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Sample problems (vaguely)

e Modeling: Is it possible to model the four systems in a unified way, that allows
for the development of effective analysis and design techniques?

e Analysis: Some of the usual things in control theory: stability, controllability,
perturbation methods.

e Design: Again, some of the usual things: motion planning, stabilization,
trajectory tracking.

Sample problems (concretely)
Start from rest.

1. Describe the set of reachable states.
(a) Does it have a nonempty interior?

(b) If so, is the original state contained in the interior?

2. Describe the set of reachable positions.

3. Provide an algorithm to steer from one position at rest

to another position at rest.

4. Provide a closed-loop algorithm for stabilizing a speci-

fied configuration at rest. F

5. Repeat with thrust direction fixed. "'
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The literature, historically

Abraham and Marsden [1978], Arnol'd [1978], Godbillon [1969]: Geometrization
of mechanics in the 1960's.

Agrachev and Sachkov [2004], Jurdjevic [1997], Nijmeijer and van der Schaft
[1990]: Geometrization of control theory in the 1970's, 80's, and 90's by
Agrachev, Brockett, Hermes, Krener, Sussmann, and many others.

Brockett [1977]: Lagrangian and Hamiltonian formalisms, controllability,
passivity, some good examples.

Crouch [1981]: Geometric structures in control systems.

van der Schaft [1981/82, 1982, 1983, 1985, 1986]: A fully-developed
Hamiltonian foray: modeling, controllability, stabilization.

Takegaki and Arimoto [1981]: Potential-shaping for stabilization.

Bonnard [1984]: Lie groups and controllability.

The literature, historically (cont’d)

Bloch and Crouch [1992]: Affine connections in control theory, controllability.

Bates and Sniatycki [1993], Bloch, Krishnaprasad, Marsden, and Murray [1996],
Koiller [1992], van der Schaft and Maschke [1994]: Geometrization of systems
with constraints.

Bloch, Reyhanoglu, and McClamroch [1992]: Controllability for systems with
constraints.

Baillieul [1993]: Vibrational stabilization.

Arimoto [1996], Ortega, Loria, Nicklasson, and Sira-Ramirez [1998]: Texts on
stabilization using passivity methods.

Bloch, Chang, Leonard, and Marsden [2001], Bloch, Leonard, and Marsden
[2000], Ortega, Spong, Gémez-Estern, and Blankenstein [2002]: Energy shaping.

Bloch [2003]: Text on mechanics and control.
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The literature, historically (cont’d) Today's topics.
e Lewis and Murray [1997]: Controllability.

e Bullo and Lewis [2003], Bullo and Lynch [2001]: Low-order controllability,
kinematic reduction, and motion planning.

e Bullo [2001, 2002]: Series expansions, averaging, vibrational stabilization.

e Martinez, Cortés, and Bullo [2003]: Trajectory tracking using oscillatory controls.

What we will try to do today

e Present a unified methodology for modeling, analysis, and design for mechanical

control systems.

e The methodology is differential geometric, generally speaking, and affine
differential geometric, more specifically speaking. Follows:

Geometric Control of Mechanical Systems: Modeling, Analysis, and
Design for Simple Mechanical Control Systems

Francesco Bullo and Andrew D. Lewis

Springer—Verlag, 2004

e Warning! We will be much less precise during the workshop than we are in the
book.

e We make no claims that the methodology presented is better than alternative

approaches.
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Geometric modeling of mechanical systems

Differential geometry essential:

Advantages Disadvantages

1. Prevents artificial reliance on spe- 1. Need to know differential geome-

cific coordinate systems. try.

2. Identifies key elements of system

model.

3. Suggests methods of analysis and
design.

Manifolds

S

Pab

e Manifold M, covered with charts
{(Ua, da) taca satisfying overlap condition.

e Around any point x € M a chart (U, ¢)

provides coordinates (x!,... z").
e Continuity and differentiability are checked in ‘@
coordinates as usual. R
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Manifolds (cont’d) Manifolds we will use today.
1. Euclidean space: R".
n-dimensional sphere: S” = {x € R""! | ||z|gn+1 = 1}.

m X n matrices: R™*",

el

General linear group: GL(n;R) ={A € R"*" | det A # 0}.

5. Special orthogonal group:
SO(n) ={R e GL(n;:R)| RR" =1,, det R=1}.

6. Special Euclidean group: SE(n) = SO(n) x R".

The manifolds S™, GL(n;R), and SO(n) are examples of submanifolds, meaning
(roughly) that they are manifolds contained in another manifold, and acquiring
their manifold structure from the larger manifold (think surface).

Tangent bundles

e Formalize the idea of
“velocity.”

e Given a curve t — ~(t)
represented in coordinates
by t — (xl(t),...,2"(t)), its “velocity” is t — (i1(t),...,2"(t)).

e Tangent vectors are equivalence classes of curves.
e The tangent space at x € M: T, M = {tangent vector at z}.
e The tangent bundle of M: TM = U,eu T, M.

e The tangent bundle is a manifold with natural coordinates denoted by

(=1, ..., 2"), (v, ..., 0")).
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Vector fields

e Assign to each point x € M

@

an element of T,M.

e Coordinates (z!,...,2™)
- 0 0
== vector fields {57r,..., 507} on
chart domain.

o)

e == Any vector field X is given in coordinates by X = Xiaa:i (note use of

summation convention).

Flows

e Vector field X and chart (U, ¢) ==> o.d.e.:

#(t) = X"z (1), .., 2" (1))

e Solution of o.d.e. «=> curve t — ~(t) satisfying 7' (t) = X (v(¢)).
e Such curves are integral curves of X.

e Flow of X: (t,2) — ® () where t — ®;X(x) is the integral curve of X

through x.
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Lie bracket
e Flows do not generally commute.
e ie, given X and Y, it is not generally true that ®;X 0 ®Y = @Y 0 dX.

e The Lie bracket of X and Y:

d
O 0 N oD 0DV ().

(X, Y](z) = At im0 VI CTVE

Measures the manner in which flows do not commute.

Mechanical exhibition of the Lie bracket
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Vector fields as differential operators

e Vector field X and function f: M — R == Lie derivative of f with respect to
X:
d X
Zxf@) = 3| _ f@¥@).

e In coordinates: L x f = Xigmi (directional derivative).

e Onecanshow that Lx Ly f - Ly Lxf =L xyvf

oyt . 0X'_ N\ O
N X,Y:( X9 — .YJ) .
| ] oxJ ox7 ox*
Configuration manifold
e Single rigid body:
positions (Obody — Ospatial) € R? N
of body [ b, ‘ b, ‘ bs ] € SO(3). s

e Q =S0(3) x R3 for a single rigid body.
e For k rigid bodies,

eree :\(50(3) X Rg) X o0 X (50(3) % R3)J

k copies

This is a free mechanical system.
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Configuration manifold (cont’d)

e Most systems are not free, but consist of bodies that are interconnected.

Definition 1 An interconnected mechanical system is a collection By,..., Bi
of rigid bodies restricted to move on a submanifold Q of Qfee. The manifold Q is
the configuration manifold. °
e Coordinates for Q are denoted by (¢',...,q"). Often called “generalized

coordinates.”

e Forje{l,...,k}, II;: Q — SO(3) x R? gives configuration of jth body. This
is the forward kinematic map.

Configuration manifold (cont’d)

Example 2 Planar rigid body:

82

e Q=50(2) x RZ ~S! x R

e Coordinates (6, z,y). Ot °1
[}
cosf —sinf 0
I,(0,x,y) = ( sinf cosf 0|, (z,y,0)
~——
0 0 1| =rieRr?
_R,€50(3)
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Configuration manifold (cont’d)

Example 3 Two-/ink manipulator:
e Q =S50(2) x SO(2) ~ St x St.

e Coordinates (61,05).

® H1(01,02) = (Rl,’l"l) and
H2(91,02) = (RQ,’I‘Q), where

cosfy —sinf; O cosfly —sinf, O
R; = |sinf; cosf; 0|, Ro=|sinf, cosh, 0],
0 0 1 0 0 1

r1 = T1R181, To = £1R181 —+ T2R281.

Configuration manifold (cont’d)

Example 4 Rolling disk:
e Q=R%xS! xSt
e Coordinates (z,y,0, ¢).

Hl(l‘, Y, 07 d)) =
cospcosf singpcosf  sinf

cospsinf singsinf —cosb|,(z,y,p) |-
——

—sin ¢ cos ¢ 0 =r1€R3

-~

=R,€50(3)
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Velocity

e Rigid body B undergoing motion ¢ — (R(t),r(t)):
1. Translational velocity: ¢ — 7(%);
2. Spatial angular velocity: t — &(t) £ R(t)R™(t);
3. Body angular velocity: ¢ — Q(t) £ R™'(t)R(t).

o Both &(t) and Q(t) lie in s0(3) ==> define w(t), (t) € R by the rule

0 —a® a2

1 2 3
a3 0 —al > (a,a%a’).
—a? ot 0

Inertia tensor

e Rigid body B with mass distribution p.
o Mass: u(B) = [, dpu.

o Centre of mass: x. = [, zdu.

e Inertia tensor about x.: I.: R® — R3 defined by

L(v) = /B(a: C ) % (v % (- 2)) dp.
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Kinetic energy
¢ Rigid body B undergoing motion ¢t — (R(t),r(t)).
e Assume Opoqy is at the center of mass (z. = 0).
¢ Kinetic energy:
KE() = 5 [ 1#(0)+ Ro)olf du
Proposition 5 KE(t) = KEans(t) + KEot(t) where

KEtrans(t) = %M(B)||".'(t)||]%§3= KErot = % (T(€2(1)), (1)) gs -

Kinetic energy (cont’d)
e Interconnected mechanical system with configuration manifold Q.

e v, € TQ.

t — 7(t) € Q a motion for which 7/(0) = v,.

jth body undergoes motion t — II; oy (t) = (R;(t),r;(t)).
Define ©2;(t) = R, ' (t) R;(¢).
Define KE;(vq) = 511(B;)[1#5(0)l[Ra + 5 (L.c(€25(0)), €2;(0) ).

This defines a function KE;: TQ — R which gives the kinetic energy of the jth
body.

The kinetic energy is the function KE(v,) = Z?Zl KE;(vg).
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Symmetric bilinear maps
e Need a little algebra to describe KE.

e Let V be a R-vector space. 35(V) is the set of maps B: V x V — R such that
1. B is bilinear and
2. B(Ul,Ug) = B(’Ug,vl).

Basis {e1,...,e,} for Vi B;; = B(ej,e;), i,5 € {1,...,n}, are components of
B.

e [B] is the matrix representative of B.

An inner product on V is an element G of ¥2(V) with the property that
G(v,v) > 0 and G(v,v) =0 if and only if v = 0.

Example 6 V = R", Gg~ the standard inner product, {eq,...,e,} the standard
basis: (GR")Z‘]‘ = 513 L

Kinetic energy metric

Proposition 7 There exists an assignment g — G(q) of an inner product on T,Q
with the property that KE(vy) = 1G(q)(vq, vg)-

e G is the kinetic energy metric and is an example of a Riemannian metric.

e (G is a crucial element in any geometric model of a mechanical system.
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Kinetic energy metric (cont’d)

Example 8 Planar rigid body:

* *x 0
Lie= 1% % 0}, Ql(t):(Rl_l(t)Rl) =(0,0,0),
0 0 J
= KE = 1m(i* + §°) + $J6°,
J 0 0
= [G]=10 m 0
0 0 m
Kinetic energy metric (cont’d)
Example 9 Two-link manipulator:
* 0
]1176 * O )
0 0 J1 0 0 JQ

(R7Y(HRy) ™ = (0,0,6,),
() (Ry (t)Rz) = (0,0,05),

= KE = (m1 + 4m2)€292 + 3 777,26292
+%m2£1€2 COS(¢91 - 02)9102 + §J19% + %Jg@%,

Jl + %(ml + 4m2)€% %mzfleg COS(91 — 92)
%mgﬁlég cos(01 - 92) J2 + imgﬁg
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Geometric modeling of mechanical systems (cont’d)

Kinetic energy metric (cont’d)

Example 10 Rolling disk:

Jein 00
Lie=10 Jgin 0|, () = (Ry'(t)Ry) = (—0sing, 0 cos ¢, —9),
0 0 Jrol
—  KE = 1m(i? +§°) + L Jopin6® + LT 6?,

im0 0 0]

—_ g_|® ™ 0 0

0 0 Jypn O

0 0 0 Jwon

Kinetic energy metric (cont’d)

e This whole procedure can be automated in a symbolic manipulation language.

e Snakeboard example:

e Here Q = R? x S! x S x S! with coordinates (x,y, 0,1, ¢).
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Euler-Lagrange equations

e Free mechanical system with configuration manifold Q and kinetic energy metric

G.
e Question: What are the governing equations?
e Answer: The Euler-Lagrange equations.
o Define the Lagrangian L(v,) = 3G (v, vg)-
e Choose local coordinates ((¢',...,q"), (v, ...,v™)) for TQ.

e The Euler-Lagrange equations are

d /0L oL .
E(avi)_aqi_ov ie{l,....n}.

e The Euler-Lagrange equations are “first-order” necessary conditions for the

solution of a certain variational problem.

Euler-Lagrange equations

e Let us expand the Euler-Lagrange equations for L = 1G;;(q)¢’¢:

ailod) o = Gul#+ e (G - i)

= Gy (& +17,4d'4").

where

1

=73 i,j,ke{l,...,n}.

oq* o’ g’

G
e Question: What are these functions F;k?

L <aGlj L 9Gu _ 0Gy )
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Affine connections

Definition 11 An affine connection on Q is an assignment to each pair of vector
fields X and Y on Q of a vector field Vx Y, where the assignment satisfies:
(i) (X,Y)— VxY is R-bilinear;
(i) VixY = fVxY for all vector fields X and Y, and all functions f;
(i) Vx(fY) = fVxY + (Zx f)Y for all vector fields X and Y, and all functions
f.

The vector field VxY is the covariant derivative of Y with respect to X.

Affine connections (cont’d)
e Question: What really “characterizes” V7

e Coordinate answer: Let (q*,...,q") be coordinates. Define n® functions F;k
i,7,k € {1,...,n}, on the chart domain by
0 .0
2 i 2
o7 dq* ik 9qi’
o Iy, 4,5,k € {1,...,n}, are the Christoffel symbols for V in the given

\% J.ke{l,....,n}.

coordinates.
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Affine connections (cont’d)

e A connection is “completely determined” by its Christoffel symbols:

J ] ivk

VXY:<

Theorem 12 Let G be a Riemannian metric on a manifold Q. Then there exists a

G
unique affine connection V, called the Levi-Civita connection, such that

G G
(i) Zx(G(Y, Z)) = G(VxY, Z) + G(Y,VxZ) and
G G
(i) VxY — Vy X = [X,Y].
G G .
Furthermore, the Christoffel symbols of V are I\, i, j,k € {1,...,n}.

Return to Euler—Lagrange equations

e Had shown that

d /0L oL 6. .
a B _ v i ik
7ilaw) ~ag =0 = THTudd =0

e Interpretation of §° + F;ikqjqk.
1. Covariant derivative of 7/ with respect to itself:
Voywm (t) = (¢" + F;'kqjqk) 8(?11"
2. Curves t — ~(t) satisfying V.,/4)7/(t) = 0 are geodesics and can be thought

of as being “acceleration free.”
G

3. Mechanically, V., (Y () =_0 .
v (t) ~—

s force
accn mass

G
e "Bottom-line": V.. (;¥'(t) can be computed, and gives access to significant

mathematical tools.
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Forces

e Some linear algebra: If V is a R-vector space, V* is the set of linear maps from
V to R. This is the dual space of V.

e Denote a(v) = (a;v) for « € V* and v € V.

o If {e1,...,e,} is a basis for V, the dual basis for V* is denoted by {e!,... e"}
and defined by e’(e;) = &°.

e The dual space of T,Q is denoted by T7Q, and called the cotangent space.
e The dual basis to {a%, _— %} is denoted by {dq',...,d¢"}.
e A covector field assigns to each point ¢ € Q an element of T;Q.

Example 13 The differential of a function is df(q) € T;Q defined by
(df(q); X(q)) = Zxf(q). In coordinates, df = gfidqi. o

q

Forces (cont’d)

e Newtonian forces on a rigid body: force f applied to the center of mass and a

pure torque T.

Need to add these to the Euler—Lagrange equations in the right way.

Use the idea of infinitesimal work done by a (say) force f in the direction w:
<f7 w>R3'

For torques, the analogue is (T,w)gs where & is the spatial representation of the

angular velocity.

Interconnected mechanical system with configuration manifold Q, ¢ € Q,

wg € TgQ. ==> Determine force as element of T;Q by its action on w,.

Workshop on Geometric Control of Mechanical Systems IEEE CDC, December 13, 2004



Geometric modeling of mechanical systems (cont’d) Slide 42

Forces (cont’d)
e Fix body j with Newtonian force f; and torque ;.
o Let t — ~(t) satisfy 7/(0) = wq, and let t — (R;(t),r;(t)) = IL; oy(?).

Let &;(t) = R; (t)Rj_l(t) be the spatial angular velocity.

Define Fy -, € T{Q by
(Fr,myiwq) = (F;,75(0))ps + (75,0;(0))s -

e Sum over all bodies to get total external force F' € T,Q: F = E?Zl Fg oz

Forces (cont’d)

e Note that the forces may depend on time (e.g., control forces) and velocity
(e.g., dissipative forces).
== A force is a map F': R x TQ — T*Q satisfying F'(t,v,) € T;Q.

e Thus can write F' = F;(t, q,v)dq".
e Question: How do forces appear in the Euler-Lagrange equations?

e Answer: Like this:

d <6L> 0L _ P
dt \ ov? ot "
Why? Because this agrees with Newton.
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Forces (cont’d)

e Given a force F': R x TQ — T*Q, define a vector force Gﬁ(F): RxTQ—-TQ
by
G(Gﬁ(F)(taUq)qu) = <F(t,vq);wq>.

e In coordinates, G*(F) = G¥ F; 8%.

e The Euler-Lagrange equations subject to force F' are then equivalent to
G

Va7 (t) = G (7 (1)

g 7

acc'n

Forces (cont’d)

Example 14 Planar rigid body:

F11 = F(cos(f + ¢),sin(0 + ¢),0),
71,1 = F(0,0,—hsin¢),
f21=1(0,0,0), 721 =7(0,0,1),
= ' = F(cos(0 + ¢)dx + sin(6 + ¢)dy — hsin ¢db),
F? = 7d6.

Equations of motion easily computed. °
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Forces (cont’d)

Example 15 Two-link manipulator:
7-1,1 = Tl(0,0, 1), ’7'1’2 = (0,0,0),
T2,1 = —72(0,0,1), 722 =72(0,0,1),
—) Fl = T1d91,

F2 = Tg(deg — d&l)

Gravitational force and equations of motion easily computed.

Forces (cont’d)

Example 16 Rolling disk:

T1,1 = 7'1(07 0, 1)’
T2 = T2(—sin, cos 6, 0),

—  Fl=71d0, F?=mndo.

Equations of motion cannot be computed yet, because we have not dealt
with. .. nonholonomic constraints.
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Distributions and codistributions

A distribution (smoothly) assigns to each point ¢ € Q a subspace D, of T,Q.

A codistribution (smoothly) assigns to each point ¢ € Q a subspace A, of T7Q.

We shall always consider the case where the function g — dim(D,)
(resp. ¢ — dim(A,)) is constant, although there are important cases where this
does not hold.

Given a distribution D, define a codistribution ann(D) by
ann(D), = {ay | aq4(vy) =0 for all v, € Dy}

Given a codistribution A, define a distribution coann(A) by
coann(A), = {v, | a4(vy) =0 for all oy € A}

Nonholonomic constraints

e An interconnected mechanical system with configuration manifold Q, kinetic
energy metric G and external force F'.

e A nonholonomic constraint restricts the set of admissible velocities at each
point ¢ to lie in a subspace D, i.e., it is defined by a distribution D.

o8
J

Example 17 At a configuration
q with coordinates (z,v,0, ¢),

P by
b3

the admissible velocities satisfy

T = pg'bcosﬁ

§ = posin 6.
Thus Dy has {X1(q), X2(q)} as basis, where

0 0 0 0
X = _— i -_— e X - .
1 pcos@ax+p31n98y+8¢, 2= 55 °
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Nonholonomic constraints (cont’d)

e Question: What are the equations of motion for a system with nonholonomic

constraints?
e Answer: Determined by the Lagrange—d’Alembert Principle.

e We will skip a lot of physics and metaphysics, and go right to the affine
connection formulation, originally due to Synge [1928].

Nonholonomic constraints (cont’d)

e Let D+ be the G-orthogonal complement to D, let Py be the G-orthogonal
projection onto D, and let P3 be the G-orthogonal projection onto D-.

D
e Define an affine connection V by
D G G n
VxY =VxY + (VXP@)(Y)
(Not obvious) Theorem 18 The following are equivalent:

(i) t — ~(t) is a trajectory for the system subject to the external force F;

(i)) Vo7 (1) = Po(GHE) (1, (1))).
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Affine connection control systems

e Control force assumption: Directions in which control forces are applied depend
only on position, and not on time or velocity.
== There exists covector fields F'',..., F™ such that the control force takes
the form Fon = > 00 u®F°.

e Control forces appear in equations of motion after application of G¥ and
(possibly) projection by Py .
== Model effects of input forces by vector fields Y7,...,Y,,.
=== Model uncontrolled external forces by vector force Y.

e Nothing to be gained by assuming that affine connection comes from physics.

== se arbitrary affine connection V.

e == (ontrol equations:

m

Vo () = S ut(OYa (3 (1) + Y (8.7 (1),

a=1

Affine connection control systems (cont’d)

Definition 19 A forced affine connection control system is a 6-tuple
Y=(Q,V,D,)Y, % ={Y1,...,Y,},U) where
(i) Q is a manifold,

(ii) V is an affine connection such that VxY takes values in D if Y takes values
in D,

(iii) D is a distribution,

(iv)

(v)

(vi) and U C R™.

Y is a vector force taking values in D,

Y1,...,Y,, are D-valued vector fields, and

Take away “forced” if Y = 0.
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Affine connection control systems (cont’d)

Definition 20 A control-affine system is a triple
X =WM,%={fo, f1, -, fm},U) where

(i) M is a manifold,
(i) fo, f1,--., fm are vector fields on M, and
(iii) U C R™. °

e Control equations:

V(1) = fo(y() + D u(t) faly(1)).
—— et ——

drift control

Yeld' Yeld'

Affine connection control systems (cont’d)

e Affine connection control systems are control-affine systems.
1. The state manifold is M = TQ.
2. The drift vector field is denoted by S and called the geodesic spray.
Coordinate expression:

.0

9 S
= ’Ula—qi — F;k’l}J'Uk—. (Cf ('jZ + F;kqjqk = O)

fo=5S S0

3. The control vector fields are the vertical lifts vift(Y,) of the vector fields Y,,

a € {1,...,m}. Coordinate expression:

fa = VI6(Ya) = Yo .

e Can add external force to drift to accommodate forced affine connection control

systems.
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Representations of control equations

¢ Global representation:

m

Voo () = 3 ut(OYaly(0) + Y (1.4 (1).

e Natural local representation:

iji_i_F;kqjqk:ZuaY;—f—Yi, ie{l,...,m}.

a=1

Representations of control equations (cont’d)

e Global first-order representation:

T'(t) = S(Y (1) + VI6(Y)(£, T(#) + D u(E)vIe(Ya) (Y (2).
a=1
e Natural first-order local representation:
' ="', ie{l,...,n},

m
o= = ThoP YT 4> wtYE, e {1, n}

a=1
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Representations of control equations (cont’d)

o Let 27 ={Xy,..., X, } be vector fields defined on a chart domain U with the
property that, for each ¢ € U, {X1(q),..., X, (q)} is a basis for T,Q.

e For g € U and w, € T,Q, write w, = v*X;(q); {v!,...,v"} are
pseudo-velocities.

e The generalized Christoffel symbols are
%Z_ .
Vx, X =T} X, Jke{l,...,n}.
e Poincaré local representation:
i =X, ic{l,...,n},

m
. X . . ~ . ~ .
0= — F}kijk — Y+ E uY!, ied{l,...,n},
a=1

where - means components with respect to the basis 2.

Representations of control equations (cont’d)

D
e In the case when V =V, this simplifies when we choose {X;,..., X,,} such
that {X1(q), ..., Xk(q)} forms a G-orthogonal basis for D,,. ===

x 1 G

Fiﬁ(q) = WG(VXan(q),X(;(q)), a, 3,0 €{1,...,k}.
G

Significant advantages in symbolic computation.

e orthogonal Poincaré representation:

q' =X, ief{l,...,n},
@ m

# = =T o ((F;X5> +3 ue (F“;X(;)), sefl,... k).
||X5||G a=1
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Representations of control equations (cont’d)

e Seems unspeakably ugly, but is easily automated in symbolic manipulation

language.

e Snakeboard example.

Controllability theory

1. Definitions of controllability and background for control-affine systems
2. Accessibility theorem

3. Controllability definitions and theorems for ACCS

4. Good/bad conditions

5. Examples

6. Snakeboard using Mma

7. Series expansions
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Reachable sets for control-affine systems
e A control-affine system ¥ = (M, % = {fo, f1,-- -, fm}, U)

e A controlled trajectory of ¥ is a pair (y,u), where u: I — U is locally
integrable, and v: I — M is the locally absolutely continuous

m

Y () = fo(v(1)) + Y ut(t) fa(x(1)

a=1
e Ctraj(X,T) is set of controlled trajectories (7, u) for ¥ defined on [0, T]

e Define the various sets of points that can be reached by trajectories of a
control-affine system. For g € M, the reachable set fof X from x is

R0, T) = {~(T) | (v,u) € Ctraj(X,T), ¥(0) = zo},

ng(iL‘(),ﬁT) == U :Rz(l’o,t).
t€[0,T]

Controllability notions for control-affine systems
X=WM,%={fo, f1,---, fm},U) is C*°-control-affine system, xg €M

e Y is accessible from x if there exists T' > 0 such that int(Rx (o, <t)) # 0 for
t€]0,T]
e Y is controllable from x if, for each x € M, there exists a T' > 0 and

(v,u) € Ctraj(X,T) such that y(0) = zg and ¥(T) =«

e Y is small-time locally controllable (STLC) from z if there exists T' > 0 such
that z¢ € int(Rx(xg, <t)) for each ¢t €]0, T

o Zo
R (20, <T')
R (xo, <T) R (xo, <T)
not accessible accessible controllable (STLC)
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Involutive closure
e D is a smooth distribution if it has smooth generators
e a distribution is involutive if it is closed under the operation of Lie bracket
e inductively define distributions Lie®) (D), I € {0,1,2,...} by
Lie®(D), = D,
Lie(D), = Lie"V(D), + span{[X,Y](x)|
X takes values in Lie'") (D)
Y takes values in Lie('2) (D), L+l=1-1}

e the involutive closure Lie(>) (D) is the pointwise limit

Theorem 21 (Under smoothness and regularity assumptions) Lie(>) (D)
contains D and is contained in every involutive distribution containing D

Accessibility results for control-affine systems

e ¥ =(M,%,U) is an analytic control-affine system

e we say X satisfies the Lie algebra rank condition (LARC) at z if
Lie®) (%), = Tu,M — rank Lie®(%),, =n

e a control set U is proper if 0 € int(conv(U))

Theorem 22 If U is proper, then
> is accessible from xq if and only if ¥ satisfies LARC at x

It is not known if there are useful necessary and sufficient conditions for STLC.
Available results include a sufficient condition given as the “neutralization of bad
bracket by good brackets of lower order”
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Controllability theory (cont’d)

Slide 66

&

1
s
@]
o
0
S 1

0
sin 0
_ |psing w4+

1
0

> O =
)

robot dynamics)

U2

(unicycle dynamics, simplest wheeled

cos b

sin 0

%tanqﬁ

uy + U2

= o O O

Summary

e notions of accessibility and STLC

e tool: Lie bracket and involutive closure

e necessary and sufficient conditions for configuration accessibility

Workshop on Geometric Control of Mechanical Systems
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Trajectories and reachable sets of mechanical systems

e (time-independent) general simple mechanical control system
> =(Q,G,V,F,D,Z = {F',...,F"},U)

e a controlled trajectory for X is pair (y,u), with u: I — U and v: I — Q,
satisfying 7/(to) € D (o,) for some g € I and
D

VoY (t) = =Po(grad V (v(t))) + Po (GH(F(v'(1))))

m

+ 3wt () Pp(GHF(4(2)))).

a=1
e Ctraj(X,T) is set of [0, T]-controlled trajectories for ¥ on Q
e reachable sets from states with zero velocity:
Re.1a(q0,T) = {¥(T) | (v,u) € Ctraj(=,T), +'(0) = 0q,},
Re.q(@o, T) = {¥(T) | (v,u) € Ctraj(E,T), '(0) = 0g,},

Re1q(90, <T) = | Ruraldot), Reqla, <T) = | Reqlaot).
t€(0,T] t€[0,7]

Controllability notions for mechanical systems

¥ =(Q,G,V,F,D,%,U) is general simple mechanical control system with F’
time-independent, U proper, and ¢g € Q

e Y is accessible from g if there exists T' > 0 such that intp (R 1q (g0, <t)) # 0
for t €]0, T

e X is configuration accessible from qq if there exists T' > 0 such that
int(Rs:.q(qo, <t)) # 0 for t €]0, T

e Y is small-time locally controllable (STLC) from gy if there exists 7" > 0 such
that 04, € intp(Rs 1q(q0, <t)) for t €]0,T].

e X is small-time locally configuration controllable (STLCC) from ¢q if there
exists T > 0 such that ¢o € int(Rx q(qo, <t)) for t €]0,T].
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Controllability for mechanical systems: linearization results

o Let ¥ = (R™", M, K, F) be a linear mechanical control system, i.e.,
M and K are square n X n matrices and F' is n X m,

Mi(t) + Kx(t) = Fu(t)

Theorem 23 The following two statements are equivalent:
1. ¥ is STLC from 0 & 0
2. the following matrix has maximal rank
| M'F | MUK (M) |- | (MUK (M)
e Corresponding linearization result where, in coordinates,

M = G(qo), K = HessV(qo), and no dissipation

Corollary 24 If ¥ =(Q,G,V =0,.#,U) is underactuated at qq, then its
linearization about O, is not accessible from the origin.

The symmetric product
e given manifold Q with affine connection V

e the symmetric product corresponding to V is the operation that assigns to
vector fields X and Y on Q the vector field

(X:Y)=VxY +VyX

e |n coordinates
r  OYF ox*

X: V=2 X4 yiiTk (XY 4 XIY?
< > 8qz + 8(11 + ZJ( + )
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Symmetric product as a Lie bracket

e Given vector field Y on Q, its vertical lift vift(Y") is vector field on TQ

Yl
. . 0
6,% S, vift(Y) =Y* a.% =0QY
: ov® )%

Y’I’L

e Recall: The drift vector field S and called the geodesic spray:

e remarkable Lie bracket identities:

[S, VIt (Y))(0g) = — Y (q) © 04
VIE6(Y,), [S, vIEE (Y3)]] (vg) = viE((Ya : V) (vg)

Symmetric closure
e take smooth input distribution Y

e a distribution is geodesically invariant if it is closed under the operation of
symmetric product

e inductively define distributions Sym” (Y), 1 € {0,1,2,...} by

Sym(o)(y)q = Yq
Sym®(Y)g = Sym=V(Y), + span{(X : Y} (g)|
X takes values in Sym")(Y), Y takes values in Sym"2)(Y), I + 1, =1 — 1}

e the symmetric closure Sym(®(Y) is the pointwise limit

Theorem 25 (Under smoothness and regularity assumptions) Sym(®(Y)
contains Y and is contained in every geodesically invariant distribution containing Y
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Accessibility results for mechanical systems
e X=(Q,V,D,% ={Y3,...,Y,,},U) is an analytic ACCS
e U proper
e (o point in Q
Theorem 26 1. X js accessible from qq if and only if
Sym®) (Y),, = D, and Lie®™) (D), =T, Q
2. Y is configuration accessible from qq if and only if

Lie®®) (Sym(>°) (¥))ao = TgQ

Key result in proof: If € = {S,vlft(Y1),...,vlft(Y;,)}, then, for ¢o € Q,

Lle(oo) (%E)Oqo ~ Lle(oo) (Sym(oo) (y))qo @b Sym(OO)(g)qo

Notions for sufficient test
Consider iterated symmetric products in the vector fields {Y7,...,Y,,}:

1. A symmetric product is bad if it contains an even number of each of the
vector fields Y7, ...,Y,,, and otherwise is good.
Eg., ((Yo:Yy) : (Y, :Yy)) is bad, (Y, : (Y, : Y,)) is good

2. The degree of a symmetric product is the total number of input vector fields
comprising the symmetric product.
Eg., ((Yo:Ys) : (Y, :Y})) has degree 4

3. If P is a symmetric product and if o is a permutation on {1,...,m},

define o(P) as symmetric product where each Y, is replaced with Y,
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Controllability mechanisms

given control forces {F',... , F"}
accessible accelerations {Y3,...,Y;,}

Y, = Pp(G™'F*)

“ 4 &

access. velocities Sym(m)(YI7 ey Yo) D) decoupling v.f.s {Vi,...,Vi}
{Y;a<Y}Yk>a<<Y]Y}ﬂ> Yh>7} VH(V7V;> € {}/177}/"?}
access. confs Li0<°Q)(Sym<OO> Y1,...,Yn) D Lie(°°>(V1, ..., V4): configurations
Yi, (YY), [Y;, Vel (Y5 - V) Y3l ..} accessible via decoupling v.f.s

Controllability for ACCS
e ACCS Y =(Q,V,D,Y,U), qo € Q, U proper

e ) satisfies bad vs good condition if for every bad symmetric product P

> (P)(qo) € spang {P1(qo), - - Pel(qo)}

oESH

where Py, ..., P, are good symmetric products of degree less than P

Theorem 27

rank Sym(‘x’)(%})q0 is maximal —

bad vs good . . .
& of configurations and velocities

STLC= small-time locally controllable

(q0,0) == (qr,vf)  can reach open set

STLCC= small-time locally configura-

rank Lie(>) (Sym (Y)),, = n tion controllable
bad vs good (q0,0) == (qr,vf)  can reach open set
of configurations
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Summary for control-affine systems
e notions of accessibility and STLC
e tool: Lie bracket and involutive closure

e necessary and sufficient conditions for accessibility

Summary for ACCS
e notions of configuration accessibility and STLCC
e tool: symmetric product and symmetric closure

e necessary and sufficient conditions for accessibility

Controllability examples

e Y; is internal torque and
Y5 is extension force.

o Both inputs: not

accessible, configuration
accessible, and STLCC
(satisfies sufficient condition).

o Y7 only: configuration accessible but not STLCC.

o Y5 only: not configuration accessible.
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e Y7 is component of
force along center axis, and

Y5 is component of force
perpendicular to center axis.

o Y7 and Y5: accessible and STLCC (satisfies sufficient condition).
o Y7 and Y3: accessible and STLCC (satisfies sufficient condition).
o Y7 only or Y3 only: not configuration accessible.

o Y5 only: accessible but not STLCC,

o Y5 and Ys: configuration accessible and STLCC (but fails sufficient
condition).

e Y is “rolling” input
and Y5 is “spinning” input.
o Y7 and Ys: configuration
accessible and STLCC
(satisfies sufficient

condition).
o Y7 only: not configuration accessible.

o Y5 only: not configuration accessible.
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e Yj rotates wheels and
Y5 rotates rotor.
o Y7 and Y5: configuration
accessible and STLCC
(satisfies sufficient

condition).
o Y7 only: not configuration accessible.

o Y5 only: not configuration accessible.

e Single input at joint.

e Configuration
accessible, but not STLCC.
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Series expansion for affine connection control systems
Y= (Q,V,D,% ={Y1,...,Y,},U) is an analytic ACCS

ny/(t)’)/,(t) = Y(ta V(t))

v (t) = Z Vie (£, (1)) absolute, uniform convergence

k—1 t
vk@,q):—%j:l | Wit Vi s
+oo
Series: comments +/(t) = ZVk(t,y(t))
k=1
Vilta) = [y Y(s0)ds
Viri(ta) = =33 fy (Va(s,9) : Viea(s,q)) ds

Error bounds:

Vil = O([Y[[F£>*1)

In abbreviated notation

- == 17— —
n=Y, Ww=-37:7), Ww=5(¥:7):7)

7)) + 2 ({7 7) - V) (t.40) + Oy |47)
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Kinematic reductions and motion planning

1. Motion planning problems for driftless systems and ACCS

2. How to reduce the MPP for ACCS to the MPP for a driftless system
3. Kinematic reductions: notion, theorems and examples

4. Kinematic controllability

5. Inverse kinematics and example solutions

6. Motion planning problems with animations

Motion planning for driftless systems

o (M, {X1,...,X,,},U) is driftless system:

where u are U-valued integrable inputs — let % be a set of inputs

e 7/-motion planning problem is:

Given xg,x1 € M, find u € %, defined on some interval [0, 7], so that the
controlled trajectory (v, u) with (0) = ¢ satisfies v(T") = 1

Workshop on Geometric Control of Mechanical Systems IEEE CDC, December 13, 2004



Kinematics reductions and motion planning (cont’d) Slide 88

Motion planning for driftless systems: cont’d

e Examples of %/-motion planning problem
1. motion planning problem with continuous inputs
2. motion planning problem using primitives:
U={e1,....,em,—€1,...,—€n}
Z is collection of piecewise constant U-valued functions
Then, ~ is concatenation of integral curves, possibly running backwards in
time, of the vector fields X1, ..., X,,. Each curves is a primitive

e Motion planning using primitives Consider (M, {X1,..., X, },R™).
If Lie(oo)(f)C) = TM, then, for each xg,z1 € M, there exist k € N, t1,...,t; € R,
and aq,...,a; € {1,...,m} such that

X X,
xl - étkak O O¢t1 l(xo)

Technical conditions: smoothness, complete vector fields, M connected

Motion planning for ACCS
e (Q,V,D,{Y1,...,Y,},U) is affine connection control system (ACCS)

m

Vo (t) = D u(t)Yaly (1))

a=1
e 7/ is set of U-valued integrable inputs

e 7/-motion planning problem is:

Given qo,q1 € Q, find u € %, defined on some interval [0,T], so that the
controlled trajectory (v, u) with 4/(0) = 0,4, has the property that

V(T) = 04,
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How to reduce the MPP for ACCS to the MPP for a driftless system
Key idea: Kinematic Reductions
Goal: (low-complexity) kinematic representations for mechanical control systems
Consider an ACCS, i.e., systems with no potential energy, no dissipation

1. ACCS model with accelerations as control inputs mechanical systems:

m

VoY () = Ya(y()ua(t) Y =span{¥i,...,¥p}

a=1

2. driftless = kinematic model with velocities as control inputs

l
V() =Y Vi(v(®)ws(t)  V=span{Vi,...,V;}
b=1

? is the rank of the reduction

When can a second order system follow the solution of a first order?

ex.

Can follow any straight line and can turn
T 2 preferred velocity fields

(plus, configuration controllability)

Ok ? ? ?
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Kinematics reductions and motion planning (cont’d)

Kinematic reductions V =span{V1,...,V;} is a kinematic reduction if any
curve q¢: I — Q solving the (controlled) kinematic model can be lifted to a solution

of the (controlled) dynamic model.

rank 1 reductions are called decoupling vector fields

Theorem 28 The kinematic model induced by {Vi,...,V,} is a
kinematic reduction of (Q,V,D,{Y1,...,Y,},U)
if and only if
(i) vcy
(if) (V:V)CY

Examples of kinematic reductions

Two rank 1 kinematic reductions (decoupling vector fields)
no rank 2 kinematic reductions
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Three link planar manipulator with passive link

Actuator Decoupling  Kinematically
configuration  vector fields  controllable
(0,1,1) 2 yes
(1,0,1) 2 yes
(1,1,0) 2 yes

When is a mechanical system kinematic?
When are all dynamic trajectories executable by a single kinematic model?

A dynamic model is maximally reducible (MR) if all its controlled trajectory
(starting from rest) are controlled trajectory of a single kinematic reduction.

Theorem 29 (Q,V,D,{Y1,...,Y,,},U) is maximally reducible
if and only if

(i) the kinematic reduction is the input distribution Y

(i) {4:49) CY
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Examples of maximally reducible systems

8

1
i)
(@)
o
»n
< 1

o
Y psin ¢ 0
b 0 1

_é_ 0]

(unicycle dynamics, simplest wheeled
robot dynamics)

L g
-:1:7,- [ cos 6 | -O-
N sin 6 0
Y = v+ w
0 % tan ¢ 0
o) Lo | |1

Kinematic controllability

Objective: controllability notions and tests for mechanical systems and reductions

Consider: (Q,V,D,{Y1,...,Y,,},U)

Vi,..., Ve decoupling v.f.s

rank Lie®™)(Vy,..., Vi) =n g
rank Sym*)(Y) = n, -
“bad vs good”

rank Lie®®™)(Sym*)(Y)) =

n, —)

“bad vs good”

Workshop on Geometric Control of Mechanical Systems

KC= locally kinematically controllable
(go,0) == (g5,0)  can reach open set of
configurations by concatenating motions
along kinematic reductions

STLC= small-time locally controllable
(g0,0) —= (g,vf)  can reach open set

of configurations and velocities

STLCC= small-time locally configuration
controllable

(q0,0) == (gr,vf) can reach open set
of configurations
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Controllability mechanisms

given control forces {F*,... F™}
accessible accelerations {Y3,...,Y;,}

Y, = Pp(G1F9)

“ 4 &

access. velocities Syrr1(°c)(Y17 ey Yo) D) decoupling v.f.s {Vi,...,Vi}

Y, (Y5 Vi) (Y 0 Ye) Vo) s} Vi (Vi: Vi) e {Y1,..., Yo}
access. confs Lie™ (Sym™) (Y, ..., Y;,)) D Lie®™)(V4,...,V}): configurations
Yi, (YY), [Y;, Vel (Y5 - V) Y3l ..} accessible via decoupling v.f.s

Controllability inferences

STLC = small-time locally controllable
STLCC = small-time locally configuration controllable
KC = locally kinematically controllable
MR-KC = maximally reducible, locally kinematically controllable

STLC KC | < J |MRKC
&N [P

STLCC

There exist counter-examples for each missing implication sign.
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Cataloging kinematic reductions and controllability of example systems

System

Picture

| Reducibility

‘ Controllability

planar 2R robot

single torque at either joint:
(1,0), (0. 1)

n=2m=1

(1,0): no reductions

(0,1): maximally reducible

accessible

not accessible or STLCC

roller racer
single torque at joint
n=4m=1

no kinematic reductions

accessible, not STLCC

planar body with single force
or torque
n=3m=1

decoupling v.f.

reducible, not accessible

planar body with single gen-
eralized force
n=3m=1

no kinematic reductions

accessible, not STLCC

planar body with two forces
n=3m=2

VW B
RN

two decoupling v.f.

KC, STLC

robotic leg
n=3m=2

two decoupling v.f., maxi-

mally reducible

KC

planar 3R robot, two torques:
(0,1,1), (1,0,1), (1,1,0)

1

(1,0,1) and (1,1,0): two de-
coupling v.f.

(0,1,1): two decoupling v.f.

(1,0,1) and (1,1,0): KC
and STLC

n=6m=3

n=3m=2 0,1,1): KC
and maximally reducible (0.1,1)
If
rofiing penny fully reducible KC
n=4,m=2
keboard
shaxeboar two decoupling v.f. KC, STLCC
n=5m=2
3D vehicle with 3 generalized
forces ! three decoupling v.f. KC, STLC

Workshop on Geometric Control of Mechanical Systems
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Summary

e relationship between trajectories of dynamic and of kinematic models of
mechanical systems

e kinematic reductions (multiple, low rank), and maximally reducible systems

e controllability mechanisms, e.g., STLC vs kinematic controllability

Trajectory design via inverse kinematics
Objective: find u such that (giitial, 0) = (Gtarget; 0)

Assume:

1. (Q,V,D, {Y1,...,Y,,},U) is kinematically controllable

2. Q = G and decoupling v.f.s {Vi,...,Vy} are left-invariant
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Left invariant vector fields on matrix Lie groups

e Matrix Lie groups are manifolds of matrices closed under the operations of
matrix multiplication and inversion

o Example: SO(3) = {R € R¥3 | RR” = I, det(R) = +1}

e left invariant vector fields have the following properties:
1. R(t) = Xv(R(t)) = R(t) - V for some matrix V (linear dependence)
2. flow of left invariant vector field is equal to left multiplication

"V (Ry) = Ry - exp(tV)

3. exp(tV) € SO(3), that is, V' € s0(3) set of skew symmetric matrices

4. For ey, e, e3 the standard basis of R3,

0 0 0 0 0 —1 0 -1 0
ee=10 0 —1|, €e=1|0 0 0|, es=1]1 0 0
01 0 1 0 0 0 0 0

Trajectory design via inverse kinematics
Objective: find u such that (ginitial, 0) =, (Gtarget; 0)

Assume:

1. (Q,V,D,{Y1,...,Y.},U) is kinematically controllable

2. Q = G and decoupling v.f.s {V1,...,Vy} are left-invariant
—> matrix exponential exp: g — G gives closed-form flow
—> composition of flows is matrix product

Objective: select a finite-length combination of k flows along {V4,...,V;} and
coasting times {t¢1,...,tx} such that

qi;iiiaﬂqwrget = Gdesired = exp(tlval) tee eXp(thak)-

No general methodology is available = catalog for relevant example systems
SO(3),SE(2),SE(3), etc
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Inverse-kinematic planner on SO(3) Any underactuated controllable system on
SO(3) is equivalent to

Vi=e.=(0,0,1) Vo = (a,b,c) witha® +b% #0

Motion Algorithm: given R € SO(3), flow along (e, V2, e,) for coasting times

Raa — 2
ty = atan2 (wy i3 + wa o3, —wa 13 + w1 Ra3) by = acos ( 133_ C2C )

t3 = atan2 (U1R31 -+ ’U2R32, UQR31 - U1R32)

1 — costs w1 ac b 1 ac —b
where z = , = z, = z
sin to w2 cb —a Vg ch a
. IK FK
Local Identity Map = R == (t1,ta,t3) — exp(ti1e,) exp(t2Va) exp(tse,)

Inverse-kinematic planner on SO(3): simulation The system can rotate about
(0,0,1) and (a,b,c) = (0,1,1)

Rotation from I3 onto target rotation exp(7/3,7/3,0)

As time progresses, the body is translated along the inertial z-axis
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Inverse-kinematic planner for 3;-systems SE(2) First class of underactuated
controllable system on SE(2) is

Z:1 = {(‘/17V2)| ‘/1 = (171)1,61)7‘/2 = (07b2762)7 bg +cg = 1}

Motion Algorithm: given (0, x,y), flow along (V1, Va2, V7) for coasting times

(tla t27 t3) = (atan2 (Oé, B) )y Py ) — atan2 (a7 ﬂ))

where p = y/a? + (32 and Y= by e | |=e bif |1—cost
p —c2 b Y bi sin 0

Identity Map = (6,2,y) > (t1,t2,t3) o exp(t1 Vi) exp(taVa) exp(tsV1)

Inverse-kinematic planner for X,-systems SE(2) Second and last class of
underactuated controllable system on SE(2):

22 - {(V17‘/2)| Vl - (17b1701)7‘/2 - (17b2702)7 bl 7& bQ orcy 7& 02}

Motion Algorithm: given (0, x,y), flow along (V1, Vo, V7) for coasting times

t; = atan2 <p, V4 — p2> + atan2 («a, 3) ty = atan2 <2 — p%, p\/4 — p2>
ts =0 —t, —to

where p=/a? +_ﬁ2, e} _ c1—ca2 ba—0b1 | |-a by 1 — cosf
p by —by a1 —c Y b1 < sin 0

Local Identity Map = (8, 2,y) > (t1,t2,t5) > exp(t1V1) exp(t2Va) exp(tsVh)
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Inverse-kinematic planners on SE(2): simulation

Inverse-kinematics planners for sample systems in 37 and 35. The systems
parameters are (b1, c1) = (0,.5), (b2, c2) = (1,0). The target location is (7/6,1,1).

Inverse-kinematic planners on SE(2): snakeboard simulation

snakeboard as Xa-system
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Inverse-kinematic planners on SE(2) X R: simulation 4 dof system in R3, no
pitch no roll

kinematically controllable via body-fixed constant velocity fields:
V1= rise and rotate about inertial point; Vo= translate forward and dive

The target location is (7/6,10,0,1)

Inverse-kinematic planners on SE(3): simulation

kinematically controllable via
body-fixed constant velocity fields:

V1= translation along 1st axis

Vo= rotation about 2nd axis

V3= rotation about 3rd axis

V3 : 0 — 1: rotation about 3rd axis
V5 11 — 2: rotation about 2nd axis
V1 : 2 — 3: translation along 1st axis
V3 : 3 — 4: rotation about 3rd axis
Vo : 4 — 5: rotation about 2nd axis
V3 :5 — 6: rotation about 3rd axis
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Summary

relationship between trajectories of dynamic and of kinematic models of

mechanical systems

kinematic reductions (multiple, low rank), and maximally reducible systems
controllability mechanisms, e.g., STLC vs kinematic controllability

systems on matrix Lie groups

inverse-kinematics planners

Analysis and design of oscillatory controls for ACCS

1. Introduction to Averaging

2. Survey of averaging results

3. Two-time scale averaging analysis for mechanical systems
4. Analysis via the Averaged Potential

5. Control design via Inversion Lemma

6. Tracking results and examples
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Introduction to averaging

Oscillations play key role in animal and robotic locomotion

oscillations generate motion in Lie bracket directions useful for trajectory design

objective is to study oscillatory controls in mechanical systems:

T
Vo7 (8) = Y (£, 1(1)), /Om,q)dt:o, gcQ

oscillatory signals: periodic large-amplitude, high-frequency

Survey of results on averaging
e Early developments: Lagrange, Jacobi, Poincaré

e Oscillatory Theory:

o Dynamical Systems: Bogoliubov Mitropolsky, Guckenheimer Holmes, Sanders
Verhulst, ...

o Control Systems: Bloch, Khalil ...

e Related Work:

General ODE'’s: Kurzweil-Jarnik, Sussmann-Liu,

@)

@)

(Electro)Mechanical Systems: Hill, Mathieu, Bailleiul, Kapitsa, Levi ...

Series Expansions: Magnus, Chen, Brockett, Gilbert, Sussmann, Kawski ...

@)

Time-dependent vector fields: Agrachev, Gramkrelidze, ...

@)

Small-amplitude averaging and high-order averaging: Sarychev, Vela, ...

@)
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Averaging for systems in standard form

e for € > 0, system in standard form
V() = eX(t,(t), ~(0) =m0

e assume X is T-periodic, define the averaged vector field

— 1 [T
X(z) = —/ X (7, x)dr.
T Jo
e define the averaged trajectory t — 7(t) € M by
' (t) = eX(n(t), n(0) =0
Theorem 30 (First-order Averaging Theorem)

t
v(t) —n(t) = O(e)  forallt € [0, ?0]
If X has linearly asymptotically stable point, then estimate holds for all time

Averaging for systems in standard oscillatory form

e for € > 0, system in standard oscillatory form
1 ./t
V(1) = X (1) + =Y (S, 9(1), 1(0) =0

e Assumptions:
1. Y is T-periodic and zero-mean in first argument

2. the vector fields = — Y (7,t,x), at fixed (7,t), are commutative

e Useful constructions:

1. given diffeomorphism ¢ and vector field X, the pull-back vector field
O X =T¢ ' oXop

2. given extended state z, = (¢, ), define Xc(xe) = (1, X (ze)), and
Ye(r,2e) = (0,Y (7, 2¢))

3. define F' as two-time scale vector field by

(1, F(r,2e)) = ((@5)7Xe) (@)
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Averaging for systems in standard oscillatory form: cont’'d
e define F as average with respect to 7
o for fixed \g, compute the trajectories
¢'(t) = F(t,£(t))
' (t, M) = Y (£, Ao, n(t))
with initial conditions: £(0) = z¢ and n(0) = £(¢)

(note T — n(7,t) equals £(t) plus zero-mean oscillation)

Theorem 31 (Oscillatory Averaging Theorem)

v(t) —n(t/e, t) = O(e) for all t € [0, to]

Two-time scale averaging for mechanical systems

e for e € Ry, consider the forced ACCS (Q,V,Y,D, % = {Y1,...,Y,,},R™):
1t
V@Y (®) = Y (A 0) + 3 —ut (1) Ya(r(1)
a=1

where Y is an affine map of the velocities

e assume the two-time scale inputs v = (u!,...,u™): Ry x R, — R™ are

T-periodic and zero-mean in their first argument

e define the symmetric positive-definite curve A: R, — R™*™ by

Aap(t) = 5 (U Uy () = U@y ()Uw (1),  a,be{l,...,m}

where

T o 1 T
Ut (7,1) = / was s, Tioy(t) = / Ut (, 1)
0 0
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e define the averaged ACCS
Vew& () =Y (t,E(t) - Z Aap(t) (Yo 0 V) (£(2))
a,b=1
with initial condition

£'(0) =7'(0) + Y U(w)(0)Ya(7(0))

Theorem 32 (Oscillatory Averaging Theorem for ACCS) there exists
€o0,to € Ry such that, for all t € [0,tg] and for all € € (0, ¢),

() = &(t) + O(e),

V(1) =€)+ Y (V£ = Uiy () YalE(1) + O().

a=1

If oscillatory inputs depend only on fast time, and if the averaged ACCS has linearly
asymptotically stable equilibrium configuration, then estimate holds for all time

Averaging analysis with potential control forces
e when is the averaged system again a simple mechanical system?

e consider simple mechanical control system (Q, G, V, Fyiss, #,R™)
1. no constraints
2. F ={d¢',...,d¢™}, where ¢*: Q = R fora € {1,...,m}
3. Fyiss is linear in velocity
e define input vector fields
a a\t %] 6¢a
Yo(q) =grad¢“(q),  (grad¢?)' =G o
Lemma 33 symmetric product between vector fields satisfies
(grad ¢ : grad ¢") = grad (¢* : ¢*)
where symmetric product between functions (Beltrami bracket) is:

a . b\ __ a b\ __ i'a¢aa¢b
(6" ) = (do".ad) = @Y T 55
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Averaging via the averaged potential

%f’(t) fl(t) = - grad ‘/avg (g(t)) + Gﬁ (Fdiss (6/ (t)))

‘/avg:V_F Z Aab<¢a:¢b> :

a,b=1

Example: stabilizing a two-link manipulator via oscillations

N
. 62

5 /2
°
:Aﬁ/
>
Ry 0
< 0

time (sec)

-(6)
u=—60; +—cos| -
€ €

Two-link damped manipulator with oscillatory control at first joint. The averaging
analysis predicts the behavior. (the gray line is 07, the black line is 65).
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Summary

e averaging theorem for standard form

e averaging theorem for standard oscillatory form

e averaging for mechanical systems with oscillatory controls

e analysis via the averaged potential

Design of oscillatory controls via approximate inversion

Objective: design oscillatory control laws for ACCS

stabilization and tracking for systems that are not linearly controllable

e setup: consider ACCS (Q,V,Y, D, % = {Y1,...,Y,,},R™) where Y is an affine
map of the velocities

define averaging product Ay 7] as the map taking a pair of two-time scale
vector fields into a time-dependent vector field by

1 T T1
A[O,T](V, W)(t Q) = 2T </0 V(Tg,t q dT2 / W Tz,t q)dT2>dT1

2T2 </ / (T2,t,q)drodTy : / / W (ro,t,q)dradm
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Basis-free restatement of averaging theorem

Corollary 34 For e € R, consider governing equations

Voo () = Y6/ 0) + 2 (L1900,

(i) W takes values in Y
(i) q— W(r,t,q), for (1,t) € Ry x R, are commutative

Then, the averaged forced affine connection system is
Vemé () =Y (1) + Ao (W, W)(,£(1))

Problem 35 (Inversion Objective) Given any time-dependent vector field X,
compute two vector fields taking values in Y

1. Wx slow is time-dependent
2. Wx osc is two-time scales, periodic and zero-mean in fast time scale

such that
WX,S|0W + 'A[O,T} (WX,osca WX,osc) =X (1)

Controllability assumption and constructions
e Controllability Assumption: for all a € {1,...,m}, (Y, : Y,) €Y

(i) smooth functions %, a,b € {1,...,m}, such that, for all a € {1,...,m}
(Yo:Ya) =) ob¥,
b=1

(ii) for T'e Ry and i € N, define ¢;: R — R by

(t) 47 27rit
i(t) = ——cos | —
14 T T

(iii) define the lexicographic ordering as the bijective map
lo: {(a,b) € {1,....m}>| a<b} —{1,...,3m(m — 1)} given by
lo(a,b) = Y971 (n— j) + (b—a)
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Inversion algorithm

e For an ACCS with Controllability Assumption, assume

=Y n'tYal@)+ D> 1t a) (Y : Ye) (q)

b,c=1,b<c

e Then Inversion Objective (1) is solved by

Wx S|0W t q ZUX slow t q (Q)7 Wx ,0SC 7_ t, q ZUX osc T 13 q (Q)

where

b=1 1=b+1
- 1 a a a
+ Z <_77 b(iﬂYaﬁ b) _"g/ﬂybn b)(taq)v
b=a+1
a—1 1 m
uc)L(,osc(Ta t, Q) = Z Plo(i,a) (T) - 5 Z 77(” (ta Q)Splo(a,i) (7-)
=1 t=a+1

Tracking via oscillatory controls Consider ACCS
(Q,V,Y,D=TQ,% ={Y1,...,Y},R™) satisfying Controllability Assumption
and span{Y,, (Y3 : Yo.) | a,b,ce{l,...,m}} =TQ

Problem 36 (Vibrational Tracking) given reference v, find oscillatory controls
such that closed-loop trajectory equals 7ef up to an error of order ¢

Vibrational tracking is achieved by oscillatory state feedback

a _ _a < b—1 < (ull')gf(t))Q a
U siow (b, Vg) = Ures(t) + Z + Z — a1 | (9),

b=1 c=b+1

1 % ac
UK osc (7,t,vq) Z Plo(c,a) (T 9 Z Uret (1) P1o(a,e) (T)

c=a+1
where the fictitious inputs are defined by
V'yr’ef(t),y;ef(t) t f}/ref Z uref W/ref + Z ref > (’Vref(t))
b,c=1

b<c
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Example: A second-order nonholonomic integrator Consider
Ty =wu1, T2=wuz, I3=uiT2+ usl1,

Controllability assumption ok. Design controls to track (z{(t), z4(t), x4(t)):

. L oa . . ¢
Uy = CL‘Cll + —2 (zl;g - x‘lia:g — xgm(ll) cos | -
€ €

L V2 ([t
UQZ.TQ—TCOS E

T = cos fv, — sin Ov,
2z = sin v, + cos Ov,,

0=w

U — Vzw = —gsin€ 4+ (—ki1/m)vs + (1/m)us
\ U, + vpw = —g(cosO — 1) + (k2 /m)v, + (1/m)us
LE mg w=(—ks/J)w+ (h/J)uz

Q = SE(2) : Configuration and velocity space via (z, 2,6, v;,v,,w). x and z are
horizontal and vertical displacement, @ is roll angle. The angular velocity is w and
the linear velocities in the body-fixed x (respectively z) axis are v, (respectively v.).

uy is body vertical force minus gravity, us is force on the wingtips (with a net
horizontal component). k;-components are linear damping force, g is gravity
constant. The constant h is the distance from the center of mass to the wingtip,
m and J are mass and moment of inertia.
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Oscillatory controls ex. #2: PVTOL model

Controllability assumption ok.  Design
controls to track (z%(t), z%(t), 09(t)):

u1:£§d+@9d—\/—§cos E
h h € €

2
Uy = % — f1sin0% + fycos0? — Jh—\/_ (fl cos 0% +f251n9d) cos (E) )
€ €

where we let ¢ = %éd + k—,f’éd and

(2 d
fi1 =mat + <k1 cos? 0% + ky sin’ Hd) i+ W(kl — k:g),éd +mgsin0® — ccos?,
. d
fa= mz? + %(kl — kg):bd + <k1 sin? 0% + ks cos? Od) 344 mg(1 — cos Qd) — ¢sin6?.

PVTOL simulations: trajectories and error

1.4 T T

1 —— Errorinx
Errorinz
8 ol 1 12 |- - Emorine i
1k 4

z
|
L s <
T T
§
Error
°
>
T

0 5 10 15 20 25
05 041
5 o/\/\_/ 02k
05 1 1 1 1 o+ I S e 1
0 5 10 15 20 25 [ 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
t €
Trajectory design at € = .01. Tracking errors at ¢t = 10.
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Summary

averaging theorem for standard form

averaging theorem for standard oscillatory form

averaging for mechanical systems with oscillatory controls
analysis via the averaged potential

inversion based on controllability

fairly complete solution to stabilization and tracking problems

Summary

1. Introduction

2. Modeling of simple mechanical systems

3. Controllability

4. Kinematic reductions and motion planning
5. Analysis and design of oscillatory controls

6. Open problems. ..
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Open problems

Modeling

1.
2.
3.

variable-rank distributions in nonholonomic mechanics
affine nonholonomic constraints

Riemannian geometry of systems with symmetry
infinite-dimensional systems

control forces that are not basic

Slide 138

tractable symbolic models for systems with many degrees of freedom

Controllability

1.
2.

linear controllability of systems with gyroscopic and/or dissipative forces

controllability along relative equilibria
acccessibility from non-zero initial conditions

weaker sufficient conditions for controllability
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Kinematic reductions and motion planning

1. understanding when the kinematic reduction allows for low-complexity
calculation of motion plans for underactuated systems

2. motion planning with locality constraints
3. relationship with theory of consistent abstractions
4. feedback control to stabilize trajectories of the kinematic reductions

5. design of stabilization algorithms based on kinematic reductions

Analysis and design of oscillatory controls
1. series expansions from non-zero initial conditions
2. motion planning algorithms based on small-amplitude controls

3. higher-order averaging and inversion + relationship with higher order
controllability

4. analysis of locomotion gaits
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