4HNFMBFM7WqRGRaYgPoGQ5XgrD95k/QadceuO7fNcruV11FEZ+gcVZGDrlAb3aAO6iKCntAb+tCQ9qK967peWEV1LZ85RT+glz4Bx52zzA==</latexit><latexit sha1_base64="ty4hGowUR4mW8sQyWxuDdDN9ud4=">AAACU3ichVFNS8NAFNzEqjVajXr0EiyFFqQktWCPBS8eK9gPaEvYbDft6uaD3RehhP5HETz4R7x40E0bQVvFgYVhZh77dtaLOZNg26+avlXY3tkt7hn7B6XDI/P4pCejRBDaJRGPxMDDknIW0i4w4HQQC4oDj9O+93Cd+f1HKiSLwjuYx3Qc4GnIfEYwKMk17ysTNx0FGGYiSAlZLKojmFHAbuMiJ07N+DdzWTP+iDS/Io2aa5btur2EtUmcnJRRjo5rPo8mEUkCGgLhWMqhY8cwTrEARjhdGKNE0hiTBzylQ0VDHFA5TpedLKyKUiaWHwl1QrCW6veJFAdSzgNPJbO15bqXib95wwT81jhlYZwADcnqIj/hFkRWVrA1YYIS4HNFMBFM7WqRGRaYgPoGQ5XgrD95k/QadceuO7fNcruV11FEZ+gcVZGDrlAb3aAO6iKCntAb+tCQ9qK967peWEV1LZ85RT+glz4Bx52zzA==</latexit>



#4: Analysis: Convexity, monotonicity, and contraction theory¡

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0

<latexit sha1_base64="l/6cDS0liA5U5eG3sNU6hEZRYvA="></latexit>

y(t)

x(t)
<latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit><latexit sha1_base64="DO6xEqo2v2AzMk4JoJD7HdETlXk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyURQY9FLx4r2A9oQ9lsN+3S3U3YnYil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZeJUU9aksYh1JySGCa5YEzkK1kk0IzIUrB2ObzO//ci04bF6wEnCAkmGikecEsykpyqe98sVr+bN4a4SPycVyNHol796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QOByY3f</latexit>

<latexit sha1_base64="fzEt0saj9EOiq6IgKOMQqFbdgsA=">AAACFnicbVA9SwNBEN3z2/gVtbRZTAQtEu5E1FK0sVQwJpDEMLc3SRb3PtidU8ORX2HjX7GxUMRW7Pw3bmIKNT4YeLw3szvz/ERJQ6776UxMTk3PzM7N5xYWl5ZX8qtrlyZOtcCKiFWsaz4YVDLCCklSWEs0QugrrPrXJwO/eoPayDi6oF6CzRA6kWxLAWSlVr7kg1JcYESoMeBAvHi3TTtFfiupyzUEMjW8iFdZSVC/2MoX3LI7BB8n3ogU2AhnrfxHI4hFGtr3hQJj6p6bUDMDTVIo7OcaqcEExDV0sG5pBCGaZjY8q8+3rBLwdqxtRcSH6s+JDEJjeqFvO0OgrvnrDcT/vHpK7cNmJqMkJYzE90ftVHGK+SAjHkiNglTPEhBa2l256IIGYUMyORuC9/fkcXK5W/b2y3vnu4Wj41Ecc2yDbbJt5rEDdsRO2RmrMMHu2SN7Zi/Og/PkvDpv360Tzmhmnf2C8/4Fjwidvg==</latexit>

ball centered at x(t) with radius e�ct

1 V is strongly convex with parameter m

2 − gradV is m-strongly contracting, that is

(
− gradV (x) + gradV (y)

)⊤
(x− y) ≤ −m∥x− y∥22

1 F is a monotone operator (or a coercive operator) with parameter m,

2 −F is m-strongly contracting



search for contraction properties
design engineering systems to be contracting

<latexit sha1_base64="N3hfoZuaqNqDBlz3SHiemm3eHYU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9R3++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqt5l1b2rVeq1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAHSI2V</latexit>x0

<latexit sha1_base64="MjJku7DXN4dg+qxrBABeL/WmR9E=">AAACIHicbZDLTsJAGIWnXhFviEs3jcTEBSGtIrIkutAlGrkklJDp8BcmTKfNzNRImr6KCzf6KO6MS30Rtw6FhYAnmeTk/LfJ54aMSmVZX8bK6tr6xmZmK7u9s7u3nzvIN2UQCQINErBAtF0sgVEODUUVg3YoAPsug5Y7up7UW48gJA34gxqH0PXxgFOPEqx01MvlnXRHPOAui+A8GfesXq5glaxU5rKxZ6aAZqr3cj9OPyCRD1wRhqXs2FaoujEWihIGSdaJJISYjPAAOtpy7IPsxundxDzRSd/0AqEfV2aa/p2IsS/l2Hd1p4/VUC7WJuF/tU6kvGo3pjyMFHAyPeRFzFSBOQFh9qkAothYG0wE1X81yRALTJTGlXX64Gmk83Di+5urJLaK1YuiXSknWU3KXuSybJpnJbtSKt+VC7XyjFkGHaFjdIpsdIlq6BbVUQMR9ISe0St6M16Md+PD+Jy2rhizmUM0J+P7F+GPolY=</latexit>y0
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ball centered at x(t) with radius e�ct

Highly ordered transient and asymptotic behavior:

1 time-invariant F: unique globally exponential stable equilibrium
two natural Lyapunov functions

2 periodic F: contracting system entrain to periodic inputs

3 accurate numerical integration and equilibrium computation

4 contractivity rate is natural measure/indicator of robust stability
input-to-state stability
finite input-state gain
contraction margin wrt unmodeled dynamics
input-to-state stability under delayed dynamics



#5: Multistable Sync = global partition + local contraction

θ̇i = ωi −
n∑

j=1

aij sin(θi − θj)

in each winding cell

1 θ̇ = − grad E(θ), where

E(θ) =
∑

ij
(1− cos(θi − θj)) + ω⊤θ

2 Hessian E(θ) = −Cosine-Laplacian(θ) ⪯ 0

3 Hessian E(θ) ⪯ 0 on the cohesive subset |θi − θj | ≤ π/2

4 modulo the symmetry, the dynamics is strongly contracting

Theorem:

1 each winding cell has at most one cohesive equilibrium

2 contraction algorithm to decide/compute in each winding cell
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θ̇i = ωi −
n∑

j=1

aij sin(θi − θj + ϕij)

same properties, by robustness of contracting dynamics



#6: Sync threshold: Approximate inverse via series methods

Projection onto to cutset space: z = B⊤L†ω and x = B⊤θ
synchrony equilibrium equation is

z = P sin(x)

Given input z, unique solution is

x =
∑∞

i=0
A2i+1(z), A1(z) = z = B⊤L†ω

A3(z) = P
( 1

3!
z◦3

)

A5(z) = P
( 3

3!
A3(z) ◦ z◦2 −

1

5!
z◦5

)
. . .
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#7: Sync threshold: gap between necessary and sufficient conditions

z = P sin(x)

given a norm, define

α(P) := min amplification factor of
(
P diag[sinc(x)]

)
< ∥P∥

Theorem: Sufficient Cohesive equilibrium angles exist if, in some norm,

∥B⊤L†ω∥ ≤ α(P)

Necessary Equilibrium angles do not exist if, in some norm

∥P∥ ≤ ∥B⊤L†ω∥

Considering only first order term in expansion ⇐⇒ α∞(P) ≈ 1 (PNAS ’13)



Test Case
State of the Art Empirical Results on IEEE Test Cases

ratio of test prediction to numerical computation
∥ · ∥2 ∥ · ∥∞ α∞(P) ≈ 1 numerical α∞

approximate (fmincon)

IEEE 9 16.5 % 73.7 % 92.1 % 85.1 %†

IEEE 14 8.3 % 59.4 % 83.1 % 81.3 %†

IEEE RTS 24 3.9 % 53.4 % 89.5 % 89.5 %†

IEEE 30 2.7 % 55.7 % 85.5 % 85.5 %†

IEEE 118 0.3 % 43.7 % 85.9 % —*

IEEE 300 0.2 % 40.3 % 99.8 % —*

Polish 2383 0.1 % 29.1 % 82.8 % —*

† fmincon with 100 randomized initial conditions
* fmincon does not converge



#8: State-space oscillators

Coupled networks of:

1 Stuart-Landau oscillator

2 FitzHugh–Nagumo neurons

3 Rössler chaotic oscillators

4 Lienard oscillators (Van Der Pol)

5 Biological Goodwin models

6 . . .

semi-contraction theory



ẋi = f(t, xi)−
∑n

j=1 aij(xi − xj), i ∈ {1, . . . , n}

synchronization as function of

1 growth rate of the internal dynamics

2 strength of the diffusive coupling

3 heterogeneity of oscillators

Theorem: semi-contraction sufficient condition
If in some norm

osLip(f) < λ2(L)

then

1 semi-contraction rate λ2(L)− osLip(f),

2 synchronization limt→∞ ∥xi − xj∥ = 0 for every i, j
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Future research

1 Fundamental theory of phased-coupled oscillators

2 Fundamental theory of state-space-coupled oscillators

3 Applications in energy systems

4 Applications in machine learning and scientific computing



Fundamental theory of phased-coupled oscillators

1 outside cohesive set: signed graphs, symbolic dynamics, ...

2 non-monotone phase couplings and and higher-order dynamics

3 analysis and computation of cluster sync and bifurcation diagram

Figure 2.8: Three clusterings of the N = 25 node Kuramoto system at couplings of

10, 15, and 20. The nodes in the network are colored according to which clusters

they belong. The color choices carry no meaning other than to assign nodes in the

same cluster the same color. There are eleven clusters when � = 10, six when � = 15,

four when � = 20, and the data clearly demonstrates a high amount of network

connectivity within the clusters that the Kuramoto system naturally forms. Notice,

however, that it is possible for a cluster to be disconnected in the network. There is

one such example when � = 20.

Given a data set, statisticians have developed many techniques to partition the

data points (Wikipedia, 2017). There is no one technique that is best; it is up to

the statistician to identify what method most suits the data. Likewise, network re-

searchers have developed clustering techniques for breaking a network into simple, well

connected pieces(Newman, 2010). Most techniques rely on some definition of connec-

tivity in a graph, and it is up to the mathematician to decide which choice best fits

the network. In (Gómez-Gardenes et al., 2007) it was observed that scale-free net-

19

B. Gilg. Critical Coupling and Synchronized Clusters in Arbitrary Networks of
Kuramoto Oscillators.
PhD thesis, Arizona State University, 2018



Fundamental theory of state-space-coupled oscillators

1 sharpest sync conditions for benchmarks

2 transverse contraction

3 fractal attractors via α-contraction theory

C. Wu, R. Pines, M. Margaliot, and J.-J. E. Slotine.

Generalization of the multiplicative and additive compounds of
square matrices and contraction in the Hausdorff dimension.
IEEE Transactions on Automatic Control, 2022.
doi:10.1109/TAC.2022.3162547

https://doi.org/10.1109/TAC.2022.3162547


Applications in energy systems

1 understanding multi-stability in power flows

2 thick torus conjecture for active/reactive power flow and for OPF

3 paradoxes in lossy networks

Practical observations:
sometimes undesirable power flows around loops
sometimes sizable difference between predicted and actual power flows
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3. Loop Flows 
“Loop flows” occur when the path over which power physically flows does not correspond to the path over 

which the power was scheduled to flow. Loop flows are difficult to predict and control. Electricity flowing 

between a generator and a consumer travels via the path of least resistance. Grid operators (ISOs and 

RTOs) must carefully balance power supplied to the system with power used by customers so that 

transmission lines are not overloaded and customers are served reliably.  

The Lake Erie loop flow occurs on the roughly 1,000 miles of interconnected bulk power transmission 

lines that surround Lake Erie. These transmission lines run through the states of New York, 

Pennsylvania, Ohio, Michigan and the Canadian province of Ontario, and traverse the jurisdictions of 

several grid operators, including the NYISO, PJM, IESO, and Midwest Independent Transmission System 

Operator, Inc. (“MISO”). 

Loop flows on the bulk power system are complex and ordinarily occur as the result of a combination of 

factors, including: 

� Scheduling of energy transactions between the areas controlled by grid operators  

� Scheduling electricity supply within each grid operator’s system 

� Demand for electricity within each grid operator’s system 

� Transmission outages 

� Generation outages 
 

Loop flows occur in all interconnected transmission systems, as the flow of electricity follows physical 

laws. Loop flow around Lake Erie 

is a longstanding and expected 

phenomenon. Lake Erie loop flows 

may present an operational 

concern depending on the 

magnitude of the loop flow and 

operation circumstances affecting 

the grid operators adjacent to the 

Lake.  

Over the past several years, Lake 

Erie loop flows have, on average, 

occurred in a counter-clockwise 

direction. However, the general 
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Figure 8: Average unscheduled flows for the years 2011 and 2012, MWh/h8 

 
Source: THEMA Consulting Group, based on data from 16 TSOs 

 

In this report, we focus on three different cases of loop and transit flows, indicated in Figure 8: 
loop flows in Central Eastern Europe, involving Germany, Poland, Czech Republic and Austria, 
transit flows in Central Western Europe, involving Germany, the Netherlands, Belgium, and 
France, and a loop flow in Central South Europe, where we identify a loop flow from France 
through Germany and Switzerland, back to France. These flows are analysed in more detail in the 
following section.  

The loop and transit flows are identified visually (cf. Figure 8) and by analysing how well the 
individual unscheduled flows are correlated with each other. A further discussion on the 
identification of the loops can be found in section 4.1.3. 

Please note that the indicated flows in Figure 8 are two-year averages, implying that flow patterns 
in individual hours, periods or seasons could look quite different. Looking only at averages can 
therefore be misleading, especially if the unscheduled flows change direction through the year, 
implying that they contribute to nullify each other when considering the average.  

We therefore also accounted for the direction of the unscheduled flow, and extended the analysis 
by distinguishing the direction of the unscheduled flow. The results are shown in Figure 9, showing 
the average unscheduled flow split in both cross-border directions. Thus, the figure shows the 
average unscheduled flow for all those hours in which the unscheduled flow goes in the same 
direction. The figure also shows the number of hours in which the deviation occurred as a 
percentage of the total hours in the dataset (2011-2012). This distinction between the directions of 

                                                
8 Figure 8: Red numbers where physical flow is in the opposite direction or larger than scheduled flow, green number if it is less than 
scheduled flow, see Table 2. 

Avg. scheduled flow
[MWh/h]

Avg. physical flow
[MWh/h]

Avg. unscheduled flow
[MWh/h]

534

289

New York Independent System Operator, Lake Erie Loop Flow
Mitigation, Technical Report, 2008

THEMA Consulting Group, Loop-flows - Final advice, Technical
Report prepared for the European Commission, 2013



Applications in machine learning and scientific computing

1 oscillator-based computing

2 nanotech allows contruction of massively-parallel analog fast low-power devices
CMOS, spin torque nano-oscillators (spintronics), MEMS resonators, optomechanical
crystal cavities, ...

3 Example applications:
1 NP-complete computing
2 associative memory
3 reservoir computing

J. Von Neumann. Non-linear capacitance or inductance switching, amplifying, and memory organs, December 1957.
US Patent 2,815,488

M. H. Matheny et al. Exotic states in a simple network of nanoelectromechanical oscillators.
Science, 363(6431), 2019.
doi:10.1126/science.aav7932

G. Csaba and W. Porod. Coupled oscillators for computing: A review and perspective.
Applied Physics Reviews, 7(1):011302, 2020.
doi:10.1063/1.5120412

https://doi.org/10.1126/science.aav7932
https://doi.org/10.1063/1.5120412
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