Summary
hronization and Kron Reduction in Power Networks

Florian Dérfler and Francesco Bullo .
@ power networks are coupled oscillators

@ Kuramoto oscillators synchronize for large coupling
Center for Control, @ graph theory quantifies coupling in a network
Dynamical Systems & Computation

@ hence, power networks synchronize for large coupling
University of California at Santa Barbara

IFAC Workshop on Distributed Estimation and Control in Networked Systems o theorems about these observations
Annecy, France, 13-14 September, 2010

@ synch tests for “net-preserving” and “reduced” models

Poster tomorrow on: “Network reduction and effective resistance”
Slides and papers available at:  http://motion.me.ucsb.edu
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@ Motivation
@ Mathematical model
@ Problem statement

“...the largest and most complex machine engineered by humankind.”
[P. Kundur '94, V. Vittal '03, .. ]
“ .. the greatest engineering achievement of the 20th century.”
[National Academy of Engineering '10]

@ large-scale, nonlinear dynamics, complex interactions
© 100 years old and operating at its capacity limits
= recent blackouts: New England '03, Italy '03, Brazil '09
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Motivation: the future smart grid

ﬂ Energy is one of the top three national priorities, [B. Obama, '09]

Expected developments in “smart grid":
= increasing consumption
= increasing adoption of renewable power sources:
@ large number of distributed power sources
@ power transmission from remote areas
= large-scale heterogeneous networks with stochastic disturbances
P > o
JRPR Transient Stability
9,,{“ Generators to swing synchronously despite
> variability/faults in generators/network /loads
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Power network topology:
Qn

@ n generators terminal buses ¢ and m

B, each connected to a o
® form connected graph

o Ynetwork€ C™M*(@14m) characterizes the network
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Motivation: the Mediterranean ring project

_mmMaghreb Mashreq_mmmEurope

between EU and Mediterranean region:

@ Provide increased levels of energy security to participating nations;

@ Import/export electric power among nations;

@ Cut back on the primary electricity reserve requirements within each country.
Reference: “Oscillation behavior of the enlarged European power system” by M. Kurth
and E. Welfonder. Control Engineering Practice, 2005.
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Mathematical model of a power network

Network-preserving DAE power network model:
Q n generators B = boundary nodes:

M, )
= —Dithi + Pmech.in,i — Pelectr.out,i

@ n+ m passive { & ® = interior nodes:
loads are modeled as shunt admittances
algebraic Kirchhoff equations: o Yis

' = Ynetwork V' Y\ shunt
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Mathematical model of a power network

Mathematical model of a power network
Network-Reduction to an ODE power network model

[Yooundary  Ybound-int] [ Vboundary |

[boundary] _
Vinterior | | Vinterior |

=
\.Ybaund—int

Y netuork

Schur complement
Iboundary = Yreduced Vboundary

Yieduced = Ynetwork/ Yinterior ==

o network reduced to active nodes (generators)

® Yieduced induces complete “all-to-all” coupling graph
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Transient stability analysis: problem statement

M; ; .
0= =Dl +wi = Z#,- Pysin(0; — 0; + ¢;;)

Classic transient stability:
@ power network in stable frequency equilibrium
(0;,0;) = (0,0) for all i
@ — transient network disturbance and fault clearance
© stability analysis of a new frequency equilibrium in post-fault network

General synchronization problem:
synchronous equilibrium: |6; — ;| small & 6; = éj for all i,j

classic

mfo

Network-Reduced ODE power network model:

[Anderson et al. '77, M. Pai '89, P. Kundur '94, ...]:

M; - . q
b= =D +wi =37 Pysin(0; = 65 + 5) J

“all-to-all" reduced network Yiedyced With
P = [VillVjl [ Yieducedi.j| >0
pij = arctan(R(Yeed,i j)/S(Yiea,i,)) € [0,7/2)

Wi = Prech.ini = |ViPR(Vreduced,i,i)

max. power transferred i < j
reflect losses i < j

effective power input of i
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Transient stability analysis: literature review

—Dif; +wi — ZJ%; Pysin(0; — 0; + v;)
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@ study f; =
Key objective: compute domain of attraction via numerical methods

Classic methods use Hamiltonian and gradient systems arguments:

M; .. .
O write W—ﬂ]ﬁ; = —Dif; — V;U(0)"

-v;u@)"
[N. Kakimoto et al. '78, H.-D. Chiang et al. '94 ]

Open Problem “power sys dynamics + complex nets” [Hill and Chen '06]

transient stability, performance, and robustness of a power network

s underlying graph properties (topological, algebraic, spectral, etc)
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Detour: consensus protocols & Kuramoto oscillators Detour: synchrony among oscillators

Consensus protocol in R": Kuramoto model in T"

X X : K .
Xi=— Zj%i aji(xi = x;) i 0i = wi — - Z#i sin(6; — 6;

@ n identical agents with state
vl € I © phase cohesiveness: |0;(t) — 0;(t)| < v Sk

@ application: agreement and for small 4 < /2 ... arc invariance /
coordination algorithms, ...

Q@ frequency synchronized: 0;(t) = 0;(t
o references: [M. DeGroot '74, q Y sy ) (1) =0(t)
J. Tsitsiklis '84, L. Moreau ‘04, ...] @ phase synchronized: 0;(t) = 0;(t)

Q K small & |w; — wj| large = no synchronization

Q K large & |w; — wj| small = cohesive + freq synchronization
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The big picture

'/ Open problem in synchronization and
¢ transient stability in power networks: ./ Open problemin synchronization and
transient stabiliy in power networks:

relation to underlying network state, ZF22D L elationto underlying network state,

AR parameters, and topology parameters, and topology

= D= 5, Pt 0+ )

—Dib; +wi — Z Pyjsin(8; — 605 + ©i5)

Consensus Protocols: Kuramoto Oscillators:

Kuramoto Oscillators: ‘ ,ﬁ

ey

/ < v‘sfzﬁumr‘*v,) wim Y sin(0: - 6)
<=
Power systems: [D. Subbarao et al., '01, G. Filatrella et al., '08, V. Fioriti et al., '09]

@ \
ﬁ I
Networked control: [D. Hill et al., ‘06, M. Arcak, '07]

w; — K Z sin(0; — 0;) Dynamical systems: [H. Tanaka et al., ‘97, A. Arenas '08]
n J#i
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Outline Singular perturbation analysis

= —Dif; +wj — Z Pysin(0; — 0; + v;) J

@ assume time-scale separation between synchronization and damping
Imax
7fo Drmin
2] (slow time-scale, for e = 0)

Di9i=wi*2j#i Pjjsin(6; — 0; + @) J

@ if cohesiveness + exponential freq sync for non-uniform Kuramoto,
then V (6(0),6(0)), exists € > 0 such that Ve < ¢* and ¥Vt >0

0i(t)power network — %(£)non-uniform Kuramoto = ©(€)
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Singular perturbation analysis: proof Singular perturbation analysis: discussion

. M, o q
assumption 7FDuim sufficiently small
o Kuramoto defined over manifold T", no fixed point

@ Tikhonov's Theorem: exp. stable point in Euclidean space Q generator internal control effects imply ¢ € O(0.1)

@ topological ival independent of e: 1st-order and 2nd-order
models have the same equilibria, the Jacobians have the same inertia,
and the regions of attractions are bounded by the same separatrices

o define in R"1

G=0-0, o Gpa=fu1 b
@ non-uniform Kuramoto corresponds to reduced gradient system

6;=-V; U(0)T used successfully in academia and industry since 1978
@ equivalence of solutions:

@ grounded Kuramoto solutions satisfy max;;(8;(t) — 6;(t)) < m
@ Kuramoto solutions are arc invariant with y = 7,
ie, B1(t),...,0,(t) belong to open half-circle, function of t
o equivalence of exponential convergence
@ exponential frequency synchronization for Kuramoto
@ exponential convergence to equilibrium for grounded Kuramoto
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Synchronization of non-uniform Kuramoto: consequences
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Dif; = w; — i Pysin(0; — 0; + ¢jj)

E/) +maxz —sm u

Prmin
g >
15 <08((pmax) rr;.g.X( B,

1) phase cohesiveness: arc-invariance for all arc-lengths

RHS ™
m) <7< 5 Pmax

Ymin Ymax

arcsin (cos(npmx)

practical phase sync: in finite time, arc-length ymin

2) frequency synch: from all initial conditions in a ymax arc,
exponential frequency synchronization
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Synchronization of non-uniform Kuramoto: condition
Non-uniform Kuramoto Model in T":
Dif; = w; — Z

o Non-uniformity in network: D;, wj, Py, pj

_Pyjsin(0; — 0; + wij)

o Phase shift o;; induces lossless and lossy coupling:

Py ) Pij
i (DJ cos(jj)sin(0; — ;) + ﬁs\n(;uﬂ)cos(ﬁ, - HJ)>

Prmin

5 cos(Pmax) sm(«,a,/)
max

worst lossless coupling  worst non-uniformity ~ worst lossy coupllng
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Main proof ideas
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© Cohesiveness 0(t) € A(v) < arc-length V(6(t)) is non-increasing
2 V(O(£)) = max{[6,() — (6) | i € {L.....n}}
DHV(6(1)) £ 0

~ contraction property [D. Bertsekas et al. '94, L.

Moreau '04 & '05, Z. Lin et al. '08

@ Frequency synchronization in A(7) <> consensus protocol in R”

Chi== Y, a0~ 0,

where a;(t) = %”Lcos(b‘;(t) —0;(t) + ;) >0forall t >0
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Synchronization of non-uniform Kuramoto: uniform

Classic (uniform) Kuramoto Model in T":

o also necessary when considering all distributions of w € [Wmin, Wmax]

Condition (x) strictly improves existing bounds on Kuramoto model:
[F. de Smet et al. '07, N. Chopra et al. '09, G. Schmidt et al. '09,

A. Jadbabaie et al. '04, S.J. Chung et al. '10, J.L. van Hemmen et al. '93].
Necessary condition synchronization: K > ﬁ(umx -
'93, A. Jadbabaie et al

Synchronization & Kron Reduction

Wrmin)
04, N. Chopra et al. '09]
NECSYS"100 Armecy

Synchronization of non-uniform Kuramoto

[J.L. van Hemmen et al

Dérfler and Bullo_(UCSB) 22/30

Non-uniform Kuramoto Model in T"”

Dif; = wi —

o Pjjsin(6;

0 + i)

@ explicit synchronization frequency
@ exponential rate of frequency synchronization
@ conditions for phase synchronization
@ results for general non-complete graphs
..to be found in our papers.
fler and Bullo (UCSB)
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Synchronization of non-uniform Kuramoto: alternative

Non-uniform Kuramoto Model in T" - rewritten:

Z _Pyjsin(0; — 0; + ©j)

Aa(L(Pj cos(ipy))) >
O EER))

lossless connectivity

<55l +

[, B ot

non-uniformity lossy coupling
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Dérfler and Bullo (UCSB) on & Kron Reduction NECSYS '10 @ Annecy



Network-preserving power network models

So far we considered a network-reduced power system model:
@ synchronization conditions on A2(P) and Ppin

o all-to-all reduced admittance matrix Yiequced ~ P/ V2
(for uniform voltage levels |V;| = V)

Topological non-reduced network-preserving power system model:

@ topological bus admittance matrix Y petwork
indicating transmission lines and loads (self-loops)

+ Yieduced = Ynetwork/ interior

c.f. “Kron reduction”, “Dirichlet-to-Neumann map”,
“Schur contraction”, “Gaussian elimination”, ...

NECSYS 10 @ Annecy 25 / 30

@ Well-posedness: set of loopy Laplacian matrices is closed

@ Equivalence: iterative 1-dim reduction = 1-step reduction

Yieduced =
nefwork Yetwork/Y interior
© Topological properties:
o interior network connected = reduced network complete
o at least one node in interior network features a self-loop =
= all nodes in reduced network feature self-loops =/
Q Algebraic properties: self-loops in interior network
o decrease mutual coupling in reduced network

o increase self-loops in reduced network
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Kron reduction of graphs: definition
Kron reduction of a graph with
@ boundary B, interior ® , non-neg self-loops ©

@ loopy Laplacian matrix Ypetwork

Q lterative 1-dim Kron reduction:

@ Topological evolution of the corresponding graph

ok o

i i i i +1 K
o Algebraic evolution of Laplacian matrix: hiced = YK duced! @

Dérfler and Bullo_(UCSB) NECSYS '10 @ Annecy 26 / 30

Kron reduction of graphs: properties

ization & Kron Reduction

Some properties of the Kron reduction process:

© Spectral properties:
o interlacing property: Ai(Ynetwork) < Ai(Yieduced) < A n—m) (¥ network)
o algebraic connectivity ), is non-decreasing along Kron

@ Effective resistance:
o Effective resistance R(i,j) among boundary nodes M is invariant

o For boundary nodes B: effective resistance R(/, /) uniform
& coupling Yiequced(i, ) uniform < 1/R(i,j) = 5| Yieducea(/. /)|
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Synchronization in network-preserving models

Assumption I: lossless network and uniform voltage levels V at generators

© Spectral condition for synchronization: \»(P) > ... becomes

Mali - L) > [| (5 = 5,

+ min{"} J

Assumption 1l: effective resistance R among generator nodes is uniform

@ Resistance-based condition for synchronization: nP,;, > ... becomes
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Conclusions
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Openprobim insynchronizstion st

Mg wansien stabity o powernetworks:
eatontounderhing retwork e
parameters ntopcoay

g perturbations|
and graph theon
Non-unt

PR )
M ) N8

@ sharpest conditions for most realistic models

@ stochastic instead of worst-case analysis

@ networks of DC/AC power inverters

o .
o

control via voltage regulation and “flexible AC transmission systems'
ding for failure

“distance to instability” and optimal isl
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