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1. Introduction—what will you learn in this class?

e Consider the following example of a hovercraft in the plane:

s1
Ogpatial

e The force F' can have its direction and magnitude arbitrarily specified, and the
body moves on the plane without friction.

e Problems:
1. Can one steer between arbitrary configurations at rest?
2. How can one steer between arbitrary configurations at rest?

3. If the motor rotating the fan angle breaks, what is the answer to the preceding
two questions?

e In practice, the dynamics of the fan are significant, and so have to be modelled:

4. With the additional dynamics, what are the answers to the first two questions?
e Answers:

1. Yes. This is not a completely trivial problem, but we will learn to answer it in
this class.

2. The answer to 1 that we will give is, in fact, constructive, so we will also
answer 2.
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3. The answer to 3 depends on the angle the fan is pointing when the motor
breaks.

(a) If the fan is pointing straight ahead or straight back, then it is clear that the
answer to 1 is, “No.” Indeed, one can only reach configurations that are
aligned with the initial configuration.

(b) At any other fan angle, the answer is not so clear, and in fact is not perfectly
understood in the literature. What is true is that one cannot steer to all
configurations near the initial configuration without making large excursions.

4. Here the question becomes surprisingly complicated. The answer to 1 is, “No,”
provided the question is posed clearly.

e What is the point?

e This example is a “simple” one in the sense that the equations of motion are not
exceedingly complicated. And the questions we are asking are basic ones.
Nonetheless, they are nontrivial to answer.

e One way to answer these questions is to understand very well the models involved.
That is what this class is about.

e We will understand quite precisely the ideas of “configuration,” “velocity,”

“force,” "acceleration,” etc.

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 2

2. Configuration spaces and differentiable manifolds

e We now begin skipping between Chapters 3 and 4. Initially, we consider
Sections 3.2 and 4.1 together.

2.1. Configuration space

A particle is an object with mass concentrated at a point.

A rigid body is an object with mass and volume.
e We will be more careful with these “definitions” later.

e A free mechanical system is a collection Py, ..., Py, of particles and
Bi,..., By, of rigid bodies which move independently of one another.

e How do we specify a configuration of a free mechanical system?

e We do so by specifying separately the configuration of each particle, and each rigid
body.

e To specify the location of a particle, choose an inertial reference frame
(Ospatial, {81, 82, s3}) consisting of a spatial origin Ospatiai and an orthonormal
frame {s1, 52, 83} at Ogpatia. The position of the particle P; is exactly determined
by a vector r; € R3 from Ogpatial to the location of P;.

e To specify the position of a body, additionally specify a body reference frame
(Obody, {b1, b2, bs}) that is fixed to move with the body.

81

7 85
Ospatial
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e The body B; is specified by the vector r; = Opody — Ospatial € R3, along with a
specification of the orientation of the orthonormal frame {by, bo, b3} relative to

{817 S2, 53}-

e This orientation is determined by specifying the components of b,, a € {1, 2, 3},
relative to the basis {s1, s2, s3}:

by = Ri1481 + Raq82 + R3,83.

e The matrix

Ri1 Rio Ris
R;= |Ry1 R Ros
R31 Rz Ra3

is an orthogonal matrix since the bases {by, b, b3} and {s1, s2, 83} are
orthonormal.

e If one chooses the bases to have the same orientation (say, right-handed), then
R; € SO(3), where

SO(3) = {R €R¥? | RRT = I, det R = 1}
is the special orthogonal group in three-dimensions. (Removing the condition
that det R = 1 gives O(3), the orthogonal group.)

e Punchline: To specify the configuration of a rigid body one specifies a point in
SO(3) x R3. Therefore, the configuration of a free mechanical system is specified
by a point in

Qfree = R? x -+ - x R3 x (SO(3) x R?) x --- x (SO(3) x R?).
—_———

Np copies Np copies
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e Now suppose we have interconnections between particles and bodies, as is almost
always the case.

Example 2.1 Two-link planar manipulator:

Here we have

Qfree = (SO(3) x R3) x (SO(3) x R3).
However, the actual configurations of the system are specified by the angles 6; and
05 as shown in the figure. Where do these angles live? Each angle is essentially a
number, keeping in mind that, if two numbers differ by an integer multiple of 27,
then they are really the same angle. More concretely, each angle is measured by a

point on the circle
S'={(z,y) eR*| 2”+y*=1}.
Thus the configurations of this simple two-link robot are specified by a point in
St x St O

e Issues arising from these considerations:

1. How does one do calculations on configuration spaces? We have only been
taught to do calculations on R", or open subsets of R™.

2. In practice, one simply “chooses coordinates” for the configuration space, and
then pretends that one is then working with Euclidean space. This is fine, but
one should be sure one talks about things that do not depend on a particular
choice of coordinates.

3. To get around these issues, we dig into differential geometry. This will take

several weeks.
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Configuration spaces and differentiable manifolds (cont’d)

Recall: a diffeomorphism is a bijection f: U — V between open subsets
U,V C R™ which is infinitely differentiable, and for which the inverse is infinitely
differentiable.

2.2. Charts and atlases

Definition 2.2 Let S be a set. A chart

for S is a pair (U, ¢) with

(i) U a subset of S and

(i) ¢: U — R™ an injection for which ¢(U)
is an open subset of R"™.

An atlas for S is a collection @

o = {(Uq, ¢a)taca of charts with the property
S = Ugeally, and such that whenever U, N'U;, # () we have

(i) ¢a(Us NUp) and ¢p(Ug NUyp) are open subsets of R™,
(iv) bap = dpod; da(Ug NUp) is a diffeomorphism from ¢q (U, N Uyp) to
(f)b(ua N ub) O

e [dea: A chart parameterizes a subset of the set S. The overlap condition (iv)
ensures that different parameterizations will be compatible.

Example 2.3 Let S = R? and define charts (U, ¢1) and (Uz, ¢2) by U; = S and
(]51({1}72/) = (l’,y), and

Uy =R2\ {(2,0)| <0},  ¢o(z,y) = (Va2 + 12 atan(z,y)).

The latter are polar coordinates, with which you are familiar, but now we are
being more formal.
We now verify the overlap condition. Note that

61 (Up NUz) = R2\ {(z,0) | =<0},

Pp2(Ur NU2) = {(r,0) | >0, €] —m,7[}.
One computes

(]512(1', y) = ( V .’E2 + y27 atan(:r, y))

which has inverse
61 (r,0) = (rcosb,rsinf).
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The Jacobians of these maps are

5 0 — 9
qu)lg (CE, y) = \/mz—i-y? \/w2+y2 ’ D¢1_21 (T’, 0) _ COS r Sin

¥ _z i

e R sinf rcosf
Since the entries in these matrices are continuous, the overlap map and its inverse
are differentiable. In fact, both maps are infinitely differentiable, so the overlap

condition is satisfied. O

Example 2.4 Take S = S' C R2. On S! we define two charts (Uy, ¢1) and
(u27¢2) by

Uy =S"\{(~1,0)}, ¢i(z,y) = atan(z,y)
Uy =S"\ {(1,0)}, ¢o(x,y) = atan(—z, —y).

Thus ¢; measures the angle (denote it by 61) of the point (z,y) from the positive
x-axis, and ¢ measures the angle (denote it by 05) of the point (x,y) from the
negative x-axis. Note that ¢1(U;) =] — 7, @[ and ¢2(Uz) =] — 7, w[. Note also
that gbl(ul HUQ) :] —W,O[U]O,ﬂ'[, and that ¢2(u1 QUQ) :] —W,O[U]OJT[. One

computes the overlap maps as

0, — 7, 61 €]0,7| b12(8) = 0y — 7, 65 €]0,7|

p12(6h) =
T+ 61, 916]—71’,0[, T+ 02, 926}—77’,0[.

These maps are clearly inverses of one another, and are also clearly infinitely
differentiable. Thus this gives an atlas for S'.

Remark 2.5 It is not possible to cover S! with a single chart. It is not obvious why
this is so, but it can be roughly argued as follows. A chart for S, by definition, takes
values in an open subset of R. An open subset of R is a collection of open intervals.
Now, there exists a curve in S! that ends up where it started, without intersecting
itself (i.e., the curve [0,27] > t — (cost,sint) € S'). No such curve is possible in a
collection of open intervals. Thus, one needs at least two charts to cover S!. O
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Configuration spaces and differentiable manifolds (cont’d)

2.3. Manifolds

Definition 2.6 Two atlases @) = {(Uqa, ¢a)}aca and o = {Vy, ¥y }oep for a set
S are equivalent if &/} U 2f is an atlas. O

e /dea: Charts from different atlases must satisfy the overlap condition relative to
one another.

Definition 2.7 A differentiable structure on a set S is an equivalence class of
atlases with the preceding equivalence relation. A manifold is a pair (S, D) where
D is a differentiable structure on S. ]

e To specify a differentiable structure in practice, one simply specifies some atlas,
and then considers the equivalence class corresponding to this, usually without
thinking about it, as in our examples.

e In practice, one writes a typical manifold as M, regarding the differentiable
structure as having been fixed.

e If all charts for a manifold take value in R™ for a fixed n, then dim(M) = n is the
dimension of M.

Examples 2.8 1. R"™ is a differentiable manifold with the natural differentiable
structure defined by the atlas {(R",idgn)}.

2. More generally, if U C R™ is an open set, then this has the differentiable
structure defined by the atlas (U, idg~ |U).

3. S™ is a differentiable manifold, with an atlas defined by stereographic projection:

North Pole 202(y",y%)

Xt

20, (x!, 2?) South Pole

See text for details.

4. On S? one can also specify longitude/latitude coordinates, for example. It is an
exercise to show that the coordinate chart is (V, 1)) where

V=8\{(2,0,2)| 2<0}, %(z,y,2) = (atan(z,y), acos(z)) = (6, 9),
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defining the coordinates (0, ¢), where 6 measures longitude in the range | — m, 7|
and ¢ measures latitude in the range 10, 7. O

2.4. Back to configuration spaces

e To parameterize configuration space, we need to parameterize SO(3), since this
appears in the free configuration space of a rigid body.

e Let us define
SO(n) = {R eRV™| RR" =1,, det R = 1},

and think about parameterizing SO(n).

e The case n = 2 can be understood. A general 2 x 2 matrix looks like

Note that R?*2 is naturally a 4-dimensional manifold. A general special

orthogonal 2 x 2 matrix looks like

cosf) —sinf

sinf  cosf

for some 6 € R. Note that values of 8 differing by an integer multiple of 27
produce the same orthogonal matrix. Thus, really, SO(2) looks like a copy of S*
sitting in R2%2,

e It is not so perfectly clear how to similarly parameterize SO(3) C R3*3. However,
since we understand R3*3 well (it is naturally a 9-dimensional manifold), maybe
we would be better off understanding SO(3) as it sits inside R3*3.
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2.5. Submanifolds "

Rk

Definition 2.9 A subset S of a manifold M s

is a submansifold if, for each point z € S, \
there is an admissible chart (U, ¢) with z € U ¢

and such that

(i) ¢ takes its values in a product R¥ x R"~*, and
(i) p(UNS) = p(U) N (R x {0}).

A chart with these properties is a submanifold chart for S. g

e Idea: The coordinates in R* x {0} give a chart for S.

e Like all “subobjects” you have encountered, the idea is that the subset acquires
the structure of the set within which it sits (e.g., a vector space structure for
subspaces, a group structure for subgroups).

e Note that if (U, @) is a submanifold chart for S, then (UNS, ¢|(UNS)) is a chart.
The overlap condition for such charts can be verified. Thus submanifolds are
manifolds.

Configuration spaces and differentiable manifolds (cont’d)

Example 2.10 Take M = R? and S = S!. Let us find a submanifold chart. Seems
reasonable to adapt polar coordinates, since the standard polar coordinate “r" has
value 1 on S. Thus we shift it:

U=R*\{(z,0)| =<0}, o(x,y)=(v/22+y?—1,atan(z,y)).

We have ¢(U) =] — 1,00[ x| — m,7[, and p(UNS) = {0} x ] — m,7[C R x RL.
Thus this is a submanifold chart. To show that S! is a submanifold of R?, we need
at atlas of submanifold charts. In this case, this means we would need to cover the
point (—1,0) € S* with a submanifold chart. This is left as an easy exercise.

Conclusion: St is a submanifold of R2. O

e Many parameterized curves in R? or R3, or parameterized surfaces in R3, that
may have been encountered in vector calculus are indeed submanifolds.

e However, not all subsets are submanifolds, and some “nice” sets may not be.
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Example 2.11 Consider the curve in R? defined :
by the parameterization ¢ — (sint,sin(2t)). Let 05
S be the image of this curve. This subset is not a

0

submanifold. Clearly the sticky point is at the origin.

0.5

One should imagine trying to show that there is a

1

set of coordinates for R? containing (0,0) € S which T 53 Q 55 :

maps S to one of the coordinate axes. Although it is not so easy to rigorously show
why this is impossible, it is easy to imagine why it is. This shows that one needs to
exercise some care when talking about all submanifolds, since perhaps not all nice
objects of your experience are submanifolds. O

e fact: SO(n) is a submanifold of R™*™. This is easy to show using
Proposition 3.42 (this is Exercise E3.17), but we will not develop the machinery to
prove this.

2.6. Back to configuration spaces

e Previously, we had discussed free mechanical systems. Now we wish to allow
interconnections between bodies and particles.

Definition 2.12 An interconnected mechanical system is a collection
{Patacqr,...Npy U{Bs}seqi,....Nnp} of Np particles and Np rigid bodies restricted
to move on a submanifold Q of Qfee. The manifold Q is the configuration
manifold for the system. |

e |t is possible that one may be interested in mechanical systems for which the set
of admissible configurations is not a submanifold. For example, a robot which
encounters an obstacle in its workspace is of this sort. There will be a
discontinuity when the robot hits the obstacle.

Example 2.13 (Planar rigid body) We consider a planar rigid body. Thus
Qfree = SO(3) x R3. Recall that to assign a configuration of the body to a point in
Qfree We choose a spatial frame (Ospatial, {81, S2, S3}) and a body frame

(Obody; {b1, b2, bs}). We wish to adapt our choice of these frames in a manner
suited to the system. Since the body is planar, this means it moves on some
two-dimensional plane P. We then choose our frames to meet the following criterion:

1. Ospatial € p;
2. s3 is orthogonal to P;

3. Opody is at the center of mass of the body, which we assume to be in P;
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4. bs is orthogonal to P.

With these assumptions, a point in Qe that corresponds to a configuration of the
body has the form

cosf) —sinf 0
sinf cosf 0|, (z,9,0) | €SO(3) x R,
0 0 1

for z,,0 € R. Note that such configurations really live only in SO(2) x R?, and are
specified by

cosf —sinf

,(z,y) | €S0(2) x R2.

sinfd  cosf
Thus the configuration space is a submanifold of SO(3) x R3 that, in a natural way,
looks like SO(2) x R2. However, we have already seen that SO(2) is essentially S*.
Thus we shall take Q = S x R2, with the “angle” in S' measuring the rotation of
the body, and the point (,y) € R? indicating the position of the center of mass. [J

Configuration spaces and differentiable manifolds (cont’d)

Example 2.14 (Two-link manipulator) We return “officially” to our planar
two-link robot. We choose a spatial frame (Ogpatial, {51, S2, S3}), and body frames
(O1.body, {b1,1,b1,2,b1,3}) and (Oz pody, {b2,1,b2,2,b23}) as follows:

Thus we assume
1. Ospatial, O1,body, and Oz pody lie in the plane P of motion of the links,
2. 83, by 3, and by 3 are orthogonal to P, and

3. Oibody is at the center of mass of link ¢, which, for simplicity, we suppose to be
at the link's midpoint.
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In this case, Qfee = (SO(3) x R?) x (SO(3) x R3), and we denote a typical point in
Qfree by ((R1,71), (R2,72)). We then easily see that

_cos 01 —sinby 0-
Ry = |sin6; cosf; 0|, 7r1= (%1 cos B, %1 sin 61, 0)
| 0 0 1]
[cos fs —sinby 0]
Ry = |sinfy cosfy 0|, 72=({1cosb; + %00502,& sin 07 + %sin02,0).
0 0 1

This then gives the form of a general point in Q C Qfee. Now we note that such a
point in Q is determined precisely by the matrices

cosf; —sinb; cosfy —sinfy € 50(2) x SO(2).

b
sinf;  cosb; sinfy  cosfy

Thus we take Q = S! x S!, making the identification made previously with SO(2)
and S'. O

Example 2.15 (Rolling disk) Next we take the problem of a disk rolling on a
plane P without slipping:

There is just a single rigid body, so we have Qfee = SO(3) x R3. We choose frames
as in the picture. Thus we say that

1 Ospatial € P,
2. s3 is orthogonal to P,

3. Opody is at the center of mass of the disk, which we assume to be at the
geometric center of the disk, and

4. bs points in the direction parallel to P, and orthogonal to direction of motion
allowed by rolling.
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The position of Opeay relative to Ospatial is given by a vector of the form (z,y,r) for
z,y € R, and where r > 0 is the radius of the disk. To determine the matrix sending
R € SO(3) corresponding to the orientation of {by, bs, b3} relative to {s1, 82,83},
we proceed in three stages. We illustrate these three stages by sketching the bases as
viewed by looking down on the plane P. The first stage produces {b’, by, b3} by

So S

Thus we rotate the frame {by, ba, b3} by an angle 6 (see picture of disk for definition
of ) clockwise about the ss-axis. This corresponds to the orthogonal matrix
cosf sinf 0
R; = |—sinf cosf 0
0 0 1

Next we apply a counterclockwise rotation about sy by the angle ¢ (again, see the
figure for the definition of ¢) to get {b7, by, b} }:

S )
/
s1 b s1
bl ; bl
b} b’ll
The matrix that does this is

cos¢p 0 —sing

Ry = 0 1 0

sing 0 cos¢

Finally, to get to the basis {s1, s2, 83} we rotate in the clockwise direction by g
above s5:

/1
bl
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The matrix that does this is

1 0 O
R;=10 0 1
0 -1 0

Note that we have s; = RsRoR1b;, i € {1,2,3}. Thus b; = R?RQTRP,TS,',

1 € {1,2,3}. If we note that we can take s; = (1,0,0), s2 = (0,1,0), and

s3 = (0,0, 1) (this amount to choosing spatial coordinates adapted to our spatial
frame), then we see that b; is the ith column of R 2 RT RI R Thus R as defined
is that matrix in SO(3) describing the orientation of the disk. A computation gives

cos¢pcos singcosf  sinf
R = |cos¢sinf singsinfd —cosf

—sing cos @ 0

To summarize, a typical point in SO(3) x R3 corresponding to an admissible

configuration of the disk looks like

cosgcosf singcosf  sinf
cos¢psinf singsind —cosh| ,(z,y,7)
—sing cos ¢ 0
As with our other examples, it is easier to pull out the relevant part of Q from Qfrce.

To see how this might be done, note that the matrices R; and R» are exactly
specified by the matrices

cosf —sinf cos¢ —sing

b
sinf®  cosf sing  cos¢

in SO(2), respectively. Thus the configuration space can be taken to be
Q = R? x SO(2) x SO(2), or, equivalently, Q = R? x St x S™. O

e In the preceding three examples, we were quite systematic about determining the
configuration manifold as a submanifold of Qfee. In practice, after one has some
experience with these sorts of things, one bypasses the steps we went through in
the examples.

e Nonetheless, there are still occasions when even a seasoned veteran may want to
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think somewhat carefully about what a configuration space is. For example,
consider a rigid body fixed at a point in space by a universal joint. A universal
joint does not allow the body to “twist.” If the universal joint is a ball joint, then
the configuration manifold is simply SO(3). The elimination of twist takes away
one degree-of-freedom, so we expect Q to be two-dimensional for a universal joint.
We have seen two possibilities of two-dimensional manifolds, S! x S' and S2. But
neither of these is Q in this case. Indeed, one show that Q = R]P’Q, which is

two-dimensional real projective space.

Configuration spaces and differentiable manifolds (cont’d)

2.7. Choosing coordinates for a system

e Now that we have indicated how one in principal finds the configuration manifold
Q for an interconnected mechanical system, we choose coordinates. This will be
useful when we actually have to do computations.

e Note that since Q is a manifold, it possesses charts, so in some sense there is
nothing to talk about. However, in most cases it is helpful to choose coordinate
charts that mean something in terms of the physics.

Example 2.16 (Planar rigid body (cont’d)) We return to our planar rigid
body example, for which we had determined the configuration manifold to be
Q = S* x R%. As a coordinate chart we choose (U, ¢) defined by

UZQ\{((U,U),(:Ly)) EQ‘ u=—1, U:0}7
(b((ua ’U), (:L‘,y)) = (atan(u7v)7 (1'7y))

We write these coordinates as (0, z,y), and we note that ¢(U) as a subset of R?
consists of a “slab” that is infinite in  and y, and for which 8 takes values from
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—m to 7 (boundaries not included). In terms of the physics, the coordinates
(0, x,y) are to be interpreted as follows:

Ospatial

Remarks 2.17 1. Note that it is quite unlikely that one would choose
coordinates in any other way for this example. However, what we have done is
recognize that this prescription of coordinates has meaning in terms of
providing a chart for Q thought of as a manifold. In this sense, coordinates are
given a quite precise meaning.

2. Note also that the coordinates do not actually cover all of Q. It will often be
the case that one does choose a set of coordinates that does not cover the
configuration manifold. There are two possible reasons why this might be:

(a) it may not be possible to cover Q with a single coordinate chart

(eg. Q=S");

(b) although it may be possible to cover Q with a single chart, perhaps the
“natural” physical chart does not cover Q (this is actually the case with
the planar body, although it is perhaps not obvious that it is possible to
cover Q with a single chart for this example). O

Example 2.18 (Two-link manipulator (cont’d)) Consider the two-link
planar manipulator which has Q = S! x S'. Given that we have a natural way of
defining coordinates for S!, we just use this coordinate twice. Thus we define a
chart (U, ¢) by

U=Q\ ({((z1,51), (w2, 92)) | &1 =—1, y1 =0}
U{((z1,31), (x2,92)) | 22 =1, y2 =0}),
o((w1,91), (v2,92)) = (atan(z1,y1), atan(wz, ya)).

Let us denote these coordinates by (61,62). Physically, these coordinates are
related to the configuration of the body as follows:
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Let us try to get an idea of what Q "looks like.” First, let us define

T =S! x --- x S!, the n-fold Cartesian product, which we call the n-torus.
Then Q is the 2-torus. One way of visualizing the 2-torus is as the surface of a
“donut” in R3:

The two circles indicate the portion of Q that we remove to define the coordinate

chart U. Thus, in this representation of the 2-torus, the stuff that is removed is
two circles. Another way to visualize Q in this case is to simply look at ¢(U),
which is the square | — 7, w[ x| — m, 7[: Note that the left and right edges of the
square are really “the same,” since these boundaries correspond to one of the
circles that was removed to define U. In like manner, the top and bottom edges
are “the same.” This can be represented by the following picture:

identify edges

Sa—

identify edges

Thus one glues together the left and right edges, upon which one will have a
cylinder, and then glues together the two boundaries of the cylinder, so producing
the donut representation. O
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Configuration spaces and differentiable manifolds (cont’d)

Example 2.19 (Two-link manipulator (cont’d)) Last time we made a choice
of coordinates for Q = S! x S, and we indicated how these coordinates relate to the
physics of the system. Whereas for the planar body, there is perhaps a quite natural
choice of coordinates, in this example, there is at least one other set of coordinates
that makes sense. Let us define this as the chart (V) given by

V=Q\ ({((z1, 1), (x2,92)) | 21 =1, y1 =0}
U{((z1,91), (x2,92)) | 72 = =21, y2 = =3 })
Y((z1,11), (T2, y2)) = (atan(xy, y1), atan(cos(atan(xy, y1))ze + sin(atan(z1, y1))ys,
— sin(atan(z1, y1))z2 + cos(atan(z1,y1))y2)).
This coordinate chart looks complicated, but, if one sorts through the definition, one

can see that the coordinates (61, 63,1) in this chart are related to the position of the

manipulator by:

2.8. Maps to and from manifolds

e Now that we have carefully constructed the configuration space of an
interconnected mechanical system, let us talk briefly about things that can be
done using the differentiable structure.

e One of the things one can do is talk about properties of maps between manifolds.
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Definition 2.20 Let M and N be manifolds
and let f: M — N. Then f is r-times
continuously differentiable, or of

class C" | if, for each © € M, there exists charts
(U, ¢) for M and (V, ) for N with the following
properties:

(i) z e,
(i) f(U) cV, and

(iii) the map fsy from ¢(U) to ¥(V) defined by fuy(x) = tho fogp™'(x) is r-times
continuously differentiable. O

e The map fgy in the definition is the local representative of f.

e /dea: To talk about differentiability of a map between manifolds, one simply
chooses coordinates, represents the map in one's coordinates, and then talks about
differentiability of the coordinate representation, which makes sense.

e We denote the class C™ maps from M to N by C"(M; N).

e Two sorts of maps will be of particular interest.

1. N =R: Maps from a manifold to R are called functions, and C"(M) denotes
the class C" functions from M to R.

2. M =R: Maps from R to a manifold N are called curves. A typical curve will
be denoted by ~.

Example 2.21 We take M = S? and define f: S? — R by f(z,y,2) = 2. We
claim that f is a C°°-function. We can check this by applying the definition. Thus
we choose a coordinate chart, find its local representative, and check that the local
representative is C*°. Let us choose, for example, longitude/latitude coordinates
discussed in Example 2.8. It is then easy to see that the local representative of f is
(0, ®) — cos ¢. This function is clearly infinitely differentiable. To actually show that
f is infinitely differentiable, one should choose another chart covering the points not
covered by latitude/longitude coordinates, and make sure the local representative of
f is also infinitely differentiable. This can be done. O

Lecture 8
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e An easier way to check the differentiability of a function like that in the preceding
example is to use the following result, which follows directly from the definitions of
submanifold, and class C"™ map.

Proposition 2.22 Let M and N be manifolds, let S be a submanifold of M, and
let f € C"(M;N). Then f|S € C"(S;N).

e /dea: To check the differentiability of a function defined on a submanifold, it
suffices to check differentiability on the bigger space, which is sometimes easier.

Example 2.23 We continue with our previous example where M = S? is a
submanifold of R3, and f(z,y,2) = 2. Clearly, f is infinitely differentiable on R3.
The result above says that this immediately implies that f is also infinitely
differentiable when restricted to S2, without having to laboriously check local
representatives, etc. O

Configuration spaces and differentiable manifolds (cont’d)

Example 2.24 Next let us consider an example of a curve. We take M = S? again,
and define a map y: R — S? by v(¢) = (cost,sint,0). We claim that 7 is an
infinitely differentiable curve. To verify this by hand, we need to show that the local
representative for v in a chart is infinitely differentiable. We again take
longitude/latitude coordinates (6, ¢), and in these coordinates the local
representative of y is ¢ — (¢, 7). One should be careful to take into account the
domain of validity of longitude/latitude coordinates. After doing so, one sees that
this map is only defined when ¢ is not an odd multiple of . However, in the range of
validity, we see that the local representative is infinitely differentiable. To show that
v is infinitely differentiable, one should choose another chart that covers the
remaining part of S2, and check that the local representative here is also infinitely
differentiable. This is possible. O
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e As with checking the differentiability of functions defined on submanifolds, there is
an easy way to check the differentiability of a curve, or more generally, a map,
taking values in a submanifold.

Proposition 2.25 Let M and N be manifolds, let S C M be a submanifold, and
let f: N— M be a class C" map having the property that image(f) C S. Then f
is a class C" map from N into S.

e /dea: To check the differentiability of a curve taking values in a submanifold, it
suffices to check the differentiability of the curve taking values in the bigger space,
which is sometimes easier.

Example 2.26 For our previous example, S? is a submanifold of R3, and since the
curve t — (cost,sint, 0) is clearly an infinitely differentiable curve in R3, it is also an
infinitely differentiable curve in S2. O

e Exercises 2.21 and 2.24 might give one the impression that to check the
differentiability of a curve or function, it suffices to use a chart that covers “most”
of the manifold. This is false, as the following example shows.

Example 2.27 We take M = S', and define a function on M by
f(z,y) = atan(x,y). Let us choose a chart (U, ¢) for S! that covers all but one
point:

U=S"\{(~1,0)}, ¢(z,y) = atan(z, y).

Let us denote the coordinate in this case by 6. In this chart, the local representative
of fis 6 — 6. This is certainly an infinitely differentiable function. However, to
check the infinite differentiability of f, we need to choose another chart that covers
the point (—1,0). Let us define a chart (V,) by

V:Sl\{(lao)}7 1/J($7y) :atan(_'r7 —y),

and denote the coordinate in this chart as 6. The local representative of f in this
chart is then given by

™

_ —T+0, 6>
R T+
<

0,
7T—H§, 6 <0.
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Note that this local representative is not even continuous! This shows that it is not
sufficient to check differentiability of a map in a single chart that covers “most” of
the manifold. O

2.9. Comments on smoothness of maps

e In the text, we are fairly careful to specify the smoothness of objects. However, in
this course, it very often suffices to simply assume that everything is infinitely
differentiable, unless otherwise stated.

e Indeed, the only objects in this course that will not be assumed to be infinitely
differentiable are controls, when we get around to talking about them.

e At times in the text, reference will be made to objects that are C*, or
equivalently, analytic. This does not mean analytic in the sense of complex
variables. In the context of this course, analytic, or more exactly, real analytic,
means that the Taylor series for an object converges to the object. Of course, this
definition means one works in a coordinate chart.

2.10. The forward kinematic maps

e We next introduce a very simple object, one which we have in actuality already
used.

Definition 2.28 Consider an interconnected mechanical system with &
interconnected rigid bodies and configuration manifold Q C Qfree. For

a €{1,...,k}, the ath forward kinematic map is the map

II,: Q — SO(3) x R3 which assigns to a point in Q the position of body a
corresponding to that configuration. O

e As we say, we have really seen the forward kinematic map already. Let us illustrate
that this is indeed the case by looking at our examples.

Example 2.29 (Planar rigid body (cont’d)) Recall that Q = S! x R2. There
is one body, and the forward kinematic map II;: Q — SO(3) x R? is given in
coordinates by

cosf —sinf O
(0, z,y) = sinf cosf® 0],(z,y,0)
0 0 1
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Note that the forward kinematic map is already contained in our explicit description
of Q as a submanifold of Qfrec. O

Example 2.30 (Two link manipulator (cont’d)) Here we had Q = S! x S!.
There are two bodies and the coordinate representations of the forward kinematic

maps are
[cos 01 —sinéy 0]
T, (61,62) = sinf; cosf; O ,(% 00591,%sin91,0) ,
0 0 1]
_cos 6y —sinfy O_
(61, 62) = sinf,  cosfy 0, (¢1cosf; + % cosbs, losinby + 2 sin 6, 0)
0 0 1

Again, this is a mere matter of giving a name to something we have already seen. [J

3. Velocity and the tangent bundle

e We now talk about something different. We use the physical notion of velocity to
motivate the introduction of a new object: the tangent bundle.

3.1. Velocity

e We first need to understand well what “velocity” is. To come to grips with this,
let us consider a particle moving in R?. The particle’s motion is described by a
curve v: R — R3. Thus the position of the particle at time tq is v(ty) € R3 and

the velocity of the particle at time tg is %|t:t0 € R3.

e The way to imagine this so that it will be useful in our subsequent discussion is as
follows:

“""'/'(1»,‘
A(to)  dele=to

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 10

e For the curve in R3, the tangent vector lived also in R3, and we imagined the
origin for the set of velocities to be at the point on the curve whose velocity was
being computed. For a manifold, where “velocity” should live is not so clear.

Definition 3.1 Let M be a manifold and let z € M.

(i) A curve at = is a Cl-curve v: I — M with the property that 0 € int(/) and
7(0) = =.
(ii) Two curves at x, 1 and 79, are equivalent if, for a chart (U, ¢) around z, it
holds that D(¢o~1)(0) = D(¢ov2)(0).
(iii) A tangent vector at x is an equivalence class of curves under the above
equivalence relation. The set of tangent vectors at x is denoted T,M and is
called the tangent space at x.

(iv) The tangent bundle to M is the collection of all tangent spaces:

™ = U T,M. O
TeEM

Idea: One represents the two curves
in a set of coordinates, and asks that they
have the same velocity in the coordinates.
For this to make sense, one should,
of course, check that this idea is independent
of choice of coordinates. This is easily done. @

D6 o7 (0) = Déoy2(0)

e /dea: For an interconnected mechanical
an
system with configuration manifold Q, points
in Q are positions of the system, points in T,Q are velocities at position ¢, and

TQ is the collection of all velocities at all possible positions.

e |t is important to note that, in this way of thinking of things, velocity does not
exist independent of position.

e We would like to have a way of expressing velocities in coordinates.
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3.2. Coordinate representations for velocity

Let (U, @) be a chart for M. We wish to represent points in T,M for z € U.

Note that points in U are represented by elements ¢(x) € ¢p(U) C R™. Now let
x € U and let v be a curve at x which therefore defines a tangent vector
[v] € TM. In the chart, [y] is prescribed by D(¢ov)(0) € R™.

Punchline: The coordinate representation of a tangent vector at x € U is specified
by (¢(x), D(¢°7)(0)) € p(U) x R™.
Note that, if we write (xz1(¢),...,2™(t)) = ¢o~(t), then

D(¢27)(0) = (&(0),....,&"(0)).

We shall adopt the notation

in ¢p(U) in R™

to denote the coordinate representation of a typical tangent vector at a point in U.

Important question: How are two different coordinate representations of the same
tangent vector related?

) and (U, ¢) be charts around z.
(0) be the coordinate

To answer this question, let x € M and let
Let [y] € ToM and let D(¢o+)(0) and D(
representations of [7].

(.
$eo)
It is convenient to write coordinates for (U, ¢) as (z!,...,2™) and coordinates for

(U, ) as (Z',...,2"). With this notation, we write

¢°7(t) = (ml(t)7 cee vxn(t))a
bory(t) = (F'(t),...,2"(1)).

Then, using the Chain Rule,

#0)= Y 2T @0)(0), el ) )
j=1

This is exactly what velocities should do when we change coordinates!
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e An alternate way to write (1) is

D(¢°7)(0) = D(¢ (0)) D(¢°7)(0) . (2)

~1(0) ~ Ot (x(0)) =4 (0)

o
S
N

o
2

e That is to say, the velocity in one set of coordinates is obtained by multiplying the
velocity in the other set of coordinates by the Jacobian of the overlap map. If one
were to think about it, this probably is in keeping with some parts of your past
experience.

e Note that (1) and (2) are really the same equation. The representation (1) is more
transparent notationally. The representation (2) is more compact, and makes
explicit the connection with the overlap map introduced in Definition 2.2.

Velocity and the tangent bundle (cont’d)

Example 3.2 Let us look at something simple; our o
manifold M = R? with Cartesian coordinates (z,y) and
2 "

polar coordinates (r, ). The charts were denoted

(U, ¢1) and (Uz, ¢2), respectively. Let us consider
the representation of a specific tangent vector in
each of these two coordinate charts. Let

xo = (%, %) € M. Consider the curves at x given by
() = (75, %) + t(—%, %) and 72(t) = (cos(t + §),sin(t + T)). We claim that
these curves are equivalent at xy. To see that this is the case, we need to show that,
in some (and therefore any) coordinate chart, the local representatives of the two
curves have equal derivatives at ¢t = 0. Let us do this with the more difficult of the
two coordinate charts, just for fun.
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The local representatives the curves in polar coordinates are

Brom(t) = (\/ (G5 (L= 07 + (Z5(1+ )%, atan(1—1, 141)),  b2om(t) = (1, 5-+1).
The derivatives of these curves at ¢t = 0 are

D(¢2071)(0) = (031>7 D(QSQO’YQ)(O) = (071)
Thus the two curves are indeed equivalent, and so define the same tangent vector.

Let us show how the two coordinate representations of this tangent vector are
related. We have already shown that the tangent vector in polar coordinates is
represented by

((7‘,9)7 (UT7U9)) = ((17 %)7 (0, 1))
In Cartesian coordinates we compute

D(¢1 O’Yl)(o) = D(¢1 072)(0) = (_%» %)

(Note that the first equality is guaranteed since the curves are equivalent at x.)
Thus we represent the tangent vector in Cartesian coordinates by

((xvy)’ (Uﬂcvvy)) = ((%’ %)a (_%’ \%))

&)
&)

The rule for how these vectors should be related is

_Or or T y
Ur = os " * ay”y N +y2v$ * \/JJQ—FyQUy7
00 00 Y x
UGZ%UI—F%UQZ_x2+y2vﬂ3+x2+y2vy'

Substituting in the values for ((z,y), (vz,vy)) we get (v,,v9) = (0,1), as desired. O

e Notice that if (U, ¢) is a chart for M, the map

TaM 3 [7] = (¢(x), D(¢27)(0)) € (U) x R"
defines a coordinate chart for TU = U,ey T, M, denoted by (TU, T'¢).

e One additionally sees, by virtue of our previous machinations, that if (U, ¢1) and
(Ug, ¢2) are overlapping charts for M, then the overlap map for the corresponding
tangent bundle charts is

d)l(ul N UQ) x R" > (.’B,U) — (¢12(m),D¢12($) -’U) S ¢2(u1 n UQ) x R"™.

This is yet another manifestation of the transformation rule for velocities.
Moreover, it gives us. ..
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e Punchline: TM is a manifold, since if & = {(Uq, ¢a)}aca is an atlas for M, then
To 2 {(TUqs, Tpataca is an atlas for TM. The charts in the atlas T.# are called
natural charts.

e Let f: M— N Y
be an infinitely differentiable
map, let x € M, and let v be a curve
at . Then for is a curve at f(x).

e We then define a map
Tpf: TaM — TpyN by T, f([7]) = [f o7]. Doing this for each 2 € M defines a
map T f: TM — TN, which is the tangent map of f.

Velocity and the tangent bundle (cont’d)

e Let us write the local representative of T'f is a natural chart. Let us denote
natural coordinates for TM by ((z!,...,2™), (v},...,v™)), and let us write the
local representative for f as

(.. 2™) = (fH(x),..., fM(x)).
The local representative of v we write as
t (2l (t),..., 2™ (1)),
so that the local representative of fo~ is
t (fH (), " (=z(1)).
Therefore, the coordinate representation for [7] is
((z'(0),...,2™(0)), (&' (0),...,2™(0)))

and the coordinate representation for [f o~] is

- of!

i
=0

@) (0), .. > I (@(0))(0))).

Jj=1

((F @), @), (
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e More compactly, the local representative of T'f is

P(W) X R™ 3 (2, 0) = (fou(@), Dfsy(x) -v) € (V) x R",
where (U, ¢) is the chart on M and (V, %)) is the chart on N.

e Punchline: The local representative of T'f is defined by the derivative
(i.e., Jacobian) of the local representative of f. Thus one should think of T'f as
being the derivative of f.

Example 3.3 (Planar two-link manipulator) To get some intuition about
maps between manifolds, and about derivatives of such maps, we consider the
two-link planar manipulator that has been used previously. The configuration
manifold is Q = S! x S'. We define a map f: Q — R? by asking that f(q) be the
position in the plane of the tip of the second link. This would be the position of the
end effector of the robot.

Let us ask some basic questions about this map.
1. Is f surjective? If not, describe image(f).
2. Is f injective? If not, describe the character of f~1(x,y) for (z,y) € image(f).

It is quite clear that f is not surjective, since points that are distance greater than

01 + ¢y (¢; is the length of link i) from the base of the robot are not reachable using
f- A more detailed description is given by the following picture:

bt 0o+t 0o+t

1

l — Ly

1

=l

by >l by >ty b =1Ly

Thus the image of f is an annulus when ¢; # /5, and is a disk when £ = /5.

What about injectivity? A little thought gives the following characterization of the
sets f~1(x,y).
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fl >£2 €2>€1 glzfg

(z,y) € bd(image(f)) single point single point single point

(z,y) € int(image(f)) two points  two points  two points
(z,y) = (0,0) n/a n/a copy of St
The entries in the table give the character of f~1(x,y)

The idea is that when one is in the interior of image(f), there are two possible robot
configurations giving the same position of the tip of the second link. In the case
where we are at the boundary of image(f), there is only one possible robot
configuration giving that position of the tip of the second link. A degenerate case
arise when ¢ = {5 and (z,y) = (0,0). In this case, one can rotate the robot links
together, and the tip of the second link will not move.

Now let us look at the derivative T f of the map f. Rather than just compute it, let
us think about what the derivative means. If one is at configuration ¢ € Q moving
with velocity v, € T,Q, then T f(v,) is the velocity of the tip of the second link.

An interesting question is the following. Are there configurations ¢ and nonzero
velocities v, € Q for which T'(v,) = 0. This means that even though the links may
be moving, it is possible that the tip of link two is not moving. Rephrasing the

question mathematically, are there configurations ¢ for which ker(Ty, f) is nontrivial
(i.e., consists of more than the zero vector)? To answer this question, one can
compute T'f. Note that, in the coordinates (6;,62), the local representative of f is

(91, 92) — (51 cos 01 + £ cos Oy, 01 sin 6y + f5sin 91)

The local representative of T'f is then

((01,62), (v1,v2))

— ((¢1 cos b1 + L2 cos Oz, €1 sin 01 + Lo sinbs), (Ji1v1 + J12va, Jo1v1 + Jav2)),
where J;;, 4,7 = {1,2}, are the components of the Jacobian of the local
representative of f:

—{1s8inf; —¥5sin by
{1 cos 01 £5 cos 02

One can then readily verify that 17 f has nontrivial kernel if and only if
f(q) € int(image(f)), provided that ¢; # ¢5. When ¢; = {5, then T, f has nontrivial

kernel if and only if (1) f(q) € int(image(f)) and (2) f(q) # (0,0).

Moral of the story: There is a relation ship between the derivative changing rank,
and changes in the character of f~!(x,y). This is generally true. However, the main
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idea of working out this example in detail is to try to get some intuition for the
behavior of maps between manifolds. O

e We next introduce some convenient notation. Let 7v: R — M be a curve. Then
T~ is a map from TR to TM.

e Since R possesses a natural global coordinate chart, TR ~ R x R. We then define
V() =Ty 1.

e If the local representative for v is
1
t— (27 (t),...,z2"(¢)),
then the local representative of 7/ in natural coordinates for the tangent bundle is

ts (@ (1), ..., 2" 1), (E'(), ..., 3" (¢))).

e The picture one should have in mind for 4/ is that ~/(¢) if the velocity of the curve
~ at time t:

"

ST - 2

e

e Finally, some convenient terminology | forgot to mention earlier. While it is
sometimes convenient to write tangent vectors as [y] to emphasize their definition
as equivalence classes of curves, it is sometimes cumbersome to do this. Thus we

shall frequently write a point in the tangent space T,M as v,. The subscript “x
reminds us at what base point this tangent vector sits.
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4. Angular velocity

4.1. Velocity of rigid body motion

e Suppose that a body is undergoing a motion described by
t— (R(t),7(t)) € SO(3) x R? (look back to our discussion of the configuration
of a rigid body, if you forget why this describes the motion of a rigid body).

e We shall suppose that r(t) describes the position of the center of mass,
corresponding to our choice of body origin at the center of mass. Then 7(t) is the
translational velocity.

e The description of angular velocity is less straightforward, and we just provide the
“answer.”

o First define matrices @(t) = R(t)R” (t) and Q(t) = RT(t)R(t).

Lemma 4.1 The matrices &(t) and Q(t) are skew-symmetric.

Proof: We do this for €(t), leaving @&(t) as an exercise. Differentiating the
equality R (t)R(t) = I3 with respect to ¢ gives

RT(#t)R(t) + RT(t)R(t) = 0.

Therefore,

as desired. [ |

e Let us write

0 -3 (t)  W3(t) 0 —-03(t) Q%1
()= | wi(t) 0 —wl'@)], Q=@ 0 -Qlt)
—wi(t)  wl(t) 0 -Q2(t) QY1) 0

e This allows us to define w(t) = (w!(t),w?(t),w?(t)) and
Q(t) = (QL(t), Q3(t), Q3(t)), which are the spatial angular velocity and body
angular velocity for the motion.
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o Note that we have implicitly define a map *: R® — s0(3) from R? into the set
50(3) of skew-symmetric 3 x 3 matrices. It is easy to verify that this is an
isomorphism of vector spaces, and satisfies (and can indeed be defined by)
ab = a x b, where a,b € R3 and where x denotes the vector cross-product. We
denote the inverse of the “hat map” by *: s0(3) — R3.

e Physical interpretations: At a given instant in time, the body’s rotational motion
in space is about the axis w(t) € R?, and the magnitude of the angular velocity is
|lw(t)||rs. The body angular velocity is how an observer fixed in the body would
measure the vector w(t) € R3 in the body frame.

4.2. Velocity for interconnected mechanical systems

e Now suppose that we have an interconnected mechanical system with k rigid
bodies and with configuration manifold Q C Qfree. Let II,: Q — SO(3) x R3,
a € {1,...,k}, denote the forward kinematic maps.

o Define maps Pspatial s Pbody s /\spatiah /\body: T(SO(3) X RS) — R3 by

Pspatial (R, A, 'U) ( )
pbody(Ra r, Aa U) ( )
Spatla|(R7 r, A7 'l)) v,
/\body(Ra r, A7 U)

(Note that in writing a point in T(SO(3) x R?) we are using two facts:
1. SO(3) x R? is a submanifold of R3*3 x R?;

2. T(R¥3 x R3) = (R3*3 x R3) x (R3*3 x R3).

You should probably think a little about this.)
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e Now suppose that the system is undergoing a motion ¢ — ~(¢) € Q. Then body a
is undergoing the physical motion ¢ — I, o(¢) € SO(3) x R3. We can then define
the body and spatial velocities of body a just as we did for a single body above.

e Explicitly, the spatial angular velocity of body a is
d
pspatial (a ‘t:()Ha O’Y(t)) )
the body angular velocity of body a is
d
pr (M0
the spatial translational velocity of body a is
d
)\spatial (E ’t:OHa ° V(t)) )

and body translational velocity of body a is

(]t

Example 4.2 (Planar rigid body (cont’d)) This is all easily illustrated with
an example. We consider the planar rigid body with configuration manifold
Q = S* x R2. The key thing is the forward kinematic map:

cosf) —sinf 0
I (0, z,y) = sinf cosf 0f,(x,y,0)
——
0 0 1 1
R,

To compute the spatial angular velocity we compute

—sinff —cosfO 0| [cosf —sinf 0
RiR{ = | cos00 —sin6f 0| |sind cos® 0] =(0,0,0).
0 0 0 0 0 1

This gives the coordinate expression

pspatial(%‘tzoﬂl Ov(t)) =(0,0,0).
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In similar manner we compute
(i‘ 11 09(1)) = (0,0.0)
Pbody df lt—o 1°7 - s UV )y
d
A i (7‘ Hao t): '7.707
spatial dt li—o '7( ) (‘T Yy )

d ..
Abody(&‘tzona °'7(t)) = (x7y70)'

This begins to show the value of the forward kinematic maps, since they reduce this
computation to one that is merely rote. O

5. Vector fields

Definition 5.1 A wector field on a manifold M is a class C*° map X: M — TM
with the property that X (x) € T M. O

e /dea: A vector field assigns a tangent vector to each point in M.

e To represent a vector field in coordinates is a simple matter. In coordinates

(x',...,2") the local representative of X is

(. 2™ (2. 2™), (XN (2),. .., X™(x)))

for some functions X!, ..., X™ of the coordinates.
e The functions X*,..., X" are called the components of X in the coordinates
(x,... 2").

e Vector fields have many facets, and we explore some of them.

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 14

5.1. Vector fields and differential equations

Definition 5.2 An integral curve of a vector field X at z € M is a curve v at x
having the property that v/(t) = X (y(t)) for all times ¢ for which ~ is defined. O

Let us understand what an integral curve is by writing the defining equality
~'(t) = X (7(t)) in coordinates.

The coordinate representation for ~4/(t) is
(@ (1),..., 2" (@), (@ (D), .., i"(1))).
The coordinate representative for X (vy(t)) is
(@ (1), a"(1), (X (1), ..., X" (2(1)))-

The equality is then

This is an ordinary differential equation!

Punchline: To determine, at least locally, an integral curve for a vector field, one
has to solve a differential equation.

Solving differential equations is generally impossible. However, from the theory of
differential equations we may assert that integral curves exist (for small times) and
are unique.

However, the new idea here is that of thinking of a solution to a differential

equation as a curve:
70 =X0W) -
~ \\ AN

This more geometric interpretation of the solution to a differential equation is a
powerful one, as we shall see.

Example 5.3 Let us take M = R? and take (x,%) to be the usual Cartesian
coordinates. We define a vector field X by defining its coordinate representative in

these coordinates:

(.T, y) = ((xa y)’ (7ya CE))
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Let us “draw” this vector field to get some idea of what it says:

From the picture, it seems reasonable that integral curves should be circles. Let us
check this by writing down the differential equation, and seeing if we can solve it.

The differential equation is

#(t) = —y(t), y(t) = =().

This is actually a linear differential equation, and we know how to solve it. The

solution is

(x(t),y(t)) = (x(0) cost — y(0) sint, z(0) sint + y(0) cost).

Since z(t)? + y(t)? = 2(0)? + y(0)?, we can conclude that indeed the integral curves

are circles. O

e It is possible that an integral curve at x cannot be defined for all time. However, it
is defined for small times, and by extending the interval on which an integral curve
can be extended to be as large as possible, we obtain an interval which we denote
by I(X,x). The integral curve defined on I(X,z) is called the mazimal

integral curve of X through x.
e The domain of X is the set
dom(X)={(t,z) eRxM| tel(X,x)}.
e For (t,z) € dom(X), denote by ®;X(x) the point in M given by ~(t), where v is

the maximal integral curve for X through x. The map (¢,z) — ®X () is called
the flow for X.

Example 5.4 (Vector field on R? cont’d) We again take M = R?, and we let
X be the vector field defined in Example 5.3. Note that all integral curves can be
defined for all time. Thus I(X, (z,y)) = R for each (z,y) € M. Therefore,
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dom(X) =R x M. The flow is given by

(t,(x,y)) — (zcost —ysint, xsint + y cost).
The symbol ®;¥(x,y) is represented by

®;X(z,y) = (xcost — ysint,zsint + ycost).

If one fixes ¢ and thinks of the map (z,y) — ®;*(x,y) as being a transformation of
M, then this transformation is simply a rotation by angle ¢. This, again, is a more
geometric way of thinking of a solution to a differential equation. O

Vector fields (cont’d)

5.2. Some coordinate notation

e We next introduce some notation y R
concerning vector fields that, while seemingly @r [ o @
weird at first, is actually extremely useful. u

e Let X be a vector field on M and let (U, @)
be a chart with coordinates (z!,..., zm).

e Define vector fields F1, ..., E, by asking that the local representative of E; in this
chart be  — (x, e;), where e; is the ith standard basis vector.

e Since the standard basis is. . . er...a basis, for each z € U, {E1(z),...,E,(x)}is
a basis for T,M.

e Notation: E; = %, ie{l,...,n}.

e The notation seems weird initially, but we shall see shortly why is it so useful.
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e Note that if X is a vector field defined on U, then we may write

~ i 0 i 0
X(x):ZX o = Xoa (3)
1=1 N——

what does
this mean?

e The last term in the previous equation introduces some new notation we shall
make extensive use of. Namely, we have omitted the summation sign.

e The convention being employed here is called the Finstein summation
convention, and it says that in an expression where repeated indices occur,
summation over these indices is implied.

e Some rules for the summation convention:

1. summation always occurs over one index that is a superscript, and one that is a
subscript (a superscript (resp. subscript) in the denominator of an expression is
taken to be a subscript (resp. superscript));

2. in an equality where the summation convention is being used, the “free
indices” (i.e., those not being summed) should agree;

3. no index should appear more than twice in the same expression.

e We shall see how these rules come up as we go along.

e In (3), the functions X!,...  X™ on U are the same components of X we defined
in the last lecture.

Change of basis formulae for vector fields

e Let X be a vector field, let (x!,...,2") and Z!,...,3") be coordinates, and let
X1 ..., X™and X!,..., X" be the components of X in the two sets of
coordinates.

e Since X(z) € T,M, it follows immediately that the components of X transform in
the same way as do the components of tangent vectors.
e We look back and see that this means that
=, 0zt _ . )
X’L:@X], ZE{I,...,n}.

Note that the summation convention is in force.
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e Let us also investigate how the basis vector fields % are related to the basis
vector fields %.

e |f the notation makes sense, then it should be the case that one can use the Chain

Rule: ‘
o 0 i
0zt 0zt 0z’
e To check that this /s the actual transformation rule, we should check that
9 )
X=X'"—=X"—.
ox* ort

Let us verify this:
a 0z Ox* ; 0
0zt Oxd 9zt Oxk’
Note that gTi; are the components of the Jacobian of the overlap map going from

. - k :
coordinates x to , and gﬁi are the components of the Jacobian of the overlap

i

map going from coordinates x to Z. These matrices are inverses of one another.

This means that
8750”5%’“ _ 5]' _ 1a
Oxd OF k 0, j+#k.

Jj=k,

Note that 52 are then the components of the identity matrix. This symbol is called
the Kronecker delta. Now we have

0 v g O
- = X J_—_ = X —_
ozt % ozk oxk’

using the definition of the Kronecker delta. Thus, after the dust settles, we do

0

Xi

indeed see that the proposed change of coordinates rule for the basis vector fields
makes sense.

Example 5.5 Let us look at an example to illustrate these ideas. We take
M = R?, and the vector field X we dealt with in the preceding lecture. In the
notation of last time, we said that X had local representative

($, y) = <($, y)v (_y7 l‘))

in Cartesian coordinates. In our present notation, we would write

X = a—|—962

Yor T oy
We also wish to write this vector field in polar coordinates. We do this in two ways,
first by transforming the components of X, then by transforming the basis vectors.

First the components transformation rule. Let us write (X, X,) as the components
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of X in Cartesian coordinates (i.e., X, = —y and X, = z) and (X,, Xj) as the
components of X in polar coordinates. We have

or ar Y
X, =—X,.+—X, = z) =0,
ox oy Y /;1:2+y /z2+y2()
00 69 —y
Xo=—X,+—X, = ——=(— ——(2) = 1.
a ay Yy x2+y2( y)+x2—|—y2(x)
Therefore,
0 0
X—Oa— +1%
Now let us change the basis vectors. We have
0 _oro w0
dr Oz or Oz 06
__s 0 _ _y 0
o Va2 +y20r 2+ y2 00
g d S0
- T T e
and
9 _oro w0
dy Oyor Oyl
__ ¥y 8. =z 0
o Va2 42 or z2 4+ y2 00
7S,n02+cos03
- T T e

Substituting this into the expression for X we get

0 0 0 7]
X=-vz +25, =05 +15

as, of course, we must. O
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e In some sense, the change of coordinates rules for vector fields define vector fields.
That is to say, they provide us with a means of identifying whether an object is a
vector field.

e As a specific instance of this, consider the following question: “For a function
f: M — R, is the object represented in coordinates as having components
(2L ... 25 a vector field?”

oxl> ) Qxn

e To answer this question, we need only check whether the object obeys the change
of coordinates rule for vector fields.

e By the Chain Rule we have

of 8;10-7%
oxt 0% dad’
If the object were to be a vector field, however, it would have to satisfy
of _ oz of
0zt Oxd 0z’

Note that this formula wrecks havoc with the summation convention, which itself
is cause for suspicion.

e In any event, the object does not transform like a vector field, so cannot be a
vector field. So what is it?. ..

6. Some linear algebra

e We now engage in a short diversion into linear algebra, taking a new look at things
you have probably seen before.

6.1. Dual spaces
e Let V be a finite-dimensional R-vector space.
e By V*, denote the set of linear maps from V to R. This is the dual of V.

e Recall that the set of linear maps from an n-dimensional vector space to an
m-dimensional vector space forms a vector space of dimension nm (think
matrices, if this helps). Thus V* is an n-dimensional vector space if dim(V) = n.

e We will exhibit a basis for V* given a basis {ej,...,e,} for V.
e Fori€ {l,...,n}, define e’ € V* by
e'(v) = e'(vie;) = v

Thus e’ picks out the ith component of v € V in the basis {e1,...,e,}.
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e Notation: We number vectors in V with subscripts, and we number vectors in V*
with superscripts. This will be important in the use of the summation convention
as we go along.

Proposition 6.1 The set {e!,...,e"} is a basis for V*, called the dual basis
to {e1,...,ent.

Proof: We will show linear independence of the dual basis, as well as show that it
spans V*. In actuality, we need only show one of these two properties. (Why?)
For linear independence, suppose that we have constants cq,...,c, € R so that
cie’ = 0. Note that e’(e;) = 6% (the ith component of the jth basis vector is zero,

unless ¢ = 7, in which case it is one). Therefore
0=cle'(ej) = 0145; =¢j.
Since this holds for all j € {1,...,n}, it follows that {e!,...,e"} is linearly
independent.
Now we show that the dual basis spans V*. Let a € V* and define
a; =ale;) eR,ie{l,...,n}. For v eV we have

a(v) = a(v'e;) = v'ale;) = ae(v).

Since this must hold for all v € V, it follows that o = a;e’. Thus {e!,... e"}
spans V*, as desired. |

e If o € V*, then we write o = aze?, and al, ... a" are the components of « in
the dual basis.

e Notation: Note that the components of a vector are indexed with superscripts,
while the components of a dual vector are indexed with subscripts.

e Note that if « € V* and if v € V we have

av) = ae'(viej) = aviel(ef) = ozivj(S;» = v, (4)
—~—

not a dot
product!

e The last term looks alluringly like a dot product. It is not. A dot product takes
two vectors and gives a number. The expression in (4) is that of an element of V*
acting on an element of V. This is a cause for confusion. Unconfuse yourself.
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e To clarify things, let us look at an example.

Example 6.2 Take V=R", and let {ey,...,e,} be the standard basis. Let us
follow the usual practice, and think of vectors in R™ as column vectors. Then, a
linear map from R™ to R™ is to be thought of as an m X n matrix. In particular,
elements of (R™)* are to be thought of as 1 x n matrices, i.e., as row vectors. Thus
we write a typical element in R” as

and we write a typical element in (R™)* as

o = |:O[1 e Oé":| . (6)
The basis for (R™)* dual to the standard basis is then readily seen to be

61:[1 0 ... 0}732:{0 1 ... 0}, ...,e"z{o o --- 1

With a as in (6) and with v as in (5), we have

a(v) = av".

Again, note that this is not a dot product, since « is not a column vector, i.e., not
an element of R™. O

e Notation: We shall use the following notation interchangeably for the same thing:
a(v), (av), a-v.

Again, the last bit of notation makes you think dot product, but don't do this. We
will have alternative notation for what you know as the dot product.

6.2. Symmetric bilinear maps

e We now introduce a concept that is somewhat familiar to you, but we will think of
it a little more carefully than perhaps you are used to doing.
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Definition 6.3 Let V be a finite-dimensional R-vector space.
(i) A bilinear map on V is a map B: V x V — R with the property that
B(civy + cov2,v3) = c1B(v1,v3) 4 caB(v2,v3),

for all v1,vo,v3 €V, and ¢1,co € R.

(ii) A bilinear map B is symmetric (resp. skew-symmetric) if
B(v1,v2) = B(vz,v1) (resp. B(v1,v2) = —B(v2,v1)) for all v1,v2 € V.

The set of symmetric bilinear maps is denoted ¥5(V).

e Let {ey,...,e,} be a basis for V. Given a bilinear map B, the n? numbers
B;; = Blei,ej), 1,5 € {1,...,n}, are the components of B in the basis.

e Note that if u = u’e; and v = v'e;, then
B(u,v) = B(u'e;, vl e;) = u'v! Blese;) = Biju'v?.

Thus, to know the value of B on any two vectors, it suffices to know the
components of B, along with the components of the vectors.

Some linear algebra (cont’d)

Example 6.4 Let V = R"™ and denote by Ggr» € X5(R") the standard inner
product on R", i.e., the “dot product.” Let's compute the components of Ggr with
respect to the standard basis {e1,...,e,}:
1, i=j
Gro(eiej) =0ij=4 7
0, ©#j.

Note that this gives
GR’!L (u, ’U) = 5ij’ll,i'l)j,

which represents the “dot product” in our summation convention form. O

6.3. Plain ol’ linear maps
e Let us revisit the venerable subject of linear maps, but now using our notation.

e Let U and V be R-vector spaces with bases {f1,..., fin} and {e1,...,e,}. Let
A € L(U; V)(=the set of linear maps from U to V).
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e The components of A in the bases are the nm numbers A%, a € {1,...,m},
i €{1,...,m}, that satisfy
A(fa) = Azeio

e We would like to think of these as being elements in a matrix, so we must decide
which index is the row index, and which is the column index.

e Here are two possible ways to think of this.

1. A linear map from R™ to R"™ is represented by a matrix with n rows and m
columns. Thus the superscript should be the row index, and the subscript
should be the column index.

2. Let u=u®f,. Then A(u) = A(uf,) = A’ u®e;. Thus the components of
A(u) are Alu?, i€ {1,...,n}. Summation in matrix/vector multiplication
takes place over the columns of the matrix. Thus the subscript should be the
column index, and the superscript the row index.

e In any case, we write

A% A% S A}n

A% Az - A?ﬂ
[A] = ;

Ay Ay .- AG

which is the matrixz representative for A.

e Note that the components of both a linear map from V to itself, and a symmetric
bilinear map are represented by n x n matrices. However, these are not the same
sorts of objects! This is evidenced, for example, by the location of the indices for
the components of a linear map (one up and one down) and a symmetric bilinear
map (both down).

e We also assemble the components of a bilinear map into a matrix by

By By -+ By,

Byy By -+ Bay,
[B] =

Bnl Bng s B)nn
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6.4. Linear maps associated with bilinear maps

Given a bilinear map B: V x V — R, we define a map B”: V — V* (pronounced
“B-flat”) by asking that, for v € V, B (v) satisfy (B’(v);u) = B(u,v) for all
u € V.

Make sure you understand how this defines a linear map B® € L(V;V*).

Let {e1,...,e,} be a basis for V with {e!,... e"} the dual basis. We wish to
compute the components of B’ in these bases. By definition

B’ (e;) = (B’);i¢?
gives the components (Bb)ﬂ of B”. Let's see what these are. On the one hand,
(B’(ei);ex) = Blex, ei) = By
On the other hand
((B")jic s ex) = (B)ji (!5 en) = (B)jid] = (B’ )i

Therefore, (B”);i = Bji. That is, the components of B are just those of B. This
can be confusing.

From this it follows that B”(v) = B;;v7e’. Thus the components of B”(v) are
obtained by multiplying the vector of components of v by the matrix of
components of B in the usual fashion.

If B” is invertible, then its inverse is denoted by Bf € L(V*;V) (pronounced
“B-sharp”).

By repeating the sort of computations as above, one can show that the
components of Bf form a matrix which is the inverse of the matrix of components
of B, and that the components of B*(«) are obtained by multiplying the vector
of components of a by the matrix of components of Bf.

Note that if G is an inner product, then G’ is invertible. Indeed, the matrix [G] is
symmetric and positive-definite (this follows from the properties of an inner
product). This means that all of its eigenvalues are real and positive, and therefore
the matrix is invertible, giving invertibility of G”.
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7. Kinetic energy and Riemannian metrics

e We now wish to go about defining the kinetic energy of an interconnected
mechanical system.

e This will involve our determining the kinetic energy first for each of the
component rigid bodies and particles, then summing these together. We first need
to spend some time talking about rigid bodies.

7.1. Rigid bodies

e A rigid body is a pair (B, 1) where B C R3 is compact, and where 1 is a
“positive Borel measure on R whose support is equal to B,” and is called the
mass distribution.

e Most often, we shall take u = pdV, where p is the “mass density” of the body,
and dV is the volume element in R3.

e However, if one wants to consider particles as rigid bodies (and it is convenient to
do so), then we cannot have so simple an idea of what p is. In this case, we think
of 11 as being a map on the (Borel) subsets of R? into [0, 0], with 1(S) being the
“mass” of the set S.

Examples 7.1 1. A particle is the rigid body B = {x} (this is the location of the
particle) and a mass distribution defined by

m, Xo €95,

(8) =
: 07 XO gSa

where m is the mass of the particle.

2. Suppose we have two masses at points x; and X, € R3, and with masses m;
and msy. The particles are constrained to have the same position relative to one
another, and so form a rigid body. The mass distribution here would be

m1+m27 X17X2€S,

my, X1 € S7 X2 ¢ S7
u(s) =

ma, X1 ¢ 57 X2 € 57

0, X1:X2 & 5.

3. A general rigid body will not be contained in any line, and there is not much one
can say in general about its mass distribution. (|

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 18

7.2. Mass and center of mass

e The mass of (B, p) is
n(B) £ / du.
R3

e The center of mass of (B, u) is

X éi/ x dp
© w(B) Jrs

Examples 7.2 1. The particle at x, has center of mass

= dp = 1 =
= — = —mXo = Xo»
Xe m Jas xap m Xo = Xo

as expected.

2. The two particles have center of mass

. / dpp = ————(maxy + maxs)
= = m m ,
Xe ML + Mo R3X % M1 + ma 1X1 2X2

again, as expected.

7.3. The inertia tensor
o Let x, € R3. The inertia tensor for (B, u) about X, is the linear map
Iy, € L(R?;R?) given by

Iy, (u) = /R3(X_Xo) x (u x (X — Xxp)) dps.

e We shall make two simplifying assumptions:
1. xo = X,: we take the moment of inertia about the center of mass;
2. X. = 0: we choose the body frame so that the origin is at the center of mass.

In this case we denote I = I, and have

Le(u) = / x % (u x x) dp.
RB
e Let us record some nice properties of the inertia tensor.

Proposition 7.3 We have

(i) L. is a symmetric linear map with respect to the standard inner product on
RS

(7i) Ggs(I.(u,u) >0

and
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Proof: We recall the vector identity
Grs(u,v X w) = Gz (w, u X v). (7)

Using this identity twice we have

Grs (Le(u),v) = s Grs(x x (u x x),v)dp

:/ Gra(u x x,v x x)dp (8)
R3

= /BG]R3(qu x (v x x))du
= Grs(u,I5(v)),
which gives the symmetry of I.. That I is positive-semidefinite follows directly
from (8). [ |
e Note that it follows that
1. all eigenvalues of I, are real and nonnegative, and

2. the eigenvectors of I, form an orthogonal basis for R3.

e The eigenvalues we denote by Ji, J3, J3, and call these the principal inertias.
The eigenvectors we denote by u;.us,us, and call these the principal axes.

e The inertial ellipsoid, along with the mass, gives us all the essential inertial
information about a rigid body.
e Here's an interesting experiment to perform at home.

1. Take a rigid body with three distinct principal inertias. A good example of this
is a book with three quite different length/width /thickness dimensions.

2. Spin the body about the axis corresponding to the smallest principal inertia.
Note that it spins about this axis.

3. Spin the body about the axis corresponding to the largest principal inertia.
Note that it spins about this axis.

4. Spin the body about the axis corresponding to the intermediate principal
inertia. Note that now the body does not just spin about this axis. The
rotation about this axis in unstable.

e To understand the general motion of a body, look up Poinsot’s Theorem on
the web.
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Kinetic energy and Riemannian metrics (cont’d)

e We shall not dwell much on the computation of the inertia tensor. Commonly
shaped bodies have formulae for their moments of inertia that can be looked up.
For really complicated bodies, measurement is the best approach.

e However, for the situations we consider in this course, a few comments are helpful.
1. For a planar body, the vector orthogonal to the plane can be assumed to be a
principal axis.
2. If a body has an axis of symmetry (meaning its inertial ellipsoid is invariant
under rotations about some axis), then
(a) this axis of symmetry is a principal axis, and
(b) the other two principal inertias are equal.

7.4. Kinetic energy of a rigid body

e The kinetic energy of a particle with mass m undergoing a motion described by

t— r(t) is KE(t) = gm||7(t)[|rs.

We wish to generalise this to a rigid body.

e We suppose the body is undergoing a motion described by ¢ — (R(t),r(t)). A
point in the body that is located at x € R? relative to the body frame will be
located at x(t) = r(t) + Rx(t) at time t.

By analogy with the particle case, the kinetic energy is

KE() = 5 [ 196)+ ROXIR di

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 20

Kinetic energy and Riemannian metrics (cont’d)

e We wish to obtain a convenient expression for the kinetic energy.

Proposition 7.4 Let a rigid body (B, 1) undergo a motion specified by a
differentiable curve t — (R(t),r(t)) as above. If

) 1
KEan (1) = Su(B)[F(02, KBrx(t) = 3G (1L(R()), 2(1),
then KE(t) = KEran (t) + KEyot (t).
Proof: We compute

KE() = 5 [ 101 dut 5 [ 101 dn+ [ Geolre). it

. 1 ;
= L1pu(B)|l#(t)[|2s + 3 /EIIR(t)xlln%s du,

using in the second line the fact that

/xdu:O,
B

since the center of mass of the body is at the origin of the body frame. Thus the

result will follow if we can show that
[ 161 du = G 1090, 200
To this end we compute

/3 IR()x|2s dp = / IR(E)(2 x x) |2 du = /3 192 x X2 dp

/ G (x % (R(t) X x), (1)) dps

where we have used the vector identity (7) and the fact that x, = 0. ]

e |mportant note: If the body frame is not located at the center of mass, the
preceding result does not hold. That is to say, the kinetic energy does not
generally decouple into a translational and rotational part.

e Side fact: If the body is fixed in space at some point (i.e., that point does not
move), then one might place the body frame at this point. If one does this, the
kinetic energy will be purely rotational, and computed using the inertia tensor
about the fixed point.
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7.5. Kinetic energy for an interconnected mechanical system

Suppose we have an interconnected mechanical system comprised of rigid bodies
(B1, 1), -, (Bg, pir), and with configuration manifold Q C Qfree-

Now suppose that the system is in motion, meaning we have a curve t — () in
Q. Each rigid body will then be in motion, and so its kinetic energy will be
computed as above. The total kinetic energy will be the sum of the kinetic
energies for each body. We wish to make this a little more precise.

Fix a € {1,...,k} and let TI,: Q — SO(3) x R? be the map that assigns the
position of the ath body to the point ¢ € Q. Define (R (t), 74 (t)) = Iz ov(t).
Then the kinetic energy of the ath body is as computed above:

KB () = 0Bl #a(t) s + 3G Tea(Qa()Qa(0).

The total kinetic energy along ~ is

k
KE, () = > KEq(t).

Note that the kinetic energy at time ¢ for the system depends on the position at
time t and the velocity at time £. Thus, it makes sense to speculate on the
existence of a function KE: TQ — R with the property that KE(v/(t)) = KE, (¢).

Indeed, it is easy to define such a function. Let v, € TQ and let v be a curve at ¢
for which vy = [7y]. Then we simply define KE(v,) = KE,(0). This is the kinetic
energy for the interconnected mechanical system.

Question: For fixed ¢ € Q, what properties does the function KE have when
restricted to T,Q?

Answers:

1. It is quadratic in velocity, since the rigid body terms are quadratic in velocity.
2. It is nonnegative, again since the rigid body terms are nonnegative.
Therefore, KE(vq) = $G(q)(vq, vq), where G(q) is a symmetric bilinear map on
T4Q having the property that G(g)(vq,vq) > 0 for all v,.

If the modeling of the system has been done in a “reasonable” way, it turns out
that G(g¢)(vq, vq) > 0 whenever v, # 0. "Reasonable” essentially means that there
are no degrees of freedom of the system that have no inertia associated to them
(e.g., particles with rotational degrees of freedom).
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e Motivated by the preceding description of the kinetic energy for an interconnected
mechanical system, we have the following important concept.

Definition 7.5 On a manifold Q (not necessarily the configuration manifold for a
free mechanical system) a Riemannian metric is a smooth assignment of an
inner product G(q) to each point ¢ € Q. a

e Punchline: Every interconnected mechanical system possesses a natural
Riemannian metric G with the property that KE(v,) = G (v4,v,). This
Riemannian metric is called the kinetic energy metric.

e The kinetic energy metric carries the information about the inertial properties of
the system.

e For the remainder of the course, the kinetic energy metric, and entities associated
with it, will be extremely important.

Kinetic energy and Riemannian metrics (cont’d)

7.6. Coordinate representations for covectors and Riemannian metrics

e Let Q be a manifold. The dual space to the tangent space T,Q is denoted T;“IQ,
and is called the cotangent space. Elements of T;Q are called cotangent
vectors. The collection T*Q = quQTZQ is called the cotangent bundle.

e We have seen that a vector field is an assignment of a tangent vector to each
point in Q. A covector field is an assignment

e Now suppose that we have coordinates (q!,...,¢"). We had the notation 8%1.,
i €{1,...,n}, for a basis of vector fields in the given set of coordinates.

e We have seen the idea of a dual basis corresponding to a basis for a vector space.
We do the same for tangent spaces, using funny notation for this.

o The basis dual to {52r(q), ..., 52:(¢)} we denote by {dg'(g),...,dg"(¢)}. The
reason for this notation will become clear later.

e A covector field « is then written in coordinates as o = a;dg?, where a1, ..., ay
are the components of a.

e This is all just like we did when we talked about linear algebra.

Andrew D. Lewis Queen’s University



Math 439 Lecture Notes Lecture 21

e Now suppose that G is a Riemannian metric on Q.
e The components of G in coordinates (¢',...,q") are the n? numbers
Gij = G(o2r» 527)-
e The way we write G in coordinates is
G = Gyjdg' @ d¢’. (9)
e The symbol ® is called the tensor product.
e In this course, the only use we will make of the tensor product is in writing the
expression (9).
e However, here's a useful fact to help you think about what the d¢’ ® dg? are:

The set {dq’(q) ® d¢’(q) | 4,5 € {1,...,n}} is a basis for the set of
bilinear maps from T,Q x T,Q to R.

e Now we look at how this works in some examples.

Example 7.6 (Planar rigid body cont’d) We had previously determined that
the configuration manifold for the system is Q = S' x R2. In Example 2.13 we made
some choices concerning spatial and body frames, so these should be recalled. In
Example 2.16 we introduced coordinates (6, x,y) for the system, so these should be
recalled.

With the preceding recollections, the coordinate form for the map
I1;: Q — SO(3) x R? that defines the position of the body at a given configuration
is by

cosf) —sinf 0
0,z,y) — sinf cosf 0f,(x,y,0)
———
0 0 1 r

R
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Now one considers a curve t — (0(t), z(t),y(t)) in these coordinates and computes

—sinf(t) —cosf(t) 0O
R(t)= | cos 0(t) —sinf(t) 0 0, () = (£(t),9(t),0).
0 0 0

It is then an elementary computation to get

0 -1 0
Q=R"WRt)=6|1 0 of,
0 0 O

giving Q(t) = (0,0, ).

Now we need the inertia tensor for the body. Since it is planar, and since bs is
orthogonal to the plane of motion, we can suppose that b3 is a principal axis, and
denote the corresponding principal inertia by J. The exact character of the other

principal axes and principal inertias is irrelevant, so we can simply assume that

App Az 0
]Ic = A12 AQQ 0
0 0o J

(Why can we assume that the (1,3), (2,3), (3,1), and (3,2) entries are zero?) The
mass of the body is denoted m. Now one simply uses Proposition 7.4 to compute

. 1 1 . -
KE = §m||T(t)||]?§3 + §GR3 (HC(Q(t)),Q(t» — §m(x2 + yg) i §J92.
—— =

KEtran KE ot

One can now write this as a function on TQ in coordinates as

1 2 2 L. o
KE = im(vz +vy) + iJv(,.
To compute the kinetic energy metric in coordinates we first compute the matrix
with components
0’KE

Cii = Bpigur

i,j€{1,2,3}.
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This matrix we write as
J 0 0
Gl=10 m 0

b

0 0 m
which is the matriz representative for the kinetic energy metric. To write the

kinetic energy metric as a geometric object in coordinates, we use the notation (9):

G =Jdf ® df + mdz ® dz + mdy ® dy. O

Example 7.7 (Two-link manipulator (cont’d)) We refer to Examples 2.14
and 2.18 for a review of the description of Q = S! x S! and the coordinates (1, 62).

The maps 111, II5: Q — SO(3) x R3 defining the positions of the body are readily
seen to have the coordinate forms (61,02) — (Ra,74), a € {1,2}, where

cosf, —sinf, O
R, = |[sinf, ~cosf, O}, a € {1,2},
0 0 1

P = (S cosO, Yy sindy, ),

ro = (61 cos 6y + %52 cosfy, V1 sin 6y + %52 sin 92,0).

One then readily computes the body angular velocities as 2, = (0,0,él), a € {1,2}.

We next need the inertia tensors. The motion is planar, and b3 is orthogonal to the
plane of motion, so bs is a principal axis for the inertia tensor of each body. Let J;
and J5 denote the principal inertias. As with the planar body example above, the
remaining principal axes and principal inertias are not relevant. Now one simply
grinds out the kinetic energy metric, using the formulae

1 . 1 . 1 1
KE = §m1\|7‘1||1§3 + §m2||7°2HJ§3 + QGR«? (Ie,1(€21), 1) + gGRB (Ie,2(£22), 22)

and
L 9’KE
T vt
After the dust settles one has

1 1
(J1 + Z(ml + 4m2)£%)d91 ® do, + §m2£1€2 cos(fy — 02)df; @ doy

1 1
+ 5777,28162 COS(gl - 02)d02 X d01 + (J2 + ngég)d% X d02 O
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Kinetic energy and Riemannian metrics (cont’d)

Example 7.8 (Rolling disk (cont’d))

We have Q = R? x St x S,

and coordinates (x,y, 0, ¢) as indicated

in the figure. As usual, the key ingredient is the
map II;: Q — SO(3) x R3. Here we reap the
rewards of our careful attention to defining the
configuration manifold, and we see that in coordinates II; is given by

cospcosf —singcosf  sinf
(z,9,0,0) — | |cos¢psind —singsind —cosb|, (x,y,7)
——
sin ¢ oS ¢ 0 T

R

This then gives, by a direct computation, £ = (sin #6, — cos B8, gb)

We need the inertia tensor. It is reasonable to assume that bs is an axis of symmetry
for the body. Therefore, it is a principal axis, and the remaining two principal inertias
are equal. Thus we have

Jspin 0 0
]Ic = 0 Jspin 0 5
0 0 Jwn

for Jspin, Jroll > 0. Now we simply calculate
1 ., 1
KE = Jml#2 + 5Gps (1.(22), 9)
and

0’KE
Ovidvi

Gij =
The result is
G =mdz ® de + mdy ® dy + Jepindd © db + Jronde @ do.

Note that the spin and roll kinetic energies decouple. Would you have guess this? [
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7.7. Changes of coordinate for covector fields and Riemannian metrics

e We have seen how basis vector fields and components of vector fields change when
coordinates change. Let's do the same for covector fields and Riemannian metrics

e To deduce the change of coordinates formulae for covector fields, we use the fact
that they act on vector fields, and we know the change of coordinate formulae for
vector fields.

e Thus let (¢*,...,¢") and (¢',...,¢") be coordinates for Q, and let & and X be a
covector field and a vector field, respectively. We shall write

i 0 vi 0 g v
X:Xa—qi:X? a = o;dqg" = a;dgt.
e We know that _ '
X' = a‘ij 8, za—q],i.
Ogi~ ot O¢ Ogi

o We also know that (X)) = oy X? = &; X"

e We therefore compute
, A -~ -
O[iXZ = aiaingj = CVjXJ,
from which we deduce that &; = g—?;ai.
q

e We also know that A
— .difﬁﬁdi_%dﬁ
Oé*azQ*ajaqu*aj q,

9% qq'. Note that this is just how the
Jq

coordinate change should work, if you think of the dg's as being “infinitesimals.”

from which we deduce that d§’ =

e Recall that the mnemonic for the change of coordinate formula for vector fields is
that the components should change like velocity changes using the Chain Rule.

e |Is there a similar rule for the components of a covector field?

e To answer this question, recall that we had considered the object which in

coordinates had components (g—;l, e %).
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e We had decided that these components did not obey the transformation rule for
vector fields, and so they could not be the components of a vector field. However,

we do have 4
of 0¢ of
0 9g' 9’
simply by the Chain Rule.
e This then gives us two things.
af i

1. The object with components (BTI’ e ) is a covector field, since its

b (9[]"
components obey the right transformation rule for covector fields. This

covector field we call the differential of f.

2. The mnemonic for the transformation rule for the components of a covector is
that they change like the partial derivatives of a function using the Chain Rule.

e Now we consider how the bases and components of a Riemannian metric act with
respect to changes of coordinates.

e We consider coordinates (¢, ...,¢") and (', ...,q") and a Riemannian G for
which we can thus write

G = Gi;dq' @ d¢? = Gpedd® ® dg’.

e We wish to compute the change of coordinate formulae for the components Gre
for got the basis vectors (for the set of bilinear maps) dg* ® dg’.

e The change of coordinate rule for the basis vectors in inherited from that for
covector fields. Precisely,

N - o~ ., ot . og* o’ |, ;
d§* @ dgt = (8((]11 dgq ) ® (%dqj) = a((]]i yzjdq ®dq¢’.

e Note that we have implicitly used the fact that the tensor product ® is linear.

e The rule for change of components is now inherited from the change of bases. We

have _ _
i : 9q" 0q | 4 4
G =Gydg' ®dg’ = Gijaiqkaidgdq ®dq,
from which we deduce that
. Oq O

= o o O
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Kinetic energy and Riemannian metrics (cont’d)

e Let us look at some examples that illustrate the change of coordinate formulae for
covector fields and Riemannian metrics.

Example 7.9 Take Q = R? and let (z,y) and (r,6) be Cartesian and polar
coordinates, respectively. Define f: Q — R by f(z,y) = 2% + y?. We wish to see
how the covector field df, the differential of f, looks in both sets of coordinates.

There are two ways to do this. First, one can write the function in both sets of
coordinates, and then take the differential. This is very easy. In Cartesian
coordinates the local representative of f is (z,%) + 22 + y?, so that

df = 2xdx + 2ydy. In polar coordinates the local representative of the function is
(r,0) — 12, so that df = 2rdr + 0d6.

We can also compute, using the change of coordinate formulae, the components or
the basis covector fields, in one coordinate system given those in the other. Let us

illustrate how this goes, first using the change of coordinate rule for components of
covector fields. We write

df = azdz + aydy = a,dr + apdd,

where we wish to compute a; and ag in terms of o, = 2z and o, = 2y. We have

Oz oy . . _
ar = 50 + 9,0 = (cos6)(2r cos @) + (sinb)(2rsinf) = 2r
ap = %aw + %ay = (—rsinf)(2r cos ) + (rcosf)(2rsind) = 0.

Thus df = 2rdr + 0d6, as desired.

We can also use the change of coordinate rule for the basis. This calculation goes as

follows:

df = azdz + aydy

B Oz Oz _ 0y 0y
= (2rcosb) (Edr + %df)) + (2rsinf) (Edr + %(w)
= (2r cos 0) (cos @dr — rsin #d6) + (2r sin ) (sin 6dr + r cos 6d6)
= 2rdr + 0d6,
again, as expected. O
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Example 7.10 Let us now consider the Riemannian metric for a particle of mass
m moving in a plane. The configuration manifold is Q = R2. If we use Cartesian
coordinates, the kinetic energy is KE = %m(iQ + 9?), so giving the kinetic energy
metric as

G = mdz ® dz + mdy ® dy.

We wish to compute the representation of this Riemannian metric in polar
coordinates. To do so, we use the change of basis formula for the basis vectors used
in representing a Riemannian metric. One can also use the change of coordinates
formula for components, but the basis vector method is often the most “natural.” In
any case, we compute

G = mdz ® de + mdy ® dy

- m(%dr + %d@) ® (%dr n %d@)

oy dy dy dy
+ m(adr + %dt?) ® (Edr + %dt?)
= m(cos 0dr — rsin 9d9) ® (cos 0dr — rsin 9d9)
+ m(sin 60dr + r cos 9d9) ® (Sin 0dr + r cos 9d¢9)

= mcos® 8dr @ dr + mr?sin® 0df ® d6

— mrsinf cosf(dr ® df + df @ dr)

+ msin? dr @ dr + mr? cos® d6 © df

+ mrsinf cosf(dr @ do + df @ dr)
=mdr ® dr + mr*df ® d6.

It is important to note that the tensor product ® is linear with respect to scalar
multiplication, but is not commutative. Thus, for example, dr ® df # df ® dr. O

e Now we are ready to actually do something.
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8. The Euler-Lagrange equations

e We now turn, at last, to the following important question:
Question: Given an interconnected mechanical system with configuration manifold
Q and kinetic energy metric G, what are the equations of motion for the system?
e Answers:
1. The Newton—Euler equations, i.e., FF = ma and M = Jw.
2. The “Euler-Lagrange equations.”
e We assume the reader knows about the first answer, we will come to understand

the second answer, but we will (unfortunately) not come to understand why the
two answers are equivalent.

But we first make a small diversion to understand the natural context for the

Euler-Lagrange equations.

8.1. The setup for the Euler—Lagrange equations

e We shall say a few words about the calculus of variations. We shall not be overly
precise here, since this is not really a course on the calculus of variations.

Problem 8.1 Let L: TQ — R be a C*-function (called a Lagrangian), let
da; @ € Q, and let a < b € R. We seek the curve 7: [a,b] — Q that minimizes the
function Az, defined on the set C2([a,b], qa, qs) of C%-curves defined on [a,b], and
satisfying y(a) = ¢, and ~(b) = g, defined by

b
A = [ Ll 0
e The problem has the following solution.

Theorem 8.2 (Necessary conditions for minimization) If a curve

v € C?([a,b], qa, qp) minimizes Ar, then, for any chart (U, ) with the property
that the image of ~ intersects U, the representation t — q(t) of ~v in that chart
must satisfy

d /0L oL
aiow) ~ a5 =
at (t,q(t),q(t)) for each t with the property that v(t) € U.

0, ie{l,...,n},
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e The equations

d /0L oL .
&((%i)*aqifov ie{l,...,n},

are the Fuler—Lagrange equations.

e Although the form we give for the equations is the standard form, it is actually not
clear. The clear version, for which the standard version is an abbreviation, is, using
the Chain Rule,

0%L O%L j
-q7 —

OL
y .
Bvidv 1 + oviogi

aq'

=0, 1e{l,...,n}.

e The Euler—Lagrange equations are to Problem 8.1 what the condition the
condition “derivative equals zero” is to the problem “find the minimum of a
differentiable function f: R™ — R.” That is to say, the Euler—Lagrange equations
are a necessary, but not sufficient, condition for a solution of the minimization
problem stated in Problem 8.1.

The Euler-Lagrange equations (cont’d)

e For an interconnected mechanical system with configuration manifold Q and
kinetic energy metric G, its Lagrangian is the function Lg: TQ — R defined by
Lg(vg) = %G(quvq)-

e The following theorem is the essential one connecting the Euler—Lagrange
equations with Newtonian mechanics. Recall that IT,: Q — SO(3) x R? gives the
position of the ath body at a configuration in Q.

Theorem 8.3 Consider an interconnected mechanical system comprised of rigid
bodies (B1, 1), - - (Br, ux), having configuration space Q, and having kinetic

energy metric G. For a curve v: I — Q the following are equivalent:

(i) the motion of the bodies, t — I, oy(t), satisfies the Newton—FEuler equations;
(ii) v satisfies the Euler—Lagrange equations for the Lagrangian Lg.
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e We therefore need to understand the Euler—Lagrange equations for Lagrangians of
the form Lg. The most direct (and ugly) way to do this is by a coordinate
calculation. See the text for slicker versions.

e We choose coordinates (¢',...,q"), and write the Lagrangian in these coordinates
as Lg = 1Gjv7v*. We then grind:

d /0L oL d i 10Gjg ..
(5 G = o) - e

gl ot dt 2 9
o 0Gy; 100G,y ..
_ g i gkt jk -5 ok
Gl]q + aqk q 2 8q1 *
Let us denote
A = 0G; - lank
19 aqk 2 aqi ’

and work on the term Aijkqjqk. We first write
Aijie = (A + Air) + 5 (Aije — Aiy) -

+ —
Aijk Aijk

Note that Ai_jk = —Ai_kj. Therefore,

— ik — ik — .k
Agpd’ 4" = —Ay; 4" = A 4

where the last step is just a renaming of the summation index. Thus A;jkqjq'k =0
and so Aijkqjqk = A;ijqjqk- We then compute
At = 10Gi; 190G 190Gy 109Gy,
ijk 2 aqk 4 6(11 2 aqj 4 8q1
l(aG” Gy, (9ij>

3 —

Oqk 0q7 g’
The Euler-Lagrange equations now look like
1 (GG” 6le

Gi‘"j L
Jq + 2

_ an_k)qjqk —0.
Ogk Oq’ oq*

To get these in their final form, we multiply this equation by G/, where we recall
that G** are the components of the inverse of the matrix with components Gy;.
We then have

1 ., /0G;;  0G; OG L\ ..
.0 a4l ij ik N Jk N PL
4 +2G (8(1’C + Oqi qu)qq 0
G
re,
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e The punchline is thus:

i T =0, ie{l,....n}
5. B le(ang 8ng 8ij)
2 b

Jjk — gk dq o dq"

i,j,ke{l,...,n}.

e There are (at least) two important things to note about these equations:

1. We have spent significant time understanding what it takes to compute G.
Indeed, in some sense, much of the course to this point has been understanding
what G /s, mathematically and physically, and understanding how to compute
it. What we have seen is that, once you have the forward kinematic maps
II,: Q — SO(3) x R3, and the inertia tensors of the bodies, the computation
of G is algorithmic. Thus the computation of the equations of motion is also
algorithmic, since they come to us in simple terms of the metric G.

2. The equations §' + fj-k(jjq'k = 0 are "the geodesic equations for the Levi-Civita
affine connection associated to G.”

e We now have to understand the words in the last statement.

9. Affine connections
e To define the notion of an affine connection, we need the following simple idea.

Definition 9.1 If X is a vector field on Q and if f is a function on Q, then the Lie
derivative of f with respect to X is the function Zx f on Q defined by

ZLxf(q) ={df(q); X(q)) - O
e In coordinates we have
af . . -0
= ~dg*, X =X'—
df 8qqu ; aq
Of

= ZLxf=X'—.
aq*

e This might be familiar to you as “the directional derivative of f with respect to
X

o Interpretation: L x f = 0 if and only if f is constant along integral curves of X.
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Affine connections (cont’d)

e We may now define what we mean by an affine connection. The definition seems
strange, and the subsequent development will be seem like it is going nowhere.
The thing to keep in mind is that we are trying to explain the equation

.G
q +Ti7¢" = 0.
e Before we begin, it is useful to recall that if X € I'>°(TQ) and if f € C*(Q),
then fX is a vector field, and it is defined by (fX)(q) = f(q)X(q).

Definition 9.2 An affine connection on a manifold Q assigns to vector fields X
and Y on Q a vector field VxY, called the covariant derivative of Y with
respect to X, and the assignment must satisfy the following rules:

(i) the map (X,Y) — VxY is R-bilinear;
(i) VyxY = f(VxY) for X, Y € I'*(TQ) and f € C>*(Q);
(il) VxfY = f(VxY) + (Lxf)Y for X,Y € T=(TQ) and f € C=(Q). O

e To get some idea of what an affine connection /s, let us consider trying to
represent a given affine connection V in coordinates (¢!,...,q").
e Note that Vi_% is, by definition, a vector field. Therefore, for some functions
dqd
Il i € {1,...,n}, we can write

0 , 0
e This then defines n® functions T, 4,7,k € {1,...,n}, called the Christoffel
symbols for V in the given coordinates.

e We wish to show that the affine connection is uniquely determined in a given set
of coordinates by its Christoffel symbols. To show this, consider vector fields
X =X"-2 and Y = Y2, and compute

g’ 9q""
VxY = foﬁykaiqk
_ ij’fvﬁé(zk +Xj($$Y’“)a%c
- (G~
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e In the preceding computation, we have simply applied the defining properties of an
affine connection. A good way to understand what an affine connection does is to
understand the preceding computation. Notwithstanding that. ..

e Punchline: An affine connection is uniquely determined in a set of coordinates by
its Christoffel symbols.

e Pushing on, let us define the covariant derivative in a different context. Given a
curve v: I — Q, a vector field along « is a map Y: I — TQ having the
property that Y'(t) € T,;)Q. Thus Y assigns a tangent vector to each point along
the curve 7.

e Let Y be a vector field along a curve . We wish to define the covariant derivative
of Y with respect to v. We will soon see why we wish to do this.

e Since we only know how to compute the covariant derivative of a vector field with
respect to another vector field, we need to convert our data of a vector field along
a curve to something we can work with.

e We let X be a vector field for which + is an integral curve. Thus X (v(t)) =~/ (¢).
We do not care about the values of X at points off .

e We let Y be a vector field with the property that Y (y(t)) = Y (). We do not care
about the values of Y off ~.

e We now define the covariant derivative of Y with respect to y to be the vector
field V.. (1Y (t) along 7y defined by

e One should check that this definition makes sense, in that it is independent of
choices made for X and Y. Also, one should check that X and Y, having the
desired properties, even exist. All this can be done.

e Let's see what this looks like in coordinates.
VoY (t) = (VxY)(v(t))

oY 0

o) a=~(t) 0¢’

(
(aw ) 2
= (V'

X9 4T XJYk)

£+ T ()Y (¢ o

)+ T ()YF()

q

In the last step, we used the Chain Rule.
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e The special case when Y (t) = «/(t) is of particular interest.

Definition 9.3 A geodesic for an affine connection V is a curve v satisfying
V’y’(t)ry/(t) = 0. U

e In coordinates, a geodesic simply second satisfies the second-order differential
equation ¢¢ 4 F;ikqjqk =0,i€{l,...,n}.
e This is beginning to really look like what we want, which you recall, is

. G . .
G +Ti7¢" =0,ie{l,...,n}.

G
e The question now boils down to, “Are the functions IR TRRANE ke {l,...,n}, the
Christoffel symbols for some affine connection?”

Theorem 9.4 If G is a Riemannian metric on Q, then there exists a unique

affine connection V, called the Levi- Civita connection for G, for which the
Christoffel symbols are exactly

i _1 i 8(@@]' 0Gyy, ank
jk_§G (8q"3 + o¢i  dqt )’

G

i,j,ke{l,...,n}.

e There are more elegant characterisations of the Levi-Civita connection than we
give. See the text for these.
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Affine connections (cont’d)

e Let's see if we can do computations using affine connections.

Example 9.5 We take Q = R?, and consider a particle of mass m = 1 moving in
this plane. The kinetic energy metric in Cartesian coordinates is

G =dr ® dz + dy ® dy,
and in polar coordinates is
G=dr®dr+r3df ®do,
the latter from Example 7.10. Thus we have
Guoa =Gyy =1, Guy =Gy, =0
G =G" =1, G" =G =0,
and
Grr=1, Gog=1? Gr9g=Gp =0

G = 1’ GGO _ i Gr@ — GGT —0.

)
7"2

We see that since the metric components are zero in Cartesian coordinates, the
resulting Christoffel symbols are zero.

For polar coordinates, we won't go in detail through all the computations, but will
only work out the nonzero Christoffel symbols. These turn out to be

0Gy, 0Gy,. 0G 1 oG oG oG
0 4 0 09)+§G’“9( 90+ 00 00):77,.

T 1 rr _ _
00— 2G ( a0 90 or a0 a0 o0
and

1 1 1
Fﬁg _ Fzr _ §G9r (8@7‘7" Gy, . 0G,g ) +§Ggg (aGTG n 0Gyg _ 0G g ) _

a0 or or a0 or a0 r

With these computations, we easily compute the geodesic equations to be
=0, =0
in Cartesian coordinates, and
i . .2
F—rf°=0, 60+ —-r0=0.
r

Note that geodesics are straight lines, and that the differential equations for straight
lines are complicated in polar coordinates. |
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e Now we offer some physical interpretations of the geodesic equations, or, more
generally, the expression V.. ;' (t).

Example 9.6 (Geometric acceleration)
We claim that the quantity V.. ;)7 (t)

has a natural interpretation as acceleration.
Let us justify this with an example.

Consider the curve v: R — R? defined by
~(t) = (cost,sint). This is a circle. The
velocity along this curve has the usual
expression as

~'(t) = ((cost,sint), (—sint, cost)), and is as

shown in the figure. This agrees with the usual

notion of velocity. What about acceleration? A naive computation would be
“v"(t)" = ((cost,sint), (— cost, —sint)). This makes sense to us, since we were
taught that the acceleration along a circular trajectory of constant velocity should
point toward the center of the circle.

In order for this definition of acceleration to make sense, it should be the same in any
set of coordinates. Let us, therefore, represent the situation in polar coordinates. The

local representative of «y in polar coordinates is ¢ — (1,t). The local representative
for the velocity 4/ is then ¢ — ((1,t),(0,1)). This agrees with our Cartesian
coordinate calculation, since this is simply a tangent vector of unit length tangent to
the circle. How about acceleration. Well, our naive computation would give the local
representative of “y”(t)" as t — ((1,t),(0,0)). Thus the naive acceleration is zero in
polar coordinates, but nonzero in Cartesian coordinates. Clearly this is inconsistent.
The conclusion we must draw is that this naive acceleration, obtained by simply
twice differentiating coordinates with respect to time, is actually senseless.

We claim that this is all made better be instead thinking of acceleration as
V.Y (t), where we take V to be the Levi-Civita connection associated with the
standard Riemannian metric on R2. To see this, we determine that the local
representative of V./;)7/(t) in Cartesian coordinates is

t — ((cost,sint), (—cost, —sint)), i.e., the same as the naive acceleration, since
the Christoffel symbols are zero in Cartesian coordinates. In polar coordinates we
compute the local representative of V., (;)7/(t) to be ¢ — ((1,%),(1,0)). Now this
agrees with what we have in Cartesian coordinates!

Punchline: Be careful when you say that acceleration is the second derivative of
position with respect to time! O
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Another physical interpretation of geodesics, at least for Levi-Civita connections,
involves minimization of length.

Let G be a Riemannian metric on Q and let v: [a,b] — Q be a curve. The length
of v is given by

b
lo() = / VEFD.7D) dt.

e Given q1, g2 € Q define the Riemannian distance between ¢; and go by

dg(q1,q2) = inf{lg(y) | ~v:[0,1] — Q is piecewise C*,
and 7(0) = ¢; and (1) = ga}.

e We then have the following characterization of curves that minimize distance.

Theorem 9.7 (Distance minimizing properties of geodesics) Let G be a
Riemannian metric on Q. If v: [a,b] — Q is a piecewise C*-curve having the

G
property that Lg(vy) = dg(q1, q2), then v is a geodesic for V.

10. Force

e We wish to do to the concept of force that which we have done to all other
mechanical concepts: we wish to “geometrize” it.

e To do this, we should first come to a clear understanding of what a force is in
Newtonian mechanics.

10.1. Forces and torques in Newtonian mechanics

e We consider a single rigid body (B, ), which we suppose
to be undergoing a motion specified by ¢ — (R(t), r(t)).

e We consider a force f applied at some point in the body,
and a pure torque T.

e The idea of torque as a vector should be interpreted thusly.
The torque is of magnitude ||7||gs and applied about the
axis T using the right-hand rule.

e A force f applied at some point in the body is equivalent to the same force f
applied at the center of mass, along with a torque £ x f, where £ is the vector from
the center of mass to the point in the body where the force is applied (see figure).
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e Therefore, without loss of generality, we assume that forces are applied at the
center of mass of the body.

e We also suppose that forces are written relative to the spatial frame, not the body
frame.

e Forces and torques give rise to the notion of work and power. We suppose that
the force f and the torque 7 are functions of time, and we denote by w the
spatial angular velocity of the body at time t.

e The translational work done by f along the motion is

Wagan(f) = / (F (1), 7(t))go dt,

I

and the rotational work done by 7 along the motion is defined by

Wiee() = / (1), w(t))go d,

where I C R is the interval on which the motion is defined.

e We are also interested in power, which, you will recall, is the time derivative of
work.

e Thus, the translational power and the rotational power for the force f and
the torque 7 by

Prran (£)(t) = (£ (@), 7(O))gs »  Prot(7)(t) = (7(£), w(t) s ,

respectively.

10.2. Force in Lagrangian mechanics

e We use the idea of power as our “in" to defining force for an interconnected
mechanical system comprised of bodies (B1, u11), ..., (B, pr) with configuration
manifold Q.

e A motion of the system is specified by a curve v: I — Q, and this gives rise to
motions t — (R, (t),74(t)) = I, oy(t) € SO(3) x R3 of each of the k bodies,
where II, are the forward kinematic maps.
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e We compute

d

3 (e o) = Ty Ia(y' (1) = (Ra(t), 7a(1)),

where you recall that TTI,: TQ — T(SO(3) x R3) is the derivative (i.e., that
which in coordinates is the Jacobian of II,).

o Now we define pr,,,,: T(SO(3) x R3) — R? and pr,.,: T(SO(3) x R?) — R? are
defined by

Plyan( R, R, #) =7, pro(R,7, R, 7) = (RR"),

where -V is the inverse of the map =, which, you recall, converts a skew-symmetric
3 x 3 matrix into an element of R3.

e Thus pry,,, oTTL,(7/(t)) is the velocity of the center of mass of the ath body as
we undergo the motion defined by v, and pr,., o TTL,(v'(¢)) is the spatial angular
velocity of the ath body.

e Foreach a € {1,...,k}, we note that the expression

G (£ o (), Prisan ° TTa(y'(1))) + Gra (Ta(t), Prroe o THa(y' (1)) (10)

is a linear function of v/(t) € T, ;) Q.

e Linear functions on Tv(t)Q are, by definition, elements of T:(t)Q. Therefore, (10)
defines an element Fy_ . (t) of T Q

e The total external force at time ¢ is then the element F(¢) € T,*y(t)Q given by
k
F(t) = Za:1 Ff,,,,-ra (t)

e We will see how this rather abstract construction works in practice when we get to
the examples.

10.3. Euler-Lagrange equations with forces

e Now that we know what a force /s in Lagrangian mechanics, we need to
understand how it comes into the equations of motion.
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e We understand this in the Newtonian world, or at least we are supposed to. Let's
make sure we do.

e Consider a single rigid body (B, 1) undergoing a motion t — (R(t),r(t)) and
subject to a force f applied to the center of mass and a pure torque 7.

e The spatial linear momentum is mv(t) and the spatial angular
momentum is I.(w(t)), where I is the inertia tensor about the center of mass,
and w(t) = R(t)RT(t) is the spatial angular velocity.

e The motion of the system is prescribed by the Newton—FEuler equations,
which we have alluded to, but not stated. They are these:

d d

3 @0) =f@), k@) =7

e Note that, if the external force and torque are zero, then the spatial linear and
angular momenta are constant along the motion.

e Now we need to see how the Newton—Euler equations translate into the
Lagrangian framework.

Theorem 10.1 Let (B, p1), ..., (Br, pr) be an interconnected mechanical
system with configuration manifold Q, and let G be the kinetic energy
Riemannian metric. Suppose that the ath body is subject to an external force f,
applied at the center of mass, and to a pure torque T, and let F be the
corresponding total external force. For a curve vy on Q, the following statements
are equivalent:

(i) the curve T, oy on SO(3) x R? describes a motion of the ath rigid body,
a €{1,...,k}, for the system according to the Newton—FEuler equations;

(i1) Vo' (1) = GFo F(y/(1)).

G
e The way to interpret the equation V., (t) = G* o F(y/(t)) is
“acceleration = mass~! x force,” analogously with
“force = mass x acceleration” as per Newton.

G
e This makes sense because (1) we have argued that V.. (;)7'(t) can be interpreted
as acceleration, and (2) since G stands represents the inertial properties of the
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system, and since the components of G¥ are the inverse of the components of G,

G* can be thought of as mass™".

Force (cont’d)

e let us see how the preceding discussion is handled in examples.

e In each example, we will produce the equations of motion

V)Y (t) = G*o F(/(t)), which in coordinates are
i T =GIF,  iedl,...

Example 10.2 (Planar rigid body (cont’d)) The
system has configuration manifold Q = S' x R2, and we
denote by (6, z,y) the coordinates we have been using all
along. We consider a force F'(cos(6 + ¢),sin(0 + ¢),0)
applied at a point a distance h from the center of mass
along the body by-axis, and a pure torque 7(0,0,1). The
force gives rise to a force F'(cos(6 + ¢),sin(0 + ¢),0)
applied at the center of mass and a torque F'(0,0, —hsin¢). We denote the

Lagrangian versions of these, which we wish to compute, by F'! and F2. As with
much of what we do, the forward kinematic map is key. We have previously
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computed this map, in our coordinates, to have the local representative

cosf —sinf 0
(z,9,0) — sinf cosf® Of,(x,y,0)
0 0 1

We may then easily compute the spatial angular velocity to be w = 9(0,0, 1). The
coordinate expression for the power generated by the force and the torque, acting

together on a tangent vector v, with components (&, 9, 0), is then computed to be
Fcos(0 + ¢)i + Fsin(f + @) — Fhsin ¢ + 76,

using the formulae for translational and rotational power. We now note that this is
the same as F'(v,) + F?(v,), where

F' = F(cos(0 + ¢)dz + sin(0 + ¢)dy — hsingdf), F> = 7dé.

The total external force is then F = F' + F2, which gives a covector field on Q.
The components of F might depend on time, position, or velocity.

Now let us determine the equations of motion, which we know to be

G

V)Y (t) = G¥o F(+/(t)). We have
G = mdz ® dz + mdy ® dy + Jdf ® d6.

It is now just a matter of doing calculations. Since the components of the kinetic
energy metric are constant in our chosen coordinates, the Christoffel symbols are
zero. The matrix representative for G are

6] =

o o 3
o o o

0
m
0

meaning that the matrix representative of G* is

o

6=

o o 3~
o 3
= o O

The components of F' are

(Fcos(f + @), Fsin(0 + ¢), 7 — Fhsin ¢).
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Thus the equations of motion, following (11), are simply
i=LFcos(d+sing), §==LFsin(f+sing), 6= L(r — Fhsin¢).

The way we are thinking of things at the moment, the coefficients F' and 7 of the
force and the torque are given, and we are charged with computing the resulting
motion of the body. When we come to talk about control theory, we will be
interested in designing F' and 7 to produce a motion with desired properties. O

bao

Example 10.3 (Two-link manipulator (cont’d))

The system has configuration manifold
Q = St x S! with coordinates (61, 65). We
consider a torque 71(0,0, 1) applied to link 1,

lw

corresponding to a torque provided by a motor .
at the base of the link. We also have a torque
applied to the connection between the links. This will apply a torque 72(0,0, 1) to
link 2 and a torque —72(0,0,1) to the second link. The corresponding Lagrangian
forces we denote by F'! and F2, respectively. Again, the forward kinematic maps are

key. We had computed these to be have local representatives

(91’92) = (R(lvra)v a € {172}7

where
cosf, —sinf, O
R, = |sinf, cosf, 0}, a € {1,2},
0 0 1
and where

T = (%El cos 01, %61 sin 61, 0),

To = (81 COS 01 + %ég [¢0)] 92, 61 sin 01 + %ég sin 02, 0)
The coordinate representations for the spatial angular velocities of the two links are
easily computed to be wy = 60;(0,0,1) and wy = 62(0,0,1). Now one applies the
definition of translational power (which is zero in this case) and rotational power to

get the expression 161 + 72(92 — 01) for the power supplied to the system by the
forces. This is equivalent to F''(v,) + F(v,), where

F‘1:7'1dtgl7 F2:T2(d92—d(91),

and where v, = (1,65). The total external force is then F' = F! + F?2.

Next, we compute the equations of motion, using (11). We had computed the
kinetic energy metric to have the coordinate representation
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1 1
(J1 + Z(ml + 4m2)£%)d91 ® do, + §m2£1€2 cos(fy — 02)df; @ doy
1 1
+ §m2€1£2 COS((91 — 92)(192 ® dby + (J2 + ngég)d% ® dbs.

Now there is no nice way to do the calculations in (11). The Christoffel symbols are
ugly, the components of G* are ugly. It's just ugly, and this is not even a
complicated example. But the advantage to what we are doing is that the process
can be automated by a smybolic manipulation program. The equations with no
external forces are given in the text, and the equations with external forces are
straightforward, but lengthy, modifications of these. O

10.4. Forces, generally speaking

e The preceding considerations indicate how one can convert Newtonian
formulations of force into Lagrangian formulations of force.

e Let us provide the general definition of a force in Lagrangian mechanics, so we can

see how it is abstracted geometrically.

Definition 10.4 A force on a configuration manifold Q is a map
F:R x TQ — T*Q with the property that F'(t,v,) € T; Q. O

e Thus a force assigns to each time, position, and velocity, a force, by which it is
meant a cotangent vector at that configuration. Forces depending on time might
be things like user-supplied external force. Commonly encountered forces that are
dependent on velocity are viscous dissipation forces, which are proportional to
velocity.

e Forces that do not depend on time are called time-independent.

10.5. Potential forces

e A very special sort of force often arises in applications, and this is the potential
force.

e A potential force is one of the form F(t,v,) = —dV (q), for a function V on Q,
called the potential energy function.
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e Potential forces have certain interesting properties.

Proposition 10.5 If F is a force that is time-independent, the following

statements are equivalent:

(i) F is a potential force;
(ii) for any C°-curve v: [0,T] — Q having the property that v(0) = ~(T),

T
/O (F(y'());+'(t)) dt = 0.

e The way to read the second part of the proposition is: “F does no work on closed
curves.”

Example 10.6 Consider a planar single-link robot with one end fixed to ground,
and a motor that supplies a unit torque to the link. That Q = S' and we denote by
6 the usual angular coordinate. The torque in the Newtonian setting is (0,0,1), and
in the Lagrangian framework is F' = df. This seems like a potential force, since in
coordinates it is the differential of the function 6. However, consider the closed curve
~y defined by [0,27] 5 t — (cost,sint) € Q. We compute

[ Fe oy a= [ a0 g)ar =2
0 0

Thus the work done around this closed curve is not zero! So this is not a potential
force. The seeming contradiction is resolved by noting that 6 is not a continuous
function on Q. N

e A common potential force is the gravitational force exerted on a body. In the
Newtonian setting, this force has magnitude mag4, where m is the mass of the
body and ag is the acceleration due to gravity, and is applied to the center of mass
in the direction of the gravitational field.

Example 10.7 (Two-link manipulator (cont’d)) We suppose that gravity
acts in the direction of —s5. Thus the Newtonian representation of the gravitational
force on link a is —mqa4(0,1,0). The power exerted by the gravitational force on
the ath link is then —mqa49q(t), where y, is the velocity of the center of mass of
the ath link. Thus y, is the second component of the vector r, describing the
position of the center of mass of link a. Let us think of g, as being a function on Q.
The force on Q corresponding to the gravitational force is

Fy = —myagdy: — miagdys.
Indeed, with F; defined in this way, we have

(Fg; 7' (1)) = —maiagdys (7' (1)) — maagdy2(v'(t)) = —maagg — maagge,
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which is the desired expression for the Lagrangian force. Moreover, it is clear that
Fy = —dV where V = myayy; +maoagyz. Thus Iy is a potential force. Given
expressions for y; and yo as previously computed, we have

V(61,02) = %mlagﬂl sin 01 + maoagly sin 0y + %mgfg sin 5.

and

Fy = —(3miliag cos 0y +maliagcos61)doy — Smalaa, cos2dbs. O

11. An introduction to control theory for mechanical systems
e We now turn over a new page, and talk about control theory.
Definition 11.1 A stmple mechanical control system is a 4-tuple
(Q,G,V,Z ={F',...,F™}), where
(i) Q is the configuration manifold,
(ii)
(iii) V is the potential function, and
)

G is the kinetic energy Riemannian metric,

(iv) F,...,F™ are covector fields on Q called input forces. O

e The equations governing a simple mechanical control system are

m

Vo (8) = ~GHedV(1(D) + 3 ua()GE o F* (1(1) (12)

a=1

uncontrolled dynamics
control force
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e The idea is that if we do not provide a control force, then the system will evolve
corresponding to the Riemannian metric G and potential function V.

e However, if we do provide control forces, then there are various sorts of control

theoretic problems we can talk about. Here are some.

1. Stabilization: Given a configuration ¢g, we wish to design the controls
U1, ..., Uy, as functions of state (i.e., position and velocity) so that the system
with these controls possesses ¢y as a stable equilibrium point. If you have had
an introductory course in linear system theory, this is probably the problem you
studied most of the time.

2. Trajectory tracking: Given a reference trajectory Jef: I — Q, find controls that
follow the reference trajectory as closely as possible.

3. Controllability: Given configurations g1, g2 € Q, does there exist controls
ug: [0,T] = R, a € {1,...,m}, such that, if at time 0 the system is at rest at
q1, then at time T the system is at rest at g2. Again, those having an
introductory linear systems course will have encountered controllability for
linear systems. As we shall see, controllability for nonlinear systems is much

harder.

4. Motion planning: Here, one wishes not only to assert the existence of controls
steering the system from ¢; to g2, as in the controllability problem, but to find
these controls.
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11.1. Linearization of simple mechanical control systems

e Let us consider, for a moment, the stabilization problem. If one wishes to stabilize
the configuration g, the first thing one normally does is linearize, and check to see
if the linearization is controllable.

e First we need the notion of an equilibrium configuration. Recall that an
equilibrium configuration is one where, if the system starts there, it stays there.

Definition 11.2 A controlled equilibrium configuration for a simple
mechanical control system (Q,G,V,.Z = {F!,...,F™}) is a pair
(go,u0) € Q x R™ with the property that

dV(q) = Z uo,aF"*(qo0)- 0
a=1

e Note that (go,ug) is a controlled equilibrium configuration if and only if
t — (qo, up) satisfies (12).

e Note that (go,0) is a controlled equilibrium configuration if and only if
dV(gqo) = 0.

Example 11.3 (Two-link manipulator (cont’d)) Let us consider our two-link
manipulator example with coordinates (61,602). We suppose that the system has an
input torque only at the base of the first link. Let us see what the controlled
equilibria are. First we look for controlled equilibria of the form (go,0). One can
check that the points gy that satisfy dV'(¢o) = 0 have coordinate values (%, %),

272
(5,—%), (=5.5), (=5,—%). These are depicted as below.

Qdown/up Qdown/down
S1 S1

—] s1
Qup/up Qup/down

These could also have been guessed on physical grounds, | suppose. If we allow
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equilibria with nonzero control, then, provided that the control force ug can be
chosen sufficiently large, any configuration having coordinate values (61,0, %) or
(61,0, —7%) is possible, where 6, o is arbitrary. O

e Let us simplify matters in the sequel by assuming that we are interested only in
controlled equilibrium configurations of the form (go, 0), i.e., those for which
dV(qo) = 0.

e Next we wish to linearise about such an equilibrium.

e To see how to do this, let us write (12) in coordinates, after multiplying the
equation by G:

i AR - a
Gud' +Gulyd'd" = — 55 + ;uan : (13)

e To linearize, we take, in coordinates, ¢(t) = qo + 0(t) and u(t) = w + w(t). Thus
(qo, 0) is the controlled equilibrium configuration, and (6(t), (t)) is the deviation
of the configuration and the control from the equilibrium.

e To do linearize in a careful way, we would substitute these expressions for ¢(t) and
w(t) into (13), and then Taylor expand about (go,0). Let us make some
observations that allow us to record the results of these computations without
actually having to do them:

1. the term Gy;(q(t))¢(t) is linear in G(t), and so will yield Gy;(go)87(t) upon

linearization;
G

2. the term Gy, (q(t))T%,.(q(t))¢? " is quadratic in G(t), and so will vanish upon
linearization;

3. the term —g—;ﬂ(q(t)) is linearized in the standard manner, and yields
%(qo)m upon linearization;

4. the term > uF{(q(t)) is linear in w, and so yields """, ua F(go) upon

a=

linearization.

e By understanding the above comments, you will have demonstrated a pretty good
understanding of the process of linearization.
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e Recall that the symmetric matrix with components %(qo) is called the
Hessian of V at qg. It is actually the matrix representation of a symmetric
bilinear map on T,,Q, and this map we denote by Hess V(qo).

e We have thus demonstrated that the linearization in coordinates is

Nt »’rv B - a
Gri(go)6"(t) + 8q48qi9 (t) = ;%Fz (90)-

=1

e In coordinate independent notation, the linearization has the form
M (E(t)) + K’ (x(t)) = F(u(t)), (14)

where

1. t—x(t) is a curve in Ty Q,

2. M = G(qo),

3. K =HessV(qo),

4. and F e L(R™; T; Q) is defined by F(u) = >"0"  uaF(qo)-

e Punchline: After linearization of (12) at a controlled equilibrium (go, 0), we arrive
at a second-order linear equation on T4, Q given by (14).

e Now let us analyze (14).

e In stabilization theory using linearization, one requires that the linearization be
controllable (or more generally, stabilizable, but let's stick with the slightly less
general requirement of controllable).

e So we should check the controllability of the linear system (14).

e First we convert it to a first-order system so we can use the standard theory of
controllability. We have

E(t) + MP o K°(x(t)) = M* o F(u(t))

i(t) 0 idy | [z(t) 0
—t = +
o(t) ~MtoK® 0| |v(t) MtoF
N———
A B
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e The Kalman Rank Condition says that the linear system (14) is controllable if and
only if the linear map [ B ‘ AB ‘ ‘ A?n-1B ] has maximal rank.

e A straightforward computation yields
[ am | aon]
0 By 0 AgoBy - 0 Ay~ By
By 0 AgoBy 0 .- Ao B, 0
where 49 = —M*o K’ and By = Mo F.
e This directly gives the following result.

Theorem 11.4 The linear system (14) is controllable if and only if the rank of

the linear map
| o[ aomy | | a7, |

is mazimal, where Ag = —M* o K® and By = Mo F.

e There is an interesting special case, that when V = 0. This is not uncommon in
applications.

Corollary 11.5 If (Q,G,V =0,.% = {F',...,F™}) is a simple mechanical
control system with zero potential, then

(i) for any qo € Q, (q0,0) is a controlled equilibrium configuration and

(ii) the linearization at a controlled equilibrium configuration (qo,0) is
controllable if and only if spang {F'(qo),...,F™(q0)} = T:.Q, i.e., if and
only if the system is fully actuated.

e If V =0 and the system is not fully actuated, then stabilization of controlled
equilibria (go,0) is hard. For example, for such a system, it is not possible to
design the controls to be continuous functions of the state (i.e., of position and

velocity) that will render gy asymptotically stable.

e In fact, nothing you have encountered in your control courses to this point will
enable you to stabilize such equilibria.
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12. Motion planning for affine connection control systems

e We consider simple mechanical control systems (Q,G,V = 0,.% = {F*,...,F™})
with zero potential, which is then governed by the equations

Var? () = 3 ua(H)G o Fo(1(1)). (15)
a=1

e In actuality, there is no reason why we cannot consider a generalization of (15). In
particular, we can consider a general affine connection V and, rather than forces
F' ...,F™, consider vector fields Yi,...,Y,,.

Definition 12.1 An affine connection control system is a triple
(Q,V,% ={Y1,...,Y,}) where

(i) Q is a manifold,
(i) V is an affine connection on Q,

(i) Y1,...,Y,, are vector fields on Q. O

e The governing equations are

Vo (6) =D u(H)Ya(y(1)). (16)

G
e The special case in (15) occurs when V=V and Y, = G* o F%, a € {1,...,m}.

e In this course, we will not encounter physical systems for which the extra
generality is useful. However, there are such systems, one being the rolling disk
that we have encountered previously.

e However, it is no more difficult to consider the general case, and you can keep the
special case of (15) in mind if it is comforting.

12.1. The controllability problem for affine connection control systems

e We shall briefly consider the general controllability problem for an affine
connection control system ¥ = (Q, V,%).
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e A controlled trajectory for ¥ is a pair (v, u) where u: [0,7] — R™ is Lebesgue
integrable, and where v: [0,7] — Q is such that (16) is satisfied.

e Define
Rs.q(q0, T) = {v(T) | (v,u) is a controlled trajectory and 7'(0) = Oy},

Reqla, <T)= |J Ruqlaot).
t€[0,T)

e Thus Ry q(go,T) is the set of configurations reachable from gq in time T starting

with zero initial velocity, and Ry, q(qo, < T') is set of configurations reachable from
qo in time at most T starting with zero initial velocity.

Definition 12.2 ¥ is

(i) configuration accessible if there exists T' > 0 such that
int(Rx; q(go, < t)) # 0 for t €]0,T7, and is

(ii) is small-time locally configuration controllable (STLCC) from qq if
there exists T' > 0 such that go € int(Ryx; q(go, < t)) for t €]0,T]. O

e Here's a pictorial representation of the distinction between configuration
accessibility and configuration controllability:

40, 90

Rs,qlqo, < T)

Rs.alqo, < T) Rs.a(q0, < T)

On the left, the system is not configuration accessible since the reachable set has
empty interior, in the middle the system is configuration accessible since the
reachable set has nonempty interior, but is not configuration controllable since ¢g
is not in the interior of the reachable set, on the right, the system is configuration
controllable.

e We will not say much in general about configuration accessibility or configuration
controllability. Let us content ourselves with this.

1. Configuration accessibility of affine connection control systems is comparatively
easy; see Theorem 7.36.

2. Configuration controllability is hard. Very hard, in fact. See Section 7.3.3 and
Chapter 8 in the text for some results.
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e We shall sidestep this difficult problem, and directly look at what seems like a
harder problem, the motion planning problem.

e It turns out that, for affine connection control systems, there is a class of systems,
containing many interesting physical examples, for which the motion planning
problem has a comparatively easy solution.

e This requires introducing a simpler class of problems that, on the surface, have no
relationship with affine connection control systems.

12.2. Driftless systems

Definition 12.3 A driftless system is a pair (Q, 2" = {X1,...,X;n}) where

(i) Q is a manifold and
(i) X1,...,Xm are vector fields on Q. O

e The equations governing a driftless system are

() =Y @ Xa(y (1) (17)
a=1

For a driftless system ¥ = (Q, 2Z") we have controllability notions mirroring those
we gave for affine connection control systems.

e A controlled trajectory for 3 is a pair (v, u) where u: [0,T] — R™ is Lebesgue
integrable, and where v: [0,7] — Q is such that (17) is satisfied.

Define

Rs(qo,T) = {v(T) | (v,u) is a controlled trajectory and v(0) = qo},

Re(go, < T) = |J Rulgo,t).
te[0,T]

Thus Rx(qo,T) is the set of configurations reachable from ¢ in time T, and
Rs(qo, < T) is set of configurations reachable from ¢o in time at most T.

Definition 12.4 X is
(i) accessible if there exists T' > 0 such that int(Rx(qo, < t)) # 0 for ¢ €]0,T7,
and is

(ii) is small-time locally controllable (STLC) from qq if there exists T' > 0
such that go € int(Rx(go, < t)) for t €10, T). O
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Motion planning for affine connection control systems (cont’d)

e Unlike affine connection control systems, the matter of controllability for driftless
systems is comparatively easy.

e To understand this, we introduce a fun new tool.

e Recall that a vector field X can be used to differentiate a function via
fo:Xiggi. The map f— ZLxfis
1. R-linear and
2. satisfies Lx(fg) = fZLx9+9ZLx .

It is additionally true that, to any such operation on infinitely differentiable

functions, there is a vector field for which the operation is Lie differentiation with
respect to that vector field.

e Given vector fields X and Y, one can verify that
f=ZLxLyf—-LvLxf

satisfies the properties above. Therefore, there is associated to this operation a
vector field. We denote this vector field by [X,Y], and call it the Lie bracket of
X and Y.

-X
P
I(L\ﬂ

e In coordinates,

oy’ . 8Xin)8

X7 -,
aq*

XY= (5% - 5,

Y

0,V

e A telling characterization of the Lie
bracket is the following.

Proposition 12.5 Let X, Y € T'°(TQ) and
let ¢ € Q. Define a curve v at q by
V() =87 0@ o @0 BUx(q).

Then ~ is differentiable and ~'(0) = [X,Y](q).

Example 12.6 Take Q =R3, and X = a% and Y = 2 +yZ. We compute
[X,Y] = 8%' Let us see if we can illustrate Proposition 12.5 "by hand.” The
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differential equations corresponding to the vector fields X and Y are
=0 =1
y=1 and y=0
z2=0 z =y,

respectively. Using these differential equations, one can readily compute

©%.(0,0,0) = (0, V%,0)

®Y.(0,V1,0) = (V, V1, 1)

X (VE, Vi) = (V1,0,t)

@%(x/%,o,t) = (0,0,1).
Thus

d -Y — Y X
[XY)(0.0,0) = | B Y o® X o®);027;(0,0,0),

just as claimed. O

e The Lie bracket tells us that by switching back and forth between flowing along X
and Y, we can move in a direction that is possibly aligned with neither X and Y.
(Think about parallel parking your car.)

e Let us see how this is related to driftless systems.

e We consider a two-input driftless system for simplicity:
7 (t) = u' (1) X1 (t) + u® (1) Xa(t).

e Consider the following control defined on [0, 4v/T]:

(1,0), tefo,VTl,
'LLl 'LL2 _ (071)’ [\/> f[?
WO Gl e Tl
(0,-1), te[3VT,4VT).

o Note that for the first v/T seconds we follow the integral curve of X, for the
second /T seconds we follow the integral curve of X5, for the third VT seconds
we follow the integral curve of — X, and for the fourth /T seconds we follow the
integral curve of —Xo.
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Proposition 12.5 then says that at time 4/7 the system will have moved, to

lowest order, in the direction of [X7, X5].

e This has clear implications in terms of controllability: points in the direction of
[X1, X2](q) should lie in the reachable set.

e One can show (less directly than above) that points in the direction of
[X1, [X1, X2]](q) and [X2, [X1, X2]](q) also lie in the reachable set.

e Most generally, one can show that, for a driftless system
(Q, & ={X1,...,Xm}), any point lying in the direction of an arbitrary iterated
Lie bracket lies in the reachable set.

e For this reason we define Lie(m)(DC)q to be the subspace of T,Q generated by all
iterated Lie brackets of the vector fields X1,..., X,,.

A useful computational fact is that it is sufficient to consider brackets of the form
[Xars [(Xays s [Xay_ys Xa ]

e The following theorem characterize controllability for driftless systems.

Theorem 12.7 For a driftless system ¥ = (Q, Z"), the following statements are

equivalent:
(i) ¥ is accessible from qo;
(ii) ¥ is STLC from qo;
(iii) Lie®)(X)g, = T4 Q.
Example 12.8 Take Q = R?, and X; = a% and Xo = 2 +yZ. We had

computed [X7, X3] = %. Thus, for every ¢ = (x,y,2) € Q, we have
Lie(oo)(DC)q = T,Q. Therefore, the driftless system is STLC from every point in Q.
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Motion planning for affine connection control systems (cont’d)

12.3. Reducing motion planning for affine connection control systems to
motion planning for driftless systems

e We have seen that controllability for driftless systems, controllability is easier than
it is for affine connection control systems.

e The same assertion holds for motion planning. The motion planning problem for
driftless systems is not trivial, but it is a problem that possible is solvable.

e Therefore, if we can reduce the motion planning problem for a given affine
connection control systems to one for a driftless system, we will have accomplished
something.

Problem 12.9 Given an affine connection control system

Tayn = (Q,V, % = {Y1,...,Y,,}) and a driftless system

Suin = (Q, & ={Xy,...,Xs), are there relationships between the controlled
trajectories:

Vo (6) =D ugn®Ya(r(8) = 7 = A (8) =Y ugnXa(r(t).

e Note that typically there will be no useful relationships between an affine
connection control system and a driftless system.

e There are some restrictions that immediately apply. Let us make some observations
along this line. To do so, for each ¢ € Q, define subspaces Y, and X, of T,Q by

1éq = Spang {Yl(q)7 oo 7Ym(q)} ’ xq = spang {Xl(q)7 cee 7Xﬁ1(Q)} .

L. If (7, ukin) is a controlled trajectory for ¥y, then v/(t) € X/(). Thus the only
trajectories of Y4y, that can appear as trajectories of X, are those whose
velocities lie in X.

2. The trajectories of Y4y, are smoother than those of Xyi,.

e Let us illustrate this second point explicitly.
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Example 12.10 We take the World's Simplest Example, a particle of mass m
moving on a line, and subject to a control force. Thus Q = R (with coordinate (z)),
G = mdz ® dz, and F' = dz. The equation for the associated affine connection

control system is
Udyn (1)
p—

#(t) =

Thus the input vector field is Y1 = £ 2. We take the driftless system (Q, {X1})

m

with X7 = %. The equation for the driftless system is
Z(t) = ukin (t).

Consider a controlled trajectory for 3y, with

1, telo, 3],

ukin(t) = .
~-1, teli, 1.

If (0) = 0 then the resulting trajectory is

t, telo, 1],

(1) = Lo
1—t, te]s,1].

Question: s there a control ugyn for Egyn so that (7, uayn) is a controlled trajectory
for Xayn?

Answer: No, because «y is not sufficiently differentiable. At ¢ = %, the velocity is

1
5
discontinuous, and a discontinuity in velocity implies “infinite”

acceleration, i.e., “infinite” force.

To overcome this difficult, one can reparameterize v so that +/(¢) = 0 at times ¢
where 7' has a discontinuity. In doing so, the trajectory in Q will follow the same
path, but will do so with a different speed than v. However, the reparameterized
path will be followable by a trajectory for the system with force as an input. ]

e Thus we need to ensure that the controls for X, are sufficiently nice that any
controlled trajectories for X\, are of a class that can be followed by controlled
trajectories of Xgyn.

e We let Zin and Zqayn be classes of inputs for driftless systems and affine
connection control systems, respectively, with the property that controls in Zin
are “one integration smoother” than controls in Zgyn.

e For example, if Zqyn consists of locally integrable controls, then %, consists of
locally absolutely continuous controls, if you know what those words mean.
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12.4. Kinematically controllable systems

e We now consider more precisely a case when there is a relationship between an

affine connection control system and a driftless system.

e If v: I — Q is a differentiable curve on Q, a reparameterization of I is a map
7:J — I where J C R is another interval and where 7/(¢t) > 0 for all ¢ € int(.J).
The corresponding reparameterization of v is the curve yor.

Definition 12.11 For an affine connection control system Xq,, = (Q,V,%/), a
decoupling vector field is a vector field X on Q having the property that, for
every integral curve v of X, and every reparameterization 7 of , there exists a
control udyn € %gyn for which (yo7,ugyn) is a controlled trajectory for Xgyn. O

e The idea is that one can follow integral curves of a decoupling vector field, and do
so speeding up and slowing down as desired.

Motion planning for affine connection control systems (cont’d)
e It is easy to check if a given vector field is a decoupling vector field.

Theorem 12.12 A wvector field X on Q is a decoupling vector field for the affine
connection control system (Q,V, %) if and only if X(q) € Y4 and VxX(q) € Y,
for each q € Q.

e Note that if X is a decoupling vector field, then so is —X.

e It is not so easy to find decoupling vector fields, but there are some techniques
that give one some guidance. We refer to Chapter 8 in the text.

e Let us suppose that we have decoupling vector fields X1,..., Xx.

e Starting at go € Q, construct a curve in Q by following the integral curve for X,
for time ¢1, then following the integral curve for X, for time ¢2, and so on, up to
following the integral curve of X, for time tj.

e Now reparameterize this curve so that, on each segment, one starts and stops with

zero velocity.
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e One can then follow the entire curve, since at the points where we switch
decoupling vector fields, the velocity is zero, and so we avoid discontinuities in
velocity.

e This suggests the following strategy for motion planning.

1. Find enough decoupling vector fields X7, ..., X, so that the motion planning
problem can be solved for the driftless system (Q, 2" = {X1,..., Xn}).

2. Suppose that the solution to the driftless motion planning comes in the form of
a sequence of integral curves of the vector fields X1,..., X, as described
above.

3. Reparameterize each segment so that it starts and ends with zero velocity.

4. On each segment, find controls for X4y, that follow the integral curve for the
driftless system.

e Based on this strategy, we have the following definition.

Definition 12.13 An affine connection control system g4, = (Q, V, %) is
kinematically controllable if it possesses decoupling vector fields
Z ={Xy,..., X} for which the driftless system Yy, = (Q, Z7) is controllable. O

F by

Example 12.14 We consider the
planar rigid body that we talked about
back in the introductory lecture. The

configuration space is Q = S' x R?, and
we use coordinates (6, x,y). The kinetic
S1

energy metric has matrix representation  Ospatial

The force is broken into two components, one along the body b;-axis, and one along
the body bs-axis. These forces are, after going through the usual process of
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conversion,
h
F! = cosfdz + sinfdy, F?= —jdﬂ — sin @dx + cos 6dy.

Converting these to vector fields Y, = G¥o F'*, a € {1,2}, gives
cosﬁg sinf 9 h 0 sin&ﬂ cos@i

m8x+m87y’ 2__3%_1718;3_'— m Oy

1=

Let us look for decoupling vector fields. There is no sure way of doing this (well,
actually there is in this case, but never mind). We know that decoupling vector fields
must lie in the span of Y7 and Y5. So, for a lark, let us see if Y; and Y5 are
decoupling. We should check to see whether Vy, Y7 and/or Vy, Y5 lie in the span of
Y1 and Y5. Let us compute. ..

hcost9£+ hsin@i
mJ Oz mJ Oy

Vv, Y1 =0, VyY;=
Note that both of these vector fields are indeed in the span of Y7 and Y5. Thus they
are both decoupling vector fields.

Let us see what the motion of the body looks like along integral curves of these
decoupling vector fields.

e

On the left is motion along Y7 and on the right is motion along Y5. Can we do
motion planning using these decoupling vector fields. We can eyeball the motions in
the above figure, and believe that this might seem feasible. Or, we can check for
kinematic controllability. Thus we should check whether the driftless system
(Q,{Y1,Y>}) is controllable. We compute

hsinez_i_ hcos&ﬁ
mJ Oz mJ Oy

One can readily verify that the three vector fields {Y7, Ys, [Y1, Y5]} are linearly

[V1,Ys] = —

independent at each point in Q, so the system is indeed controllable. Thus
(Q, V,{Y1,Y2}) is kinematically controllable. O
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12.5. Maximally reducible systems

e We have seen that motion planning for affine connection control systems, using
driftless systems, is possible, via the notion of kinematic controllability.

e However, kinematic controllability comes with a switching character, with lots of
starting and stopping. Can we improve on this?

Definition 12.15 An affine connection control system Xgyn = (Q,V, %) is
maximally reducible to a driftless system Xy, = (Q, 27) if,

(i) for every controlled trajectory (7, ukin) for yin, there exists a control ugyn so
that (v, uayn) is a controlled trajectory for Lgyn, and if,

(i) for every controlled trajectory (7, uayn) for Xgyn with the property that
~'(0) € spang {X1(7(0)), ..., Xs(7(0))}, there exists a control uy;, so that
(7, ukin) is a controlled trajectory for Zyi,. O

e The first condition is that every trajectory of the driftless system can be followed
by a trajectory of the affine connection control system.

e The second condition must be interpreted more carefully. Note that it is
impossible that every trajectory of the affine connection be followable with a
trajectory of the driftless system. This is because the trajectories of the driftless
system are restricted to lie in the span of the vector fields {X,..., X, }, while
the velocities of the affine connection control system are unrestricted.

e Thus the second condition says, roughly, that every trajectory of the affine
connection control system that can possibly be followed, can in actuality be
followed by a trajectory of the driftless system.

e To characterize maximal reducibility, we introduce the symmetric product
between vector fields X and Y:

<X : Y> =VxY +VyX.

Theorem 12.16 An affine connection control system Xaqyn = (Q,V, %) is
maximally reducible to a driftless system Sy = (Q, Z7) if and only if

(i) spang {Y1(q),...,Ym(q)} = spang {X1(q),..., Xm(q)} for each q € Q, and
(ii) Yy :Yp) (q) € spang {Y1(q),...,Ym(q)} for each a,b € {1,...,m} and q € Q.
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e Note that an affine connection control system Xgy, is always maximally reducible
to essentially the same driftless system, i.e., one whose input vector fields have a
span equal to the span equal to the input vector fields for ¥4yn. Thus, we can
simply say that Xqyn is mazimally reducible if it is reducible to some driftless
system.

Example 12.17 Let us return to the planar body example, and check whether it is

maximally reducible. Here are some calculations:

Y1:71) =0, (V1:Y3) = h:r}@(% - h::;&a%/
2hcos® O  2hsinf 0

mJ Oz * mJ Oy
Note that while (Y7 : Y1) and (Y5 : Y3) lie in the span of the vector fields Y7 and Y5
(we have essentially already seen this with our decoupling vector field calculations,
since (X : X) =2V xX), (Y1 : Ya) does not. Therefore, this system is not
maximally reducible. The consequence of this for motion planning is that, if we wish

(Y2:Y3) =

to use a driftless system as our basis for motion planning, we must live with the
start/stop nature of the motion. 0

Example 12.18 Let us look at a new
example, called “the robotic leg.” This system
is pinned to ground, and consists of a body, on
top of which sits an extensible leg with a mass
on the tip. This mass can be moved in and out.
There is also a torque that actuates the leg.

Let us quickly summarize the data. We have
Q =R, x S' x S, coordinates (r,0,), a kinetic energy metric with matrix
representation

m 0 0
Gl=10 mr? 0],
0 0o J
giving rise to the nonzero Christoffel symbols I'y, = —r and T'Y, =T9 = % The

input forces are F'! = df — dy» and F? = dr, giving the input vector fields
1 0 10 10

Tmr2d9 Jop T mor
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We compute
2 0
m2r3 or’
We readily see that the system is maximally reducible. Furthermore,

2 0
m2r3 99’
from which we deduce that the associated driftless system is controllable. Note that
maximal reducibility allows us to follow not just the vector fields Y7 and Y5, but any

<}/12Y1>: <Y1!}/2>:0, <}/2Yv2>:0

[Yla )/2] =

linear combination of them. This allows greater flexibility in the design of control
laws. ]

Definition 12.19 An affine connection Xqy, = (Q, V, %) is mazimally
reducibly kinematically controllable (MR-KQC) if it is maximally reducible,
and if the driftless system Xy, = (Q, %) is controllable. O
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